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Abstract

Despite widespread applicability and the dominant role in machine learning, neu-
ral networks remain highly non-transparent and are often regarded as black boxes
due to the lack of human-understandable interpretations. Conventional deep
models tend to be overconfident in predictions, provide poor uncertainty esti-
mates and are sensitive to adversarial attacks. The Bayesian paradigm takes a
step further and provides a natural framework to address these challenges by con-
sidering infinite ensembles of differently weighted neural networks. The Bayesian
neural networks are capable of capturing the uncertainty, improving the accu-
racy and controlling the model complexity. Unfortunately, for most real-world
problems, the exact probabilistic inference is unavailable, and the asymptotically
faultless Markov chain Monte Carlo becomes daunting when dealing with large
high-dimensional datasets and multimodal posteriors of neural networks. At the
same time, faster and computationally appealing optimization-centric variational
inference lacks the theoretical justification of the sampling-based methods and is
known to underestimate the uncertainty of the true posterior distribution. This
thesis systematically studies different aspects of variational inference, namely,
theoretical foundations, challenges and means of dealing with those. Further, the
practical questions arising when implementing and comparing Bayesian neural
networks are addressed, and the dependency of the predictive performance on
the architectural choices and the alignment between the model and the infer-
ence algorithm are analysed. Finally, this thesis contributes to the development
of variational inference techniques and presents a novel kind of Bayesian neural
network called a variational bow tie neural network in which we employ sparsity-
promoting priors and consider the improved version of the classical coordinate
ascent variational inference algorithm.
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Lay Summary

Artificial intelligence and machine learning models have been proven to be highly
effective in a wide range of tasks, such as image and text recognition and gener-
ation, autonomous driving and pharmacological clinical trials. However, despite
their popularity, these models often lack explainability, meaning that humans still
regard artificial intelligence as a “black box” and find it difficult to understand
the way machine learning models behave. The majority of classical deep models
tend to be overconfident in their predictions, can be misled by small changes in
the input data and do not provide reliable measures of uncertainty.

The Bayesian approach treats models as probabilistic and accounts for the
uncertainty in predictions in the principal way. Furthermore, the formulation of
Bayesian machine learning models naturally makes them much more transparent
and interpretable. A Bayesian model can be seen not as a single model but as
an infinite collection of classical models; this enables them to model uncertainty,
improve accuracy and be less overconfident. Thus, the approach became a gold
standard in safety-critical and decision-making applications.

Unfortunately, for real-world large-scale problems, calculating exact probabil-
ities is a significant challenge, that is because traditional methods of Bayesian
statistics are too computationally expensive to be able to achieve good perfor-
mance. This thesis addresses theoretical foundations and practical concerns re-
lated to the implementation and use of Bayesian machine learning models. It
systematically studies existing solutions, provides novel tools, and contributes to
the development of efficient and reliable ways of understanding and improving AI
models.

To summarise, this thesis adopts a probabilistic Bayesian view of modern
machine learning, studies arising challenges and proposes possible solutions with
interpretability, uncertainty, reliability and practical concerns in mind.
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Chapter 1

Introduction: Probabilistic
Inference Meets Neural Networks

The term artificial intelligence (AI) was coined in 1955 [McCarthy et al., 2006],
and has since been used to encompass a class of "intelligent" machines and com-
putational systems capable of solving a broad range of problems1. Closely related
to AI are the fields of machine learning (ML) and, given the increased popularity
of larger models, deep learning (DL), both of which study methods for information
processing, learning and reasoning from data [Barber, 2012]. Since the beginning
of the century, deep learning has achieved exceptional performance and has be-
come a significant part of not only modern scientific discovery but also everyday
life. A few examples where machine learning models are applied include tracking
and understanding the spread of SARS-CoV-2 [Brito et al., 2022, Flaxman et al.,
2022], brain Magnetic Resonance Imaging analysis [Flandin and Penny, 2007],
large language models underlying the success of generative AI chatbots [Touvron
et al., 2023], and forecasting Presidential elections [Gelman et al., 2024]. With the
increase in available computing power and the tremendous popularity of AI, a lot
of questions are being raised about the safety, reliability and black-box behaviour
of deep learning; classical deep learning models are not robust to adversarial at-
tacks, can exhibit mysterious behaviour and do not offer human-understandable
explanations [Lipton, 2018, Szegedy et al., 2014].

Given the complex and uncertain nature of real-world tasks, modern AI sys-
tems can be fundamentally improved by adopting and exploiting the power of
the Bayesian framework. The key distinguishing ability of Bayesian modelling
is that, unlike the classical deep models, it incorporates domain expertise and
provides uncertainty quantification; this makes Bayesian inference particularly
useful in the era of big data, elaborate tasks and the need for reliable and robust
models we can trust [Broderick et al., 2023, Papamarkou et al., 2024].

1The origin story of the name is rather sad and very human. The motivation of McCarthy
when creating it was to avoid the term cybernetics and not to invite one of the founding fathers
of computer science and artificial intelligence, Norbert Wiener, to a conference [McCarthy,
1996].
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Chapter 1. Introduction: Probabilistic Inference Meets Neural Networks

1.1 Preliminaries on classical models
Neural networks (NNs) are hierarchical (layered) models mapping the input

to the output via a sequence of hidden layers, consisting of hidden units, also
known as neurons. This section introduces classical feed-forward neural networks.
Such networks come with no backwards pointing connections and no cycles
between the units, and are also historically known as multilayer perceptrons
and backpropagation networks [Neal, 1995, Rumelhart et al., 1986]. We make
a convention that, except briefly mentioning convolutional neural networks
(CNNs), recurrent neural networks (RNNs) and Transformers in Section 1.1.2,
all the networks considered in this thesis are examples of feed-forward neural
networks.

1.1.1 Structure of neural networks

The number of hidden layers L in a neural network is known as the depth
of the network, the number of hidden units per layer Dl is the width of the
layer l and the total number of hidden units in a network (depth multiplied
by width if widths of hidden layers are the same) is known as the network’s
capacity. Suppose we observe data consisting of inputs x and outputs y, namely
D = {x,y} = {(xn,yn)}Nn=1, where xn is a D0-dimensional real-valued vector and
yn is a DL+1-dimensional vector. For each data entry (xn,yn) and for l = 1, . . . , L
the hidden units zn,l ∈ RDl are obtained from the previous layer’s units zn,l−1 ∈
RDl−1 by applying an affine transformation followed by a non-linear function g
called activation. Specifically,

zl = g(Wlzl−1 + bl),

where Wl ∈ RDl×Dl−1 and bl ∈ RDl are the weights and biases of the layer l and
we assume z0 = x. Then the units of the output layer of the neural network
are given by WL+1zL + bL. For d = 1, . . . , Dl, the d-th row of the matrix Wl

is denoted as Wl,d (note, bl,d is a scalar); further, we denote the collections of
weights and biases across all layers as W = {Wl}L+1

l=1 and b = {bl}L+1
l=1 . In

regression problems, the continuous output y ∈ RDL+1 is given by

y =WL+1zL + bL +Σ, (1.1)

where Σ is some noise, typically modelled as Σ ∼ N (0,σ2) for some standard de-
viation σ. Whereas in classification tasks with a K-valued target, the probability
that the output y belongs to the k-th category is given by

P(y = k |WL+1, bL+1, zL) =
exp (WL+1,kzL + bL,k)∑K
i=1 exp (WL+1,izL + bL,i)

.

There is a natural correspondence between neural networks and directed acyclic
graphs (DAGs), for the feed-forward network, the flow of information goes from
the input to the output in such a way that the DAG resembles a chain (see
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Figure 1.1: DAG of a feed-forward neural network with L = 3 hidden layers,
input x ∈ RD0 and output y ∈ RD4 given by Equation (1.1).

Figure 1.1).
The goal of training a neural network is to find a set of weights that, given

the input, produces output that is "the closest" to the truth in terms of some
loss or error function. Classical neural networks with continuous outputs are
trained by minimizing the mean squared error (possibly with some added penalty
term) in gradient-based optimization, and in categorical tasks, the role of the
error term is played by cross-entropy. The first historical example of training
neural networks with such a procedure is known as backpropagation [Rumelhart
et al., 1986]. Gradient-based optimization methods used in classical deep models
include gradient descent, stochastic gradient descent (SGD), AdaGrad and Adam
[Sun et al., 2019b]. And so the performance and convergence of the training
procedure of the neural networks rely on a careful choice of the learning rate and
the initialization of the weights. Finding a suitable initialization scheme is both
vital and challenging [He et al., 2015], for the sake of brevity, here we omit the
details and refer to [Arbel et al., 2023, pages 34-36] for a review. Regularization
techniques used in neural networks are discussed in Section 1.2.5.

1.1.2 Architectural nuances and challenges

Note that the activation function allows modelling the non-linear relation be-
tween the input and the output, and taking the activation function to be linear
would reduce neural network to a single linear or logistic regression model. We
list and illustrate some of the listed activation functions by Table 1.1 and Fig-
ure 1.2a. Another fundamental requirement for the activation function (apart
from being non-linear) is differentiability. The sigmoid and the hyperbolic tan-
gent are some of the earliest commonly used activation functions; still, both are
often considered to be non-optimal in the sense that these functions saturate
and lead to vanishing gradients [Murphy, 2022]. For example, for relatively large
positive and negative numbers, the sigmoid function saturates around 1 and 0,
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and the tanh function saturates around -1 and 1, which results in zero values
of the gradient [Dosovitskiy et al., 2020, Mikolov et al., 2013] (see Figure 1.2a).
Nowadays, a popular choice of the activation function is the rectified linear unit
function (ReLU), which switches the negative inputs off and leaves the positive
ones unchanged. ReLU gained popularity due to its superior accuracy and im-
proved convergence over sigmoid and tanh activations [He et al., 2015, Srivastava
et al., 2014]. Unfortunately, with the increase in depth and a wrong choice of
initialization, there is a high risk of dying ReLU, that is, the phenomenon oc-
curring in deeper neural networks when ReLU neurons become inactive and only
output zeros [Lu, 2020]. In a search for optimal activation function, various both
piece-wise linear and smooth generalisations of ReLU were proposed, including
examples such as leaky or parametric ReLU (PReLU), softplus (also known as a
smooth rectifier), exponential linear unit (ELU) and Swish [Ramachandran et al.,
2017].

Table 1.1: Some of the common activation functions. Note that in parametric
ReLU, α = 0 corresponds to ordinary ReLU and α = 0.01 to what is known as
leaky ReLU. Further, when in the swish function α = 1 it is known as a sigmoid
linear unit (SiLU).

Name Notation Formula

Rectified linear unit ReLU max(0, x)

Sigmoid σ
exp(x)

exp(x)+1

Hyperbolic tangent tanh
exp(x)−exp(−x)
exp(x)+exp(−x)

Parametric ReLU PReLU
{
x, x > 0,

αx, x ≤ 0

Exponential ReLU ELU
{
x, x > 0,

α(exp(x)− 1), x ≤ 0

Softplus SoftPlus log(exp(x) + 1)

Swish swish xσ(αx)

Whilst the dimensions of the input and the output are determined by the
dimensionality of the data set, the dimension of the weight space, can be tuned
to improve prediction performance. In the case of feed-forward neural networks,
this amounts to finding optimal depth and width. The universal approximation
theorem guarantees that a wide enough feed-forward neural network with a single
hidden layer can express any smooth function [Hornik et al., 1989]. At the same
time, there are variants of this theorem for deeper architectures [Hanin, 2019, Lu
et al., 2017], and both theoretical arguments [Chatziafratis et al., 2020, Eldan
and Shamir, 2016, Håstad, 1986, Telgarsky, 2016] and remarkable performance
in certain domains [Krizhevsky et al., 2017, Silver et al., 2016] support the ad-
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Figure 1.2: Several examples of activation functions and priors on the weights.

vantages of increased depth. In practice, constructing a model which is not only
expressive but generalizes well remains a major challenge, and should be done in
a thoughtful manner. Despite the tremendous success in areas such as natural
language processing and computer vision [Dosovitskiy et al., 2020, Krizhevsky
et al., 2017, Touvron et al., 2023], often there is no clear understanding of why a
particular model generalizes well [Zhang et al., 2021a].

When the model fails to capture the relation between the input and the out-
put of the training set, it is said to underfit and have a high bias. Underfitting
occurs when the model is too simple for the task or the training was not per-
formed for long enough. Instead, many modern machine learning models are
over-parametrized, and prone to overfitting, especially given the limited size of
the dataset. Complex problems demand exploring bigger model spaces, and there
is a danger of choosing an excessively over-parametrized model which is going to
overfit and has a high variance. Such a model fits ’too well’ to the training
data and captures the dependencies of the training set which are not present in
the test set, this results in a low train error but high test error [Gelman et al.,
2020, MacKay, 2003]. To improve generalization abilities, one needs to reduce
overfitting without enforcing underfitting of the model.

Given a finite number of observations, the model’s generalization abilities are
closely tied to the presence of inductive bias. When choosing a model and a train-
ing procedure, we make some assumptions about the structure of the dataset and
the associated predictive task. In this way, we embed some inductive bias. The
so-called no free lunch theorems [Shalev-Shwartz and Ben-David, 2014, Wolpert,
1996] are historically used to dictate that there is no panacea to solve every prob-
lem, and no single model can be appropriate in a range of tasks. This argument,
however, should not be taken naively; empirical findings [Fernández-Delgado
et al., 2014] and connections between generalization abilities and Kolmogorov
complexity [Goldblum et al., 2024] show that a model, which combines flexibility
and a soft simplicity bias, can perform well across diverse datasets.
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With the development of deep learning, different model architectures have
been shown to be particularly effective with different types of data. For exam-
ple, the architecture of convolutional neural networks [Krizhevsky et al., 2017],
exploits the assumption of compactness and translation invariance to promote en-
coding the information from the image data; recurrent neural networks [Hochre-
iter and Schmidhuber, 1997] are naturally well-suited for the sequential observa-
tions; and attention-based Transformers have achieved remarkable performance
in language processing tasks [Vaswani et al., 2017]. At the same time, we note
that Transformers and CNNs were empirically shown to generalize well across
different domains [Dosovitskiy et al., 2020, Goldblum et al., 2024, Gruver et al.,
2024].

Robustness to out-of-distribution (OOD) data remains a significant challenge
in deep learning [Carlini and Wagner, 2017, Hendrycks and Dietterich, 2018,
Hendrycks et al., 2021], many of the classical NNs can be easily misled and
are susceptible to adversarial attacks [Nguyen et al., 2015, Szegedy et al., 2014,
Uesato et al., 2018, Zhang et al., 2020b, Zong et al., 2024]. Additionally, con-
ventional deep models do not offer human-understandable explanations and lack
interpretability [Lipton, 2018]. While explainable AI (XAI) and methods for in-
terpreting the reasoning behind black-box model decisions are an active line of
contemporary research [Alvarez-Melis and Jaakkola, 2018, Guidotti et al., 2018],
there is no consensus on what can serve as a satisfactory explanation and what
cannot [Confalonieri et al., 2021].

Finally, in any decision-making process, reliable uncertainty quantification is
crucial, and it is not enough to obtain a point estimate of the prediction. By
default, classical neural networks do not address the uncertainty associated with
their parameters, and whilst there exist proposals enabling NNs to provide some
uncertainty estimates, they are often miscalibrated [Gal, 2016, Guo et al., 2017].
As a result, these models are typically overconfident and provide a low level of
uncertainty even when data variations occur [Ashukha et al., 2020, Hein et al.,
2019, Zhang et al., 2024].

1.2 Bayesian perspective
This section introduces Bayesian inference and focuses on various aspects

of Bayesian neural networks (BNNs). The idea of looking at neural networks
through the lenses of statistics and probability originated more than forty years
ago. The Boltzmann machine can be seen as perhaps the first example of an
undirected neural network, endowed with probability structures, and learned via
Gibbs sampling [Ackley et al., 1985] or later using mean-field approximations [Pe-
terson and Anderson, 1987]. Denker et al. [1987] proposed assigning and learning
the probability over the weight space of a feed-forward neural network, interest-
ingly, the way of introducing a prior on the weights was called "throwing darts at
weight space". Tishby et al. [1989] extended this idea and considered posterior
predictive distributions of neural networks in the context of the choice of archi-
tecture. The Laplace approximation with either diagonal [Denker and LeCun,
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1990] or full [Buntine and Weigend, 1991] covariance matrix was then proposed
to obtain the output feed-forward neural network. The Laplace approximations
with full covariances were further advocated by MacKay [1992], which studied
model choice, regularization and uncertainty quantification in Bayesian neural
networks. Around the same time, Neal [1992a] trained BNNs using the Hybrid
or as widely known nowadays Hamiltonian Monte Carlo (HMC), while Hinton
and van Camp [1993] proposed a method, which was formulated in the infor-
mation theory language, and can be seen as a variational way of obtaining a
fully-factorized Gaussian approximation of a BNN. An important connection be-
tween belief networks and feed-forward neural networks [Neal, 1992b] allowed for
probabilistic interpretation within the context of graphical models, and varia-
tional inference (VI) algorithms for sigmoid belief networks were developed [Saul
et al., 1996]. Another big step of Neal [1995] connected infinitely wide Bayesian
neural networks with Gaussian processes (GPs). Finally, building on the mix-
tures of factorized distributions [Bishop et al., 1998, Jaakkola and Jordan, 1998],
a variational inference algorithm2 with a full-covariance Gaussian family was de-
signed for BNNs with Gaussian priors [Barber and Bishop, 1998].

1.2.1 Bayesian inference

In the language of probabilistic modelling, unknown quantities are treated
as random variables equipped with probability distributions, and probabilistic
inference aims to compute these distributions.

Consider the dataset D = {x,y} = {(xn,yn)}Nn=1. Given new inputs x̃, we
wish to be able to draw conclusions about the likely values of the unseen ỹ,
and to achieve that, we introduce a set of parameters θ, which cannot be directly
observed and called latent variables. In Bayesian modelling, one places some prior
distribution over the latent variables p(θ) such that it encodes the prior beliefs on
which values it can take. In this way, one introduces a statistical model p(D,θ)
and probabilistic inference aims to obtain the predictive distribution p(ỹ|x̃,D).
The product rule of probabilities leads the Bayes’ theorem [Bayes, 1763, Laplace,
1891]

p(θ|D) =
p(D|θ)p(θ)

p(D)
. (1.2)

In other words, the posterior p(θ|D) is proportional to the product of the prior
p(θ) and a function of θ known as the likelihood function p(D|θ). If one is able
to obtain the posterior p(θ|D), then the posterior predictive distribution is given
by averaging the p(ỹ|x̃,θ) over the posterior p(θ|D):

p(ỹ|x̃,D) =

∫
p(ỹ|x̃,θ)p(θ|D)dθ, (1.3)

where we assumed that ỹ and y are conditionally independent given θ. While
frequentists statistics obtains point estimates, the cornerstone of Bayesian infer-

2Barber and Bishop [1998] called variational inference "ensemble learning", but we do not
use this terminology to avoid confusion with contemporary ensembles of neural networks (for a
discussion of modern deep ensembles see Section 1.2.5).
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ence lies in computing the posterior p(θ|D), marginalizing over which deals with
the uncertainty in a principal and fundamental way. In this way, Bayesian models
not only account for the uncertainty but also distinguish the two types of uncer-
tainty; p(θ|D) encompasses the epistemic uncertainty coming from the model,
while the aleatoric data uncertainty is encoded in p(ỹ|x̃,θ).

The normalizing constant p(D) in Equation (1.2) is called the evidence, the
marginal likelihood or the prior predictive distribution, and is calculated by taking
the integral over all possible values of θ (sum if θ is discrete)

p(D) =

∫
p(θ)p(D|θ)dθ. (1.4)

The model’s marginal probability p(D) is a key component in model comparison
based on Bayes factors, with higher values providing stronger support for the
model [Jeffreys, 1939, Kass and Raftery, 1995]; it also arises in Bayesian model
averaging (BMA) [Hoeting et al., 1999], which combines predictive distributions
obtained by several models based on models’ marginal probabilities. Suppose θ1
and θ2 are parameters of the models M1 and M2, about which we have some
prior beliefs given by the corresponding priors p(M1) and p(M2). Using Bayes
theorem for p(M1|D) and p(M2|D), the ratio of posterior probabilities of models,
the posterior odds, can be written as a product of two ratios:

p(M1|D)

p(M2|D)
=
p(D|M1)

p(D|M2)
× p(M1)

p(M2)
,

where the second ratio is known as prior odds and the first ratio, the ratio of
evidences of two models, is the Bayes factor for a model M1 over model M2, that
is

Bayes factor =
p(D|M1)

p(D|M2)
=

∫
p(θ1|M1)p(D|θ1,M1)dθ1∫
p(θ2|M2)p(D|θ2,M2)dθ2

.

The Bayes factor reflects the evidence given by D against model M2 in favor of
model M1, Kass and Raftery [1995] provided a heuristic for model choice based
on the posterior odds with values exceeding 3 favouring model M1.

However, we note that the Bayes factors are not tractable for the majority
of Bayesian deep learning models; and even when computed or approximated,
are not always reliable [Moran et al., 2023, Wilson and Izmailov, 2020, X. Xu
and Xu, 2019] (for an example of failure of Bayes factors in classical Bayesian
models we refer to [Gelman et al., 2013, pages 183-184]). We further discuss the
suboptimality of Bayes factors and Bayesian model averaging in Chapter 3.

1.2.2 Bayesian neural networks

Classical neural networks have several limitations, they tend to be overcon-
fident in predictions, do not generalize well and do not come with uncertainty
estimates (see Section 1.1.2). Bayesian neural networks emerge as a compelling
extension of conventional deep models and are naturally capable of quantifying
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uncertainty. Consider the feed-forward neural network we introduced above with
weights treated as random variables which we now wish to infer. To design a
BNN we need to endow weights with some prior distribution p(W ), and we can
proceed with the biases b (and other parameters of the network) in a similar
way. Denote the set of parameters of the network as θ, e.g. the model described
by Equation (1.1) and illustrated by Figure 1.1 has θ = {W , b,σ}. Then by
integrating over the posterior p(θ|D) we can obtain the posterior predictive dis-
tribution of the output p(y|x,D). While the idea of the prior is simple: it should
encode our beliefs about the structure of the task, the weight space of neural
networks is usually high-dimensional and identifying the connection between the
imposed prior and the resulting prediction is challenging. The choice of prior is
not a straightforward task and is considered in Section 1.2.4.

Marginalizing over the posterior provides uncertainty quantification and im-
proves standard neural networks in a principled way [Papamarkou et al., 2024,
Wilson, 2020]. Bayesian neural networks have been found successful in decision-
making and safety-critical applications, including the detection of adversarial
examples and hallucinations [Farquhar et al., 2024, Smith and Gal, 2018], health-
care and drug discovery [Gruver et al., 2023, Klarner et al., 2023], autonomous
driving [McAllister et al., 2017], computer vision [Kendall and Gal, 2017] and
large language models [Melo et al., 2024]. However, the high-dimensional and
complex nature of Bayesian neural networks makes computations challenging,
and the reliability and efficiency of approximation techniques are an active line
of research [Coker et al., 2022, Franssen and Szabó, 2022, Ghosh et al., 2019,
Izmailov et al., 2021, Papamarkou et al., 2022, Trippe and Turner, 2018]. Re-
call, that total uncertainty can be defined as the sum of epistemic and aleatoric
uncertainties. Many of the real-world scenarios provide data with high aleatoric
uncertainty, i.e. the data comes with a high level of noise which does not depend
on the number of data points we take. The epistemic or the model’s uncertainty
comes from the parameters of the model and is, in contrast, reduced with the
increase in observations. BNNs account for and distinguish these two types of
uncertainty: the uncertainty of the weights is encoded by the posterior distribu-
tion and the aleatoric uncertainty can be modelled through the likelihood [Gal,
2016, Gal and Ghahramani, 2016]. As a result, Bayesian models are more resis-
tant to distribution shifts and are able to improve the accuracy and calibration
of classical deep models [Ovadia et al., 2019]. We also note that there have been
several not always agreeing perspectives on the interpretation of the aleatoric
and epistemic uncertainties, and there is a concern that in the context of modern
machine learning, this decomposition may be overly simple [Smith et al., 2024].

The behaviour of BNNs as the width tends to infinity is often studied through
the lens of Gaussian processes. The seminal result first obtained for neural
networks with one hidden layer [Neal, 1995] and then extended to arbitrary
depth [Matthews et al., 2018] states that the distribution of the BNN’s output
induced by the prior converges the neural network Gaussian Process (NNGP),
that is GP with a neural network kernel. If the width of some layers is held at
finite width, then the limit of the BNN corresponds to a bottleneck NNGP, that
is a Deep Gaussian Process resulting from the composition of GPs with neural
network kernels [Agrawal et al., 2020]. Later, [Hron et al., 2022] proved that
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under certain assumptions, a similar result holds for the distribution of the BNN
induced by posterior. The correspondence with GPs became a useful tool when
evaluating the quality of BNN approximations and there is ongoing research for
which GPs serve as a guide for a true posterior [Rasmussen and Williams, 2005].
We will encounter this correspondence in Section 3.2.2, when reasoning about
the example of the mean-field approximation of the BNN which completely
ignores the data as the width goes to infinity.

1.2.3 Bayesian inference in neural networks

In Bayesian neural networks, as in the vast majority of modern statistical models
(excluding rare rather simple choices of the prior and the likelihood), neither of
the integrals in Equations (1.3) and (1.4) is available in the closed form, and
computing the posterior p(θ|D) by simply using Equation (1.2) is not feasible.
This leads to the approximate Bayesian inference methods which broadly could
be divided into two paradigms: the first reaches the posterior by using sampling,
and the second follows an optimization objective and approximates unavailable
distributions with some tractable distribution.

Markov chain Monte Carlo (MCMC) methods are widely used and considered
to be the gold standard for obtaining unavailable posterior distributions. The
idea of MCMC is to construct a Markov chain of random variables by sequen-
tially sampling draws and then utilising Monte Carlo integration. Asymptotically
the chain is guaranteed to reach the true posterior, this makes MCMC an appeal-
ing method, as long as one is able to sample for a long enough time. Some of the
commonly known simulation methods are Metropolis-Hastings [Hastings, 1970],
Gibbs sampling [Geman and Geman, 1984] and a workhorse of modern Bayesian
modelling Hamiltonian Monte Carlo [Neal, 1995]. Since high-dimensional poste-
riors arising in BNNs often make classical MCMC computationally intractable,
several improvements have been developed including variations of the MCMC
with stochastic gradient [Welling and Teh, 2011, Zhang et al., 2020a], adaptive
step sizes [Hoffman and Gelman, 2014], normalizing flow proposals [Brofos et al.,
2022], importance sampling [Martino et al., 2018] and particle filtering [Chopin
et al., 2020].

The second class of methods posits an optimization objective over some family
of tractable distributions and obtains the approximation of the true posterior by
following this objective. Note that the optimization-based methods are sometimes
referred to as deterministic in the sense that such methods assume a certain prede-
termined form of approximation distribution [Barber, 2012]. Optimization-based
methods include Laplace approximation [Tierney and Kadane, 1986], expectation-
maximization (EM) [Dempster et al., 1977], loopy belief propagation [Murphy
et al., 1999] later extended to expectation-propagation (EP) [Minka, 2001] and,
finally, what can be seen as the generalization of the above methods, variational
inference [Jordan et al., 1999]. Even though not considered in this thesis, a
broader framework known as generalized variational inference is worth mention-
ing and is an active line of research [Bissiri et al., 2016, Knoblauch et al., 2022,
Matsubara et al., 2022, Walker, 2006].

Despite the promise of asymptotic guarantees and numerous improvements
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in MCMC, the sampling-based framework may still be computationally challeng-
ing. Computational efficiency gained by replacing sampling with optimization
allows approximate Bayesian inference to handle high-dimensional models and
large data. However, compared to the Markov chain Monte Carlo, variational
inference does not offer asymptotic guarantees, and the quality of the resulting
approximation often requires close attention. This motivates the focus of this
thesis on understanding and improving variational inference methods; namely, in
Chapter 2 the state-of-the-art VI methods are explored, in Chapter 3 we evalu-
ate the empirical performance of VI compared to HMC in various BNNs, and in
Chapter 4 a novel type of variational BNNs is designed.

While this thesis heavily focuses on the optimization-based paradigm and the
perspective of neural networks, the reader interested in the classical results on
sampling-based methods is referred to [Robert et al., 1999], on the overview of
modern developments and challenges of MCMC to [Angelino et al., 2016, Papa-
markou et al., 2022], and in the general historical overview of Bayesian computa-
tion to [Martin et al., 2020].

1.2.4 Priors

A grand challenge of Bayesian neural networks, besides computing the pos-
terior, lies in specifying sensible priors. In the Bayesian framework, one encodes
the assumption on the problem structure by placing some prior distribution on
the parameters of the network, and then the careful choice of prior allows for the
reasonable inductive bias [Wilson and Izmailov, 2020].

The choice of prior is a central part of Bayesian modelling and understanding
how properties and prior beliefs on the weight space translate to the functions
is a major challenge. In the classical Bayesian framework, the prior expresses
the beliefs we have about the parameters of the model before seeing any data
(the prior beliefs) [Gelman et al., 2013]. The prior should not be simply seen
as a probability distribution; in fact, by definition, it only makes sense in the
context of the resulting likelihood [Gelman et al., 2017]. Generally, the prior
choice depends on the structure of the model, data and training algorithm, and
we require priors which are both:

1. Interpretable. For example, we want to be able to specify the hyperparam-
eters of the prior subjectively based on the task at hand.

2. Priors with large support. We do not want a prior that concentrates around
a small subset of the parameter space.

3. Lead to feasible inference and favour reasonable approximations of the pos-
terior and predictive distributions.

Neural networks come with high-dimensional weight spaces and interpreting
the flow of parameters from the input to the output is usually impossible. The
general sensible requirement for the prior on the weights of the neural network is
to induce large prior support on a wide class of functions. Research on objective
priors in BNNs is very limited [Papamarkou et al., 2022] and since even defining
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the concept of the prior beliefs about the weights of neural networks seems prob-
lematic, the priors of BNNs are typically non-informative or weakly informative
[Arbel et al., 2023, Graves, 2011, Lampinen and Vehtari, 2001]. The rationale of
weakly informative priors is to impose some constraints in order to regularize the
model and ease computing the posterior [Gelman et al., 2013]. As we will see in
Section 1.2.5, estimating a BNN with certain priors is equivalent to optimizing a
classical NN under some suitable regularization technique.

In practice, the most common choice of prior on the weights of a Bayesian
neural network is the Gaussian distribution. However, there is no clear evidence
that Gaussian priors are preferable over other possible choices. In fact, increasing
the depth of BNNs with zero mean fixed variance independent Gaussian weights
leads to overestimated uncertainty quantification [Ghosh et al., 2019]. This nat-
urally leads to the question of the optimality of such a prior choice. Further, in
certain tasks correlated Gaussian priors are known to achieve better performance.
The independent Gaussian weights of deep BNNs may cause the cold posteriors
effect, that is, the effect when the tempered posteriors with T < 1 obtain bet-
ter posterior predictive performance than the original posterior (T = 1) [Wenzel
et al., 2020a]. Along the same line, Fortuin [2022] observe that weights of a
classical neural network trained with stochastic gradient descent have heavy tails
and consider tasks where choosing heavy-tailed priors reduces the cold posterior
effect. Further, Peluchetti et al. [2020] show that infinitely wide Bayesian neural
networks with heavy-tailed priors do not converge to GPs but to stable processes,
which are stochastic processes whose finite-dimensional distributions are multi-
variate stable distributions. Note that Gaussian distributions are a special case of
stable distributions; in this sense, the obtained limit extends the correspondence
between GPs and BNNs of Matthews et al. [2018].

A popular alternative to simple Gaussian priors are hierarchical priors; in
particular, Normal scale mixtures are known to provide improvement in prediction
performance and uncertainty quantification. For certain choices of scale, Gaussian
scale mixtures fall into the class of heavy-tailed distributions, classical examples
are the Student-t (ST) distribution, which can be seen as a mixture with Inverse-
Gamma (IG) scales, and the Laplace distribution, which results from exponential
mixing [Polson and Scott, 2010], for illustration see Figure 1.2b. Gaussian scale
mixtures are known to be an effective regularization and sparsity-inducing tool
in Bayesian modelling [Polson and Sokolov, 2019] and BNNs are no exception,
examples include horseshoe distribution [Ghosh et al., 2019], a scale mixture of
two Gaussian densities with small and large variances to mimic the classical spike-
and-slab prior [Blundell et al., 2015] and mixture prior with Automatic Relevance
Determination [Nalisnick et al., 2019]. For further details on sparsity-inducing
priors, we refer to Sections 2.4.5 and 4.2.2.

Given the lack of interpretability associated with the weight spaces of neural
networks, another line of research focuses on the characteristics of the function
space induced by the prior. The equivalence of the BNNs in the infinite-width
limit to the GPs provides a good illustration of how such an approach works
[Matthews et al., 2018, Rasmussen and Williams, 2005]. Theoretical properties of
finite-width BNNs with respect to GPs are less clear. Empirical and theoretical
evidence suggests that the hidden units of finite-width BNN with independent
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Table 1.2: Some of the challenges of classical and Bayesian neural networks.

Challenge Classical NN Bayesian NN
Interpretability poor improved
Non-robustness to OOD yes improved
Adversarial attacks sensitive less sensitive
Overconfidence typical less typical
Training outcomes point estimate posterior distribution
Choice of prior no yes
Initialization yes yes

Gaussian weights are dependent [Vladimirova et al., 2021] and get heavier-tailed
(i.e. become more non-Gaussian) with the increase of depth [Vladimirova et al.,
2019]. We complement the discussion of this and the preceding Sections 1.1.1,
1.1.2 and 1.2.2 to 1.2.4 by the Table 1.2, where we list several key challenges
arising in classical and Bayesian neural networks.

1.2.5 Connecting classical and Bayesian perspectives

Many have tackled problems of neural networks in a non-Bayesian way. In
this section, we discuss popular regularization techniques used in classical deep
models and draw a correspondence between regularization in NNs and enforcing
suitable priors in their Bayesian analogues.

Recall that frequentists’ maximum likelihood estimates (MLE) of parameters
are obtained as argmax p(D | θ) and maximum-a-posteriori (MAP) estimates
are given by argmax p(θ | D). Solutions arising in classical machine learning
often have certain probabilistic interpretations and can be derived from Bayesian
models [Khan and Rue, 2023]. Obtaining weights in classical NNs boils down
to gradient-based minimization of some data error; for example, finding weights
that minimize the mean squared error is equivalent to the MLE solution, which
can be obtained as the MAP estimate of a BNN with flat priors on the weights
(e.g. uniform on the real line).

The simplest techniques for improving generalization and reducing overfitting
add some penalty term λr(W ) to the data error, where r(W ) is regulariza-
tion penalty, λ is the weight on the penalty. The ℓ1- [Tibshirani, 1996] and ℓ2-
(also known as weight decay in the machine learning literature) regularizations
add, respectively, ℓ1- and ℓ2-norm of the weights [Hinton and van Camp, 1993,
MacKay, 1992]. In the context of linear models, this corresponds to Lasso and
ridge regressions, for a comprehensive review of Bayesian regularization we refer
to [Polson and Sokolov, 2019]. From a probabilistic perspective on neural net-
works, the data error term corresponds to the negative log-likelihood (NLL) of
the training dataset and adding the penalty term is equivalent to placing some
prior distribution of the weights [MacKay, 1992]. Indeed, if one places a flat,
improper prior on the weights of the neural network (e.g. uniform priors), then
the maximum-a-posteriori estimate equals to the maximum likelihood estimate.
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Introducing ℓ1 penalty term to the loss function of the classical neural network
is equivalent to placing a Laplacian prior on the weights and obtaining a MAP
estimate. In a similar way, ℓ2-regularization can be seen as a MAP estimate of
a neural network with Gaussian prior. Even though introducing weight priors
brings some probabilistic flavour to neural networks, point estimates, such as
MAP and MLE, do not benefit from marginalization over the posterior and often
suffer from overfitting.

Dropout [Srivastava et al., 2014] is another explicit regularization technique,
which randomly switches off the nodes of the neural network by adding mul-
tiplicative noise (MN) to the input of each layer during the training. From a
Bayesian perspective, Gal and Ghahramani [2016] have shown that dropout with
Bernoulli noise can be seen as a variational approximation of a deep Gaussian
process; Kingma et al. [2015] provided similar analogy between the dropout and
BNNs with log-uniform priors. Additionally, Nalisnick et al. [2019] have uncou-
pled dropout with a specific choice of variational inference algorithm and shown
that dropout with MN is equivalent to certain Gaussian scale mixture priors on
the weights.

Finally, while the idea of combining the outputs of several neural networks
is not novel [Hansen and Salamon, 1990, Levin et al., 1990], deep non-Bayesian
ensembles [Huang et al., 2022, Lakshminarayanan et al., 2017] and their relation
to the Bayesian framework have received a lot of attention [D' Angelo and Fortuin,
2021, Flöge et al., 2024, Wenzel et al., 2020b, Wild et al., 2023, Wilson and
Izmailov, 2020, Wu and A Williamson, 2024]. Wilson and Izmailov [2020] argued
that these can be seen as Bayesian model averaging and proposed an improvement
of the stochastic gradient descent weight averaging (SWA) by defining Gaussian
posterior approximations over neural network weights. Wild et al. [2023] lifted
the task of minimizing loss functions onto a space of probability measures and
applied Wasserstein gradient flows (WSG) to establish a connection between deep
ensembles of non-Bayesian neural networks and variational approximations of
BNNs. Pearce et al. [2020] obtained multiple MAP parameter estimates of neural
networks and justified that these approximate the true posterior in a Bayesian
manner. While the heuristics connecting ensembles of conventional and Bayesian
neural networks provide theoretical insights about existing algorithms, it does
not yet provide a straightforward recipe for optimal model and inference choice
in practice; in fact, naive interpretation of the theory may lead to controversial
experimental results [Wild et al., 2023].

1.3 Contributions of the thesis
The thesis is structured as follows:

• Chapter 2 adopts an optimization view on approximate Bayesian infer-
ence and focuses on the major variational inference algorithms. We be-
gin with variational algorithms tailored to conditionally conjugate models
and gradually build up to reach the so-called black box3 algorithms that

3Throughout the thesis, "black box", that refers to some variational inference algorithm, is
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avoid manual, model-specific derivations and well-suited for probabilistic
programming frameworks. The chapter then discusses the key challenges
associated with variational inference and surveys a range of solutions pro-
posed to deal with those, this includes an extended exploration of strategies
to overcome the limitations of the mean-field factorized variational family.
Further, the frequentists’ theoretical guarantees and the convergence rates
of stochastic optimization algorithms to a local optimal are surveyed. Fi-
nally, we provide a comprehensive review of variational inference techniques
that have been developed and studied in the specific context of Bayesian
neural networks, with particular attention being paid to methods designed
to enforce sparsity in the weights of the network. The chapter culminates
with a proposed taxonomy of variational inference methods, identifying the
room for improvement along the branches of this taxonomy.

• Some of the work of Chapter 3 was presented in [Sheinkman and Wade,
2025]. There, we contribute to the empirical investigation of the challenges
of classical and Bayesian deep learning and the principal role of the archi-
tecture specification in neural networks. In practice, the choice of model
and suitable learning procedure is not a straightforward task. We demon-
strate that even theoretically profound mathematical algorithm does not
automatically render perfect computer implementation. The chapter sheds
some light on the behaviour of Bayesian neural networks trained by both
sampling and optimization-based inference. Chapter provides a system-
atic study of accuracy, uncertainty quantification and computational costs
in different scenarios including large width and out-of-distribution data. In
addition, we investigate the benefits of the predictive model assessment and
different model averaging strategies.

• Chapter 4 contains the work which appears in [Sheinkman and Wade, 2024],
and advances variational inference in Bayesian neural networks. Specifi-
cally, we develop a novel kind of BNNs, termed a variational bow tie neural
network with shrinkage (VBNN). These models are designed to address the
challenges observed in Chapter 3 and to improve robustness as the network’s
width and depth increase. We consider a relaxed version of the standard
feed-forward rectified neural network with sparsity-promoting priors on the
weights and employ Polya-Gamma (PG) data augmentation trick to yield a
conditionally linear and Gaussian activations. After constructing the vari-
ational bow tie neural network, we derive a variational inference algorithm
that avoids assumptions on the distributional form and independence across
layers. To improve the scalability of the algorithm, we propose two strate-
gies: a stochastic variant with subsampling and a post-hoc node selection
procedure to obtain a sparse posterior, thereby the storage and computa-
tional costs of predictions are reduced. Furthermore, to improve accuracy
and uncertainty quantification, we consider ensembles of variational approx-
imations obtained by running several parallel variational algorithms with

used without the hyphen to be in agreement with the terminology introduced in [Ranganath
et al., 2014].
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different initializations. In this way, the approach is capable of accounting
for the multimodality of posterior distributions arising in Bayesian neural
networks.

• Finally, Chapter 5 presents the concluding discussion, which reflects on the
contributions of this thesis and outlines future research directions within
the broader context of Bayesian modelling in the era of big data and ever
expanding models.
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Chapter 2

Variational Inference

Approximate Bayesian inference aims to replace unknown and intractable distri-
butions with some simpler but feasible distributions. Often this is achieved by
minimizing certain measures of dissimilarity between the true posteriors and their
approximations, examples of such methods are Laplace approximation [MacKay,
1992], loopy belief propagation [Murphy et al., 1999], expectation propagation
(EP) [Minka, 2001] and, the central object of this chapter, variational inference
(VI) [Jordan et al., 1999].

Tracing back when the term "variational inference" was brought into practice
is obscure. The method itself originates in statistical physics [Parisi, 1988] and
was used to infer the weights since the early days of Bayesian neural networks
(BNNs) [Hinton and van Camp, 1993, Peterson and Anderson, 1987]. We note
that in the context of logistic regression, [Jaakkola and Jordan, 1997] used the
notions of variational distributions, approximations, parameters and methods,
and, finally, the foundational work of [Jordan et al., 1999] has the tools and the
terminology we use nowadays including the phrase "variational inference".

This chapter aims to study key variational inference methods from both algo-
rithmic and theoretical perspectives as well as in the context of Bayesian neural
networks.

2.1 Inference as optimization
Given a model with joint density p (D,θ), where observations are denoted by D
and the latent variables by θ, variational inference approximates the posterior
p (θ|D) by

q∗(θ) = argmin
q(θ)∈Q

D(p(θ|D), q(θ)) , (2.1)

where the approximation of the posterior q(θ) is taken from some family of distri-
butions Q, which we call the variational family, and D( , ) measures the discrep-
ancy between the true posteriors and its variational approximation. The function
D is called a divergence; it is required to be non-negative and satisfy D(p, q) = 0
if and only if p = q, but does not need to be symmetric.

The complexity of the optimization task Equation (2.1) is largely determined
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by the complexity of the variational family Q. Choosing a flexible family allows
one to get as close as possible to the true posterior density, whilst an overly
complex family may not lead to tractable computations. When approximations
of probabilistic models are taken from the specified families of distribution, two
questions can be raised: (1) Does the chosen family contain an approximation
which retains the favourable properties of the true posterior? (2) If yes, can
the optimization objective and algorithm select that good candidate? Figure 2.1
illustrates different combinations of "Yes" and "No" answers to the questions
above; note, option (b) is far from being optimal but would require more com-
putational resources than option (a), while both (c) and (d) provide plausible
approximations of the posterior but (d) requires fewer resources.

Approximation family ∣

  p(θ 𝒬 D)
Local optimal solution

Initialization

(a) The chosen family does not contain
members retaining the properties of the
true posterior.

Approximation family ∣

  p(θ 𝒬 D)

Local optimal solution

Initialization

(b) The chosen family contains distributions
retaining the properties of the true poste-
rior, but the algorithm picks an unsuitable
local optimum.

Approximation family ∣

  p(θ 𝒬 D)
Local optimal solution

Initialization

(c) The chosen family contains distri-
butions retaining the properties of the
true posterior and the algorithm picks
an suitable local optimum.

Approximation family ∣

  p(θ 𝒬 D)
Local optimal solution

Initialization

(d) The chosen family contains distributions
retaining the properties of the true poste-
rior, and the algorithm picks a suitable local
optimum at a higher cost than (c).

Figure 2.1: Some of the possible scenarios when approximations of probabilistic
models come from the specified families of distribution.

The most common choice is the mean-field family, which assumes that the
variational posterior factorizes across mutually independent latent variables (or
blocks of latent variables). Suppose q(θ) with θ = {θ1, . . . , θJ} is characterized by
variational parameters λ = {λ1, . . . , λJ}, then a generic element of the mean-field
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family Q has a factorized form

qλ(θ) =
J∏
j=1

qλj(θj). (2.2)

Since each variational factor qλj(θj) of Equation (2.2) is governed by a distinct
variational parameter λj. The limitations of the mean-field variational family
are discussed in Section 2.4.2; we overview the techniques which go beyond the
factorized approach in Sections 2.2.3 and 2.4.4.

Further, let the discrepancy between the variational family and true posterior
be measured by the reverse Kullback-Leibler (KL) divergence function [Blei et al.,
2017] defined as

KL(q(θ)||p(θ|D)) = Eq(θ)[log q(θ)]− Eq(θ)[log p(θ|D)]. (2.3)

Note that KL divergence is not symmetric, and the reverse and forward diver-
gences are not equal, that is KL(q||p) ̸= KL(p||q). To avoid computing unavailable
posterior, we express Equation (2.3) as

KL (q(θ)||p(θ|D)) = Eq(θ) [log q(θ)]− Eq(θ) [log p(D,θ)] + log p(D), (2.4)

where p(D) is the marginal likelihood after integration of the model parameters,
and as such log p(D) is referred to as the (log) model evidence. We note that in
the information-theoretic formulation, the negative of the Eq(θ) [log q(θ)] is called
the Shannon entropy of q(θ) [MacKay, 2003]. Jensen’s inequality provides the
lower bound for the evidence known as the evidence lower bound (ELBO):

log p(D) ≥ Eq(θ) [log p(D,θ)]− Eq(θ) [log q(θ)] (2.5)
= ELBO(q).

Variational inference has deep roots in statistical physics where the negative of
the ELBO is known as the variational free energy [Parisi, 1988]. Comparing
Equation (2.4) and Equation (2.5), we find that minimizing the KL divergence is
equivalent to maximizing the evidence lower bound, and the variational inference
approximates the true posterior by

q∗(θ) = argmax
q∈Q

ELBO(q). (2.6)

Outline of the chapter. We explore several scenarios for the classes of models
and variational families and outline variational inference methods that can be
employed in these scenarios. We begin with a variational algorithm suitable for
conditionally conjugate models in Section 2.2, we proceed with model-agnostic
black box methods in Section 2.3. Further, in Section 2.4 the properties and
nuances of the existing algorithms are discussed, where in Sections 2.4.4 to 2.4.6
the focus is made on recent advances, including variational algorithms arising in
Bayesian neural networks.
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D

θg

θl

α

N

Figure 2.2: Example of a directed acyclic graph (DAG) for a model with global
and local variables.

2.2 Conditionally conjugate models
This section focuses on conjugate exponential family models [Brown, 1986, Dia-
conis and Ylvisaker, 1979, Efron, 2022] and gives an overview of model-specific
variational inference methods. In Section 2.2.1, we begin by overviewing expo-
nential family models with local and global variables, Section 2.2.2 proceeds with
an algorithm suitable for conditionally conjugate models and mean-field varia-
tional families, further, we discuss improvements to scale with large data sets
and introduce structural families in Section 2.2.3.

2.2.1 Models with local and global variables

Often statistical models have latent variables specific to every data point, ex-
amples include mixture models [Lindsay, 1995], latent Dirichlet allocation (LDA)
topic models [Blei, 2012], hierarchical Dirichlet process (HDP) [Liang et al., 2013],
hidden Markov models (HMM) [Ghahramani and Jordan, 1995] and models with
global and global shrinkage priors [Polson and Scott, 2010]. In such models, la-
tent variables θ are split into two parts: a vector of global variables θg and a
collection of vectors of local variables specific to data points, θl = {θl1, . . . , θlN}.
We illustrate an example of such a model by Figure 2.2. Suppose that α governs
θg, then the joint distribution of the model is

p(D,θ) = p(θg|α)
N∏
n=1

p(Dn|θln,θg)p(θln|θg). (2.7)

The conditional density of θg given observations and all the other latent variables,
namely p(θg|D, θl,α), is known as its complete or full conditional. Note that θln
given θg,Dn is conditionally independent of θl−n and D−n, so that the complete
conditional of local variable θln equivalent to p(θln|Dn,θ

g). If the complete con-
ditional is in the same family as the prior then we call the model conditionally
conjugate and its likelihood and prior are called conjugate pair. Suppose that
the conditional density of (Dn, θ

l
n) given θg is in the exponential family, and that

the prior on global parameters θg is the corresponding conjugate prior:

p(Dn, θ
l
n, |θg) = hl(Dn, θ

l
n) exp

(
(θg)T tl(Dn, θ

l
n)− al (θg)

)
,

pα(θ
g) = hg(θg) exp

(
αT tg(θg)− ag (α)

)
,
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where tl and tg are vectors of sufficient statistics, al and ag are log-normalizers, and
hl and hg are base measures for local and global terms respectively, α = (α1, α2)

T

is the natural parameter of the prior and tg(θg) = (θg,−al(θg)T )T . The complete
conditionals of latent variables are

p(θg|D,θl,α) = hg(θg) exp
(
ηg
(
D,θl,α

)
tg(θg)− ag(ηg(D,θg,α))

)
,

p(θln|Dn,θ
g) = hl(θln) exp

(
ηl (Dn,θ

g) tl(θln)− al
(
ηl (Dn,θ

g)
))
.

Thus, we have constructed a conditionally conjugate model, which will be the
focus of this section.

2.2.2 Coordinate ascent variational inference

Given the mean-field assumption and the optimization objective of Equa-
tion (2.6), a direct way of finding q∗(θ) is by differentiating the objective function
with respect to each variational factor qj [Bishop, 2006]4. This yields the varia-
tional update:

q∗λj(θj) ∝ exp
(
Eλ−j

[log (p(θj|θ−j,D))]
)
, (2.8)

where Eλ−j
denotes the expectation with respect to

∏
i ̸=j qλi(θi). More generally,

we simplify the notation, and when considering the expectation with respect to
the (component of the) variational density with parameter λ, we often write Eλ
instead of the Eqλ . Iteratively updating each variational factor by Equation (2.8)
whilst keeping the others fixed is guaranteed to climb up the ELBO’s local opti-
mum. This procedure is known as coordinate ascent variational inference (CAVI)
algorithm. To be able to easily apply CAVI we require models for which the
complete conditionals p(θj|θ−j,D) are available in the closed form and the ex-
pectations are tractable. This motivates the choice of conditionally conjugate
models in the context of variational inference. Recall the conditionally conjugate
model given by Equation (2.7), with such a model, we can consider the following
mean-field variational family

q(θ) = qγ(θ
g)

N∏
n=1

qλn(θ
l
n), (2.9)

qγ(θ
g) = hg(θg) exp

(
γT tg(θg)− a(γ)

)
,

qλn(θ
l
n) = hl(θln) exp

(
λTn t

l(θln)− a(λn)
)
,

where qγ(θ
g) and qλn(θ

l
n) are in the same exponential families as the model’s

complete conditionals and come with variational parameters γ and λn. With
the model and variational family at hand, the CAVI algorithm can be employed
and given Algorithm 1, where the updates for optimal variational parameters are

4Alternatively, we can use the chain rule, consider ELBO as a function of qλj
, and note that

it (up to a constant) is the negative KL divergence between qλj
and log p(θj ,θ−j ,D) [Blei et al.,

2017].
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Algorithm 1 Coordinate ascent variational inference
Require: threshold ζ
Initialize variational hyperparameters γ(0)

while ∆ELBO > ζ do
for n ∈ {1, ..., N} do

set λ(t)n = Eγ(t−1)

[
ηl (Dn,θ

g)
]

end for
Update γ(t) = Eλ(t) [ηg (D,θg, α)]

end while
Ensure: variational posterior q

obtained in the closed form using Equation (2.8)

λ∗n = Eγ

[
ηl (Dn,θ

g)
]
, (2.10)

γ∗ = Eλ [η
g (D,θg, α)] . (2.11)

The sum Equation (2.11) goes through each data point implying that the
CAVI algorithm does not scale very well when applied to models with many
local variables. This brings us to the next section where we scale variational
inference to large data. [Neal and Hinton, 1998] stated the formulation of the
expectation-maximization (EM) algorithm [Dempster et al., 1977] in terms of the
statistical physics and the variational free energy [Parisi, 1988]; such formulation
implies that EM can be seen as a version of variational inference with certain s
simplifying assumptions (namely, delta function variational posterior providing
a point estimate of θg in the M-step, a flat prior on θg and update q(θl) ∝
p(θl|D,θg) in the E-step).

2.2.3 Stochastic variational inference.

To update the parameters of the variational family in Equation (2.9) using Equa-
tions (2.10) and (2.11), the CAVI has to cycle through the entire, potentially,
very large dataset and, thus, becomes computationally expensive and inefficient.
Instead of the classical coordinate ascent, the maximum of the ELBO could be
reached in a gradient-based optimization, this leads to a more efficient and scal-
able method known as stochastic variational inference (SVI) [Hoffman et al.,
2013]. Instead of simply sweeping through the entire dataset, SVI utilizes stochas-
tic optimization with noisy natural gradients of the ELBO. Note that compared
to the classical Euclidean gradient, the natural one captures the geometry of
the probability parameters and thus, benefits from faster convergence of the op-
timization algorithm [Amari, 1998]. Moreover, computing natural Riemannian
gradients of the ELBO with respect to variational parameters corresponding to
posteriors from the exponential family accounts to computing the coordinate up-
dates and subtracting the previous settings of parameters [Hoffman et al., 2013,
Sato, 2001]. We begin by uniformly sampling an index s ∼ Uniform(1, . . . , N),
computing the local variation parameter λs and setting the intermediate global
parameter γ̂ to be the ordinary coordinate ascent update, but where D is re-
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placed with a dataset D(N)
s formed of N replicates of the sample Ds. Then, a

noisy estimate of the natural gradient of ELBO with respect to global variational
parameters γ is given by

∇̂γ ELBO(q) = Eq
[
ηg
((
θls
)(N)

,D(N)
s , α

)]
− γ

= α+N
(
Eλs

[
t(θls,Ds)

]
, 1
)T − γ

= γ̂ − γ.

In other words, above we found a rather simple expression for an unbiased esti-
mate of the natural gradient of the ELBO, i.e. Eq

[
∇̂γ ELBO(q)

]
= ∇γ ELBO(q),

yet it is much cheaper to compute through subsampling. Given the step size se-
quence ρt satisfying the Robbins and Monro conditions of Equation (2.12), the
stochastic gradient descent (SGD) algorithm is capable of bringing ELBO to a lo-
cal maximum [Robbins and Monro, 1951]. When the classical gradient is replaced
with the natural one, the algorithm follows realizations ht(γ) of ∇̂γ ELBO(q) and
sets the update parameters to be

γ(t) = γ(t−1) + ρtht(γ
(t−1)),

where

ht(γ
(t−1)) = γ̂t − γ(t−1),

and ∑
ρt = ∞,

∑
ρ2t <∞. (2.12)

Thus, the variational update of the global parameter is

γ(t) = (1− ρt)γ
(t−1) + ρtγ̂

t. (2.13)

The SVI procedure is outlined in the Algorithm 2, where choosing the sequence
ρt to be adaptive outperforms a preset learning-rate [Ranganath et al., 2013].
The stochastic optimization algorithm can be improved by using mini-batches,
and as long as the size of the mini-batch S satisfies S ≪ N , the computational
savings are obtained. For each point Ds of the mini-batch, the intermediate global
variational parameters γ̂s are obtained to give the re-scaled update of the global
parameter:

γ(t) = (1− ρt)γ
(t) +

ρt
S

∑
s∈St

γ̂ts,

where S denotes the indices of the data points in the mini-batch. To obtain
a more flexible approximation and ease some of the restrictions of the mean-
field family, one could allow the dependency between the latent variables [Barber
and Wiegerinck, 1998] or add further variables to the family [Bishop et al., 1998,
Jaakkola and Jordan, 1998]. Variational inference in this case is often described as
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Algorithm 2 Stochastic variational inference
Require: Step size sequence ρt, threshold ζ for λ
Initialize variational hyperparameters γ(0)

while ∆λ > ζ do
Sample an index s ∼ Uniform(1, .., N) for a data point Ds.

Compute local parameter λ = Eγ(t−1)

[
ηl (θg,Ds)

]
Find γ̂t = α+N

(
E
λ
(t)
s

[
t(θls,Ds)

]
, 1
)T

Update global variational parameter γ(t) = (1− ρt)γ
(t−1) + ρtγ̂

t

end while
Ensure: variational posterior qγ

structured (or sometimes structural) [Barber, 2012]. Assuming the conditionally
conjugate model of Equation (2.7), one can define the variational family which
has the dependencies between the global θg and local θl variables:

q(θ) = qγ(θ
g
m)

N∏
n=1

qλn(θ
l
n|θg).

Then the SVI of the Algorithm 2 can be extended to its structured version (SSVI)
[Hoffman and Blei, 2015]. In Chapter 4 we will encounter an example of structured
variational inference and derive an extended version of the CAVI algorithm.

2.3 Black box variational inference.
While the SVI algorithm scales up the CAVI algorithm to large data, it still
requires model-specific derivations of variational updates. In this sense, both
algorithms are far from automatic and limit variational inference to the class
of conditionally conjugate models, where all complete conditionals are in the
exponential family and one can analytically obtain ELBO. Real-world problems,
especially those arising in Bayesian deep learning, bring up many different models
which are not conditionally conjugate and do not have a tractable ELBO. And
even if the models are conditionally conjugate, the requirement for tedious and
manual derivations prevented VI from becoming widely applied and popular.
This brings one to a black box variational inference (BBVI), a class of methods
which do not require the optimization objective given by Equation (2.6) to be
analytically tractable, and which promise to avoid limitations of the conditionally
conjugate family, model-specific derivations. We begin this section by presenting
a VI algorithm suitable for models with evaluable log-likelihoods Section 2.3.1,
then in Section 2.3.2 we consider algorithms for models with differentiable log-
likelihoods, finally, the most commonly used in probabilistic programming black
box variational inference is discussed in Section 2.3.
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Algorithm 3 Black box variational inference (score)
Require: Step size sequence ρt, threshold ζ for λ
Initialize variational hyperparameters λ(0)

while ∆λ > ζ do
Draw S samples θs ∼ qλ(θ) for s = 1, . . . , S
λ(t) = λ(t−1) + ρt

1
S

∑S
s=1∇λ log qλ(θs)(log p(D,θs)− log qλ(θs))

end while
Ensure: variational posterior q

2.3.1 Score gradient

We wish to obtain an unbiased gradient estimator of the ELBO having minimum
assumptions and in the general modelling settings. Then the unbiased gradi-
ent estimates of the exact gradient can be used in the stochastic optimization
algorithm to obtain the variational parameters [Kingma and Welling, 2014, Ran-
ganath et al., 2014]. Specifically, let p(D,θ) be some generic probabilistic model,
and qλ(θ) be the variational distribution. The log-derivative identity and the fact
that the expectation of the score function ∇λ log qλ(θ) with respect to any q is
zero, allow rewriting ∇λ ELBO(q):

∇λ ELBO(q) = Eqλ [∇λ log qλ(θ) (log p(D,θ)− log qλ(θ))] .

The Monte Carlo integration gives the score function gradient estimator (also
known as REINFORCE gradient estimator) [Ranganath et al., 2014]:

∇̂γ ELBO(q) =
1

S

S∑
s=1

∇λ log qλ(θs)(log p(D,θs)− log qλ(θs)), (2.14)

where θs ∼ qλ(θ) for s = 1, . . . , S and we require to be able to

1. Sample from the variational distribution qλ(θ).

2. Evaluate the score function ∇λ log qλ(θ).

3. Evaluate log p(D,θ)− log qλ(θ).

Note that the requirements for the model and the variational posterior made
above allow the BBVI with score gradient to be applied when dealing with both
continuous and discrete random variables. The Equation (2.14) together with
the stochastic gradient descent lead to Algorithm 3. Unfortunately, the gradient
of the score function in the Monte Carlo estimator of Equation (2.14) would
most likely have high variance, resulting in poor posterior approximation or an
impractically long time needed to converge. To reduce the variance, [Ranganath
et al., 2014] proposes Rao-Blackwellization and using the score function control
variates. In practice, however, control variates are not always available (e.g.
univariate cases [Kucukelbir et al., 2017]) and a good choice is model-dependent.
In the next section, we consider the second approach to expressing and assessing
the gradient of ELBO which generally exhibits lower variance and under some
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assumptions is preferable over the score gradient [Kingma and Welling, 2014,
Rezende et al., 2014, Titsias and Lázaro-Gredilla, 2015].

2.3.2 Reparametrization gradient

When applying the score gradient, one needs to be able to sample from the
variational distribution and evaluate the model’s log-likelihood, the logarithm
of the variational approximation and its gradient with respect to the varia-
tional parameter. Here we restrict our attention to models and families that
are log-differentiable with respect to the latent variables and consider another
way of expressing the gradient as an expectation. The approach implements the
reparametrization trick [Kingma and Welling, 2014] also known as coordinate
[Rezende et al., 2014] and invertable [Titsias and Lázaro-Gredilla, 2015] transfor-
mation. The idea of the trick is to standardize the variational distribution qλ(θ)
by expressing θ as a deterministic transformation of a random noise. We intro-
duce an auxiliary random variable ϵ ∼ r(ϵ) and a differentiable transformation
θ = tλ(ϵ), so that variational parameters are absorbed and become a part of trans-
formation but not the noise ϵ. Suppose for example, that q(µ,Σ)(θ) ∼ N (µ,Σ),
then the suitable reparametrization is

θ = t(µ,Σ)(ϵ), where ϵ ∼ N (0, 1),

t(µ,Σ)(ϵ) = µ+ |Σ|
1
2ϵ.

A natural question is whether the class of latent variables and variational families
suited to the reparametrization trick is broad enough. Addressing this, [Kingma
and Welling, 2014] provide explicit differentiable transformation and auxiliary
variables for variational distributions qλ(θ) that have tractable inverse CDFs or
come from the location-scale family. The reparametrization, or so-called pathwise
gradient, is

∇λ ELBO(q) = Er(ϵ) [∇θ (log p(D,θ)− log qλ(θ))∇λtλ(ϵ)] .

The Monte Carlo approximation gives the reparametrization gradient estimator:

∇̂γ ELBO(q) =
1

S

S∑
s=1

∇θ (log p(D,θs)− log qλ(θs))∇λtλ(ϵs), (2.15)

where ϵs ∼ r(ϵ),θs = tλ(ϵs) and we require to be able to

1. Transform qλ(θ) so that θ = tλ(ϵ).

2. Differentiate log p(D,θ)− log qλ(θ) with respect to θ.

Similar to Section 2.3.2, we utilize stochastic gradient descent and obtain the
BBVI with reparametrization gradient in Algorithm 4. The reparametrization
gradient (when available) has a better-behaved variance than the score gradient
and thus, is preferable. The intuition behind this is based on the observation that
the gradient of the model’s joint probability gradient is better informed about the
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Algorithm 4 Black box variational inference (reparametrization)
Require: Step size sequence ρt, threshold ζ for ELBO
Initialize variational hyperparameters λ(0)

while ∆ELBO > ζ do
Draw the noise, calculate the latent variables:
ϵs ∼ r(ϵ),θs = tλ(ϵs) for s = 1, . . . , S
λ(t) = λ(t−1) + ρt

1
S

∑S
s=1∇θ (log p(D,θs)− log qλ(θs))∇λtλ(ϵs)

end while
Ensure: variational posterior q

direction of the maximum posterior mode than the gradient of the score function.
Further, note that the gradients with respect to θ allow backpropagation and can
be computed more efficiently than gradients with respect to λ. The drawback of
the reparametrization gradient is that it limits the choice of model and family to
log p(D,θ) and log qλ(θ) which are differentiable with respect to θ and cannot be
applied to models with discrete random variables. Nevertheless, neither approach
requires the optimization objective given by Equation (2.6) to be analytically
tractable and, thus, can be described as a black box method.

2.3.3 Automatic and black box

Suppose that the model p(D,θo) is differentiable and has continuous parameters
θo (D might be discrete), and we wish to find a suitable variational posterior
qλo(θo). To be able to choose a variational family independent of the model, we
transform the support of the prior so that the latent variables are now members
of the real space. Let T be a differentiable isomorphic transformation, then

T : supp(p(θo)) → Rk,

T : θo 7→ θ, λo 7→ λ,

p(D,θ) = p(D,T−1(θ))| det JT−1(θ)|.

Since the latent variables now live in Rk, the variational family can be chosen to
be Gaussian, either a mean-field with a diagonal covariance matrix or a full-rank
with a positive semi-definite matrix containing off-diagonal elements. In this case,
we are able to apply the BBVI with the reparametrization gradient Algorithm 4,
find the variational posterior in the real space qλ(T (θo)), and the inverse of the
transformation T returns the posterior back to the original latent variables:

qλo(θo) = qλ(T (θ
o))| det JT (θo)|.

The method described above leads to a practical realization of variational in-
ference called automatic differentiation variational inference (ADVI) [Kucukelbir
et al., 2017], where the manual computation of the reparametrization gradient is
avoided by using automatic differentiation. In black box VI, stochastic gradient
optimization of the intractable objective can be replaced with deterministic op-
timization of the sample average approximation of that objective [Burroni et al.,
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2024]; further, combined with the transformation of the model’s parameters, this
results in a faster method called deterministic ADVI (DADVI) [Giordano et al.,
2024]. In practice, ADVI is, perhaps, one of the most widely used variational
inference methods, and has been implemented in several probabilistic program-
ming (PPL) frameworks such as Stan [Carpenter et al., 2017], Pyro (NumPyro)
[Phan et al., 2019], Turing [Ge et al., 2018], Tensorflow Probability [Dillon et al.,
2017] and PyMC3 [Salvatier et al., 2016]. Further, in Chapter 3, where we study
the empirical performance of Bayesian neural networks, we implement the ADVI
with the mean-field Gaussian family.

2.4 When, why and how of variational inference
Section 2.4.1 provides a structured summary of the variational inference algo-
rithms that have been introduced in previous sections. We then consider limita-
tions of VI and means of surpassing those in Section 2.4.2. Further, theoretical
aspects and frequentist properties are discussed in Section 2.4.3, and an impor-
tant line of research on extending classes of variational families is considered in
Section 2.4.4. Finally, we discuss variational inference in the context of Bayesian
neural networks in Sections 2.4.5 and 2.4.6.

2.4.1 Overview

We began this chapter by formulating the task of approximate Bayesian infer-
ence through the lenses of an optimization objective (as Equation (2.1)). Then
we decided to measure the dissimilarity between the approximation and the true
posterior with the Kullback-Leibler divergence and focused on the mean-field vari-
ational family with an exception in Section 2.2.3, where we very briefly mentioned
the structural variational inference, and in Section 2.3.3, where full covariance ma-
trix of the multivariate Normal was allowed (note, this can be seen as a particular
case of structural VI). In Section 2.2.2, we restricted our attention to the condi-
tionally conjugate exponential models for which the closed-form updates of the
coordinate ascent variational inference are available. We then observed that each
iteration of the CAVI algorithm cycles through every point of the dataset, which
leads to poor scalability and computational burdens. In contrast to simple coor-
dinate descent, stochastic variational inference of Section 2.2.3 utilizes stochastic
gradients and mini-batches, and was introduced as a scalable extension of simple
coordinate descent. Both CAVI and SVI are limited to conditionally conjugate
models and require tedious model-specific derivations, easing these requirements
brings us up to the next level of variational inference known as black box VI.
Section 2.3.1 introduced BBVI with the score gradient, which can be applied to
all evaluable models but suffers from high variance. In Section 2.3, BBVI with
the reparametrization gradient is proposed, which limits the class of models to
differentiable but exhibits much lower variance than the approach with the score
gradient. With BBVI, differentiable models and the toolbox of automatic differ-
entiation at hand, variational inference becomes a part of all major probabilistic
programming languages discussed in Section 2.3.3. For the reader’s convenience,
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the overview above is supplemented with Table 2.1.

Table 2.1: Variational inference algorithms and their location in this chapter.

Name (acronym) Where introduced Algorithm Model-agnostic
CAVI Section 2.2.2 Algorithm 1 no
SVI Section 2.2.3 Algorithm 2 no

BBVI (score) Section 2.3.1 Algorithm 3 yes
BBVI (reparametrization) Section 2.3.2 Algorithm 4 yes

To summarize, in the previous section, we introduced several variational in-
ference algorithms (Algorithms 1 to 4), this section aims to motivate the use of
those algorithms as well as shed some light on the challenges associated with the
variational approximations.

2.4.2 Caveats and how to avoid them

One of the major and extensively studied drawbacks of variational inference is
associated with the commonly used factorized family. Namely, the mean-field
variational posterior explicitly ignores correlations between variables correspond-
ing to different components (factors) of the variational family; and even when
the posterior means are well-estimated, the marginal variances tend to be un-
derestimated [MacKay, 2003, Turner and Sahani, 2011, Wainwright and Jordan,
2008, Wang and Titterington, 2004b]. Several potential solutions to the above
challenge were proposed within mean-field variational inference. For instance, im-
plementing linear response covariance estimates allows for approximations closely
matching Markov chain Monte Carlo (MCMC) but obtained in significantly less
time [Giordano et al., 2018, Raymond and Ricci-Tersenghi, 2017]. Alternatively,
assessing and adjusting mean-field approximation using Pareto smoothed impor-
tance sampling leads to better mean and variance estimates [Yao et al., 2018b]. A
natural approach to overcome the limitations of the factorized family is to consider
more expressive approximation families which we discuss in Section 2.4.4, nev-
ertheless we mention here the Thouless-Anderson-Palmer correction [Fan et al.,
2021] and entropic regularization [Wu and Blei, 2024] as methods which do not
explicitly change the variational family but rather alter the optimization objective
to improve uncertainty quantification.

Another question often arising in variational inference is the optimality of the
chosen reverse KL divergence as a measure of the similarity between the true
posterior and the variational approximation. For example, it is possible to ob-
tain small values of the reverse KL divergence and arbitrary large errors in the
posterior mean and variance [Huggins et al., 2020]. Additionally, the recently
derived impossibility theorem states that assuming that the true posterior is a
Gaussian with a non-diagonal covariance and the variational approximation is
Gaussian with diagonal covariance, the minimizer of the reverse KL divergence
can accurately approximate at most one of the three measures of uncertainty:
diagonal elements of the covariance (marginal variance), diagonal elements of the
inverse of the covariance (marginal precision) or determinant of the covariance
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(generalized variance). In fact, with the above assumptions on the family and
model, and the task of approximating marginal variances, the forward KL di-
vergence, which arises in the expectation-propagation algorithm [Minka, 2001],
would be preferable over its reverse version [Margossian et al., 2024], but is more
computationally challenging [Vehtari et al., 2020].

In contrast, assuming the elliptical symmetry of the true posterior and the
location-scale family, the variational approximation is a global minimizer of the
reverse KL divergence and exactly recovers the mean and the correlation matrix
[Margossian and Saul, 2024]. Additionally, [Dhaka et al., 2021] studied the per-
formance of the BBVI with different divergences, mean-field and normalizing flow
variational families empirically and in the pre-asymptotic regime, and confirmed
that when approximating high-dimensional posteriors, the reverse KL divergence
is preferable over the forward KL, χ2 ad f divergences.

Evaluation of the quality and convergence monitoring of variational inference
is not a straightforward task since the scale of the objective function, the ELBO,
is hardly interpretable. Widely used in practice ADVI propagates random vari-
ables through the transformation and reparametrization implying that comparing
two different algorithm runs based on ELBO may not be sensible. Several robust
diagnostics and frameworks were proposed (but not widely implemented) includ-
ing error bounds based on the Wasserstein distance [Huggins et al., 2020], shape
parameter of the Pareto smoothed importance sampling [Dhaka et al., 2021, Yao
et al., 2018b] and symmetrized Kullback–Leibler divergence [Welandawe et al.,
2024].

More challenges arise with the emergence of deeper models and larger datasets;
nuances of performing approximate Bayesian inference (including VI) in the con-
text of deep learning and multi-modal posteriors are further considered in Chap-
ter 3.

2.4.3 Asymptotic guarantees and convergence rates

Even with the recent developments in Markov chain Monte Carlo, sampling-based
algorithms may come with asymptotic guarantees but converge too slowly for the
era of big data and highly parametrized models (for an overview of advances in the
MCMC we refer to [Angelino et al., 2016], and for classical results to [Robert et al.,
1999]). As a scalable alternative to sampling-based methods, optimization-based
variational inference has been successful in many applications including proba-
bilistic topic modelling [Blei, 2012], genetic studies [Carbonetto and Stephens,
2012], computational neuroscience [Flandin and Penny, 2007], speech-recognition
[Reyes-Gomez et al., 2004] and image segmentation [Du et al., 2009]. Further,
developments in black box variational techniques together with the strengths
of probabilistic programming languages made variational inference an even more
scalable, generic method. Indeed, mean-field automatic differentiation variational
inference is able to handle large datasets and yield good predictive performance
in tasks where MCMC becomes computationally intractable; one of the first par-
ticularly prominent examples is the analysis of 1.7 million of taxi trajectories of
[Kucukelbir et al., 2017].

Rigorous theoretical analysis of the variational inference is limited. In
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this section, we outline two angles from which the theoretical justification for
adopting variational inference can be obtained. The first approach studies
statistical (frequentists) properties of the variational posteriors, and the second
focuses on the convergence of the algorithms to the optimum of the objective
function.

From the frequentists side, the contraction rates of variational posteriors of
several particular models were derived, including sparse high-dimensional linear
regressions [Ray and Szabó, 2022], logistic regressions [Ray et al., 2020], neural
networks with heavy-tailed priors on the weights [Castillo and Egels, 2024],
mixture models [Chérief-Abdellatif and Alquier, 2018], and sparse deep neural
networks [Chérief-Abdellatif, 2020]. Asymptotical properties of variational
distributions were studied in exponential family models [Wang and Titterington,
2004a], stochastic block models [Celisse et al., 2012], generalized linear mixed
models [Hall et al., 2011], and Gaussian mixture models [Westling and Mc-
Cormick, 2019]. In a broader context, [Zhang and Gao, 2020] extend classical
conditions for contraction rates of posteriors to variational inference (for the
classical conditions we refer to [Ghosal et al., 2000]). On the same more general
line, the contraction rates and risk bounds for the variational fractional posteriors
(raised to some fraction power of α for α ∈ (0, 1]) were derived [Alquier and
Ridgway, 2020, Yang et al., 2020]. Coming from a slightly different perspective,
[Wang and Blei, 2019a,b] extend the Bernstein–von Mises theorem to variational
posteriors in both well-specified and misspecified models and as a consequence
establish consistency and asymptotic normality of Gaussian variational pos-
teriors. Studying posterior predictive distributions induced by the variational
posterior in misspecified models in the light of the variational Bernstein–von
Mises theorem shows that the misspecification error outweighs the variational
approximation error. This observation leads to an important conclusion that
in specific prediction tasks specifying the right model is more important than
fixing the variational approximation error. We study the crucial importance
of model choice in Chapter 3. Recently, the Bernstein–von Mises theorem was
established for mean-field variational inference with enthropic regularization
which was shown to be consistent and asymptotically normal [Wu and Blei, 2024].

The results above provide some a priori guarantees given that the variational
algorithm reaches some global optimum of the objective function (minimum of
the KL divergence or maximum of ELBO). However, ELBO is typically highly
non-convex, and while CAVI is guaranteed to reach a local minimum [Jordan
et al., 1999], both SVI and BBVI employ stochastic methods which cannot offer
such guarantees and can suffer from high variance. Thus, an important research
direction focuses on the structure of the variational optimization problem and the
convergence of stochastic algorithms. Proving the convergence of the optimiza-
tion algorithm for a non-convex objective is challenging and usually requires the
optimization objective, in our case that is the ELBO, to be smooth. Further, the
gradient noise of the most commonly used reparametrization gradient is not easily
controlled because it depends on the variational parameters in a non-trivial way
[Domke, 2020]. Only recently, guarantees for BBVI were obtained in the case of
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proximal and projected stochastic gradient descents, within the full-rank Gaus-
sian variational family, and log-concave and log-Lipschitz model; in addition to
the guarantees above, a novel type of gradient estimator called “sticking the land-
ing” estimator was shown to have lower noise and, thus, faster convergence than
the estimators commonly used in BBVI [Domke et al., 2024]. Simultaneously, the
convergence guarantees for the BBVI with regular SGD were provided within the
location-scale family and for log-smooth posterior densities [Kim et al., 2024b].
Further, recall that assuming the elliptical symmetry of the true posterior and
the location-scale family, the variational approximation exactly recovers the mean
and the correlation matrix [Margossian and Saul, 2024]. Combining this result
with convergence guarantees for BBVI, we get theoretically grounded guidance on
when variational inference might be particularly accurate and scalable. Further
study of gradient estimators (including the novel “sticking the landing” estimator)
together with the benefits of the projected SGDs allowed for an improved version
of previous convergence results [Kim et al., 2024a]. Lastly, ongoing research con-
firms that the full-rank variational family’s struggle to converge could be tackled
by adopting the structured variational family [Ko et al., 2024].

2.4.4 Beyond the mean-field variational family

In Section 2.2.3 we have seen structured variational approximations which re-
placed the fully factorized family with a family which factorized across subsets
of variables. While that approach introduced dependencies between the latent
variables, in the context of black box and automatic differentiation variational
inference, it would still be restricted to models with continuous latent variables
and would not scale well [Giordano et al., 2024]. There are other methods of
adding more structure to the factorized family and going beyond continuous la-
tent variables, examples include variational boosting [Miller et al., 2017], mixture
models [Bishop et al., 1998, Hotti et al., 2024, Jaakkola and Jordan, 1998], nor-
malizing flows [Dhaka et al., 2021, Rezende and Mohamed, 2015] and Copula VI
[Tran et al., 2015]. One can obtain more flexible and expressive approximations
by treating the variational family as a statistical model of its own. We omit the
details but briefly mention here one of the generic VI methods applicable in the
black box scenario, which allows for more expressive families and discrete latent
variables, namely hierarchical variational models (HVM) [Ranganath et al., 2016].
In probabilistic modelling, the dependencies are often introduced in a hierarchical
way [Gelman et al., 2013], and a similar approach can be taken when extending
the variational family. Hierarchical variational models consist of two levels: the
underlying family with a prior is placed on top. Given the variational distribution
qλ(θ) of Equation (2.2), one can introduce the so-called variational prior qξ(λ)
with ξ being then a variational hyperparameter. Then, the variational posterior
of interest is obtained through marginalization:

qξ(θ) =

∫
qξ(λ)

J∏
j=1

qλj(θj). (2.16)
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Choosing the variational prior qξ(λ) that does not have the same factorization
structure as the original qλ(θ), leads to families with more elaborate distribu-
tions. Marginalization implies that HVMs allow both continuous and discrete
latent variables to be used within the black box variational inference framework.
The method is very general since the variational prior can be chosen from a
variety of options, depending on the model assumptions, a sensible choice could
be a mixture of Gaussians, a normalizing flow or a copula.

Note, however, that despite several promising approaches, expanding varia-
tional families does not necessarily lead to better posterior estimates and when
done naively comes at an unreasonably high cost [Giordano et al., 2024, Turner
and Sahani, 2011]. Instead of taking a step outside of the mean-field variational
family, a line of research focuses on improving the scalability of VI by tightening
the area of search inside the factorised family. Suppose that probability model
comes with global and local variables, that is p(D,θ) = p(D,θg,θl), where θg and
θl are, respectively, global and local variables (for more details see Section 2.2.1).
The mean-field variational family would then assume

q(θ) = qγ(θ
g)

N∏
n=1

qλn(θ
l
n),

qγ(θ
g) and qλn(θ

l
n) come with variational parameters γ and λn. Given high-

dimensional models and large datasets, CAVI becomes computationally inefficient
and is often replaced with SVI outlined Section 2.2.3. Alternatively, instead of
using SVI within the total mean-field family, one could explore the amortized
version of VI which posits an amortized variational family [Agrawal and Domke,
2021, Margossian and Blei, 2024, Rezende et al., 2014]:

q(θ) = qγ(θ
g)

N∏
n=1

q(θln, fψ(Dn)), (2.17)

where fψ is the inference function that maps the data point Dn to the parameter
λn = fψ(Dn) of the approximate variational posterior. Most commonly, fψ is a
deep neural network and, thus, called an inference network. In this way, one func-
tion fψ replaces all local variational parameters λn, and inference is amortized.
Typically, amortized inference arises in the context of variational auto-encoders
(VAEs), where p(D,θl,θg) is a deep generative model with prior p(θl) (where θln
represent the latent variables encoding the data points) and some global param-
eters θg (weights and biases of the decoder). An inference network fψ is called
an encoder and amortized VI approximates p(θl|D,θl). Then θg is learned by
maximizing the approximate marginal likelihood p(D|θg). With θl and θg at
hand, p(D|θl,θg) is capable of generating data points of D, and called a prob-
abilistic decoder. For details on variational auto-encoders, we refer to [Kingma
and Welling, 2014, Rezende et al., 2014].

While amortized inference efficiently scales to large datasets and complex
models, Equation (2.17) always defines a poorer variational posterior than the
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mean-field family. The arising trade-off between the expressiveness of the vari-
ational family and scalability leads to what became known as the amortization
gap [Cremer et al., 2018]. The gap can be mitigated in certain simple hierarchi-
cal models (including VAEs) where amortized VI achieves the same accuracy as
CAVI or SVI but at a much lower cost. However, there are models where the
gap cannot be closed and alternative methods are required [Agrawal and Domke,
2021, Margossian and Saul, 2024].

2.4.5 Variational inference in neural networks

In Chapter 1, we discussed Bayesian neural networks and the challenge of
computing their posteriors. One of the first historical examples of variational
methods in BNNs considered Gaussian priors and applied the Minimum descrip-
tion length (MDL) principle from information theory [Rissanen, 1986] to obtain a
variational inference algorithm with the mean-field Gaussian family [Hinton and
van Camp, 1993]. This algorithm was then extended to full-covariance Gaussian
families [Barber and Bishop, 1998] by considering mixtures [Bishop et al., 1998,
Jaakkola and Jordan, 1998]. Another early example is a mean-field variational
algorithm developed for sigmoid belief networks [Saul et al., 1996], which can be
treated as neural networks with graphical model semantics [Jordan et al., 1999,
Neal, 1992b].

Nowadays, given the multimodal and complex nature of posteriors arising in
Bayesian neural networks, much work has focused on understanding the under-
fitting tendencies of variational approximations (for a more general discussion of
nuances of VI, see Section 2.4.2). [Trippe and Turner, 2018] noted that tightness
of the evidence lower bound in mean-field variational inference can prune away
most of the hidden units in the network; over-pruning leads to diagonal Gaus-
sian approximations performing better when the covariance is fixed rather than
learned. At the same time, in their experiments, full-rank Gaussian approxima-
tions consistently underperformed compared to mean-field approaches. [Coker
et al., 2022] studied wide BNNs with odd activation functions and found that the
optimal variational posterior predictive converges to the prior predictive distri-
bution, completely ignoring the data; we revisit this phenomena in Section 3.2.2.
[Foong et al., 2020] showed that mean-field Gaussian families do not contain suit-
able approximations for the true posterior of a single-layer BNN with rectified
linear unit (ReLU) activations, resulting in poor uncertainty estimates. Con-
versely, in deeper BNNs, fully factorized families were shown to be as expressive
as richer posteriors in shallow models [Farquhar et al., 2020]. [Park and Blei,
2024] improved mean-field variational approximations for BNNs by introducing a
density uncertainty criterion that grounds predictive uncertainty in the training
density of the input. More recently, [Gelberg et al., 2024] studied weight space
permutation symmetries in neural networks and propose a symmetrization mech-
anism that improves the performance of unimodal (e.g., mean-field) variational
approximations.

Since the relationship between priors on weights and posteriors in Bayesian
neural networks is far from straightforward, and many common choices are often
purely based on computational convenience (prior specification is discussed in
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Section 1.2.4 and, below, in Section 2.4.6), [Sun et al., 2019a] introduced func-
tional variational inference by formulating the VI task in the function space of
neural networks. While the algorithm of [Sun et al., 2019a] did not scale well and
was shown to posit an ill-defined variational objective [Burt et al., 2021], the func-
tional view was improved by [Rudner et al., 2021], who considered approximating
the distributions over functions induced by the variational distribution over pa-
rameters and derived a tractable (not relying on stochastic gradient estimators)
objective functional variational inference algorithm.

Finally, given the challenges associated with the fully Bayesian perspective and
the need for uncertainty quantification, variational inference algorithm developed
for Bayesian last layer neural networks became popular due to its simplicity,
strong empirical predictive performance and low computational costs [Harrison
et al., 2024].

2.4.6 State of sparsity in variational BNNs

To scale with the size of the data and model complexity, various variational
algorithms have been proposed for sparse BNNs. Within the class of shrinkage
priors, classical and regularized horseshoe priors [Carvalho et al., 2009, Piironen
and Vehtari, 2017a] on the BNNs weights, combined with variational approxi-
mations, have been shown to provide competitive empirical results. Examples
include variational inference algorithms with mean-field [Louizos et al., 2017] and
structured Gaussian variational families [Ghosh et al., 2018, 2019]. One of the
most popular variational inference techniques for BNNs with spike-and-slab priors
is perhaps "Bayes by Backprop" [Blundell et al., 2015], which builds on [Graves,
2011] and uses spike-and-slab priors with Gaussian spike and a fully factorized
Gaussian family. The high variance of gradient estimates in Bayes by Backprop
was addressed by [Wu et al., 2018], who introduced a deterministic approximation
to the moments of activations. However, their approach did not consider spike-
and-slab and used heavy-tailed (Inverse Gamma) priors, with hyperparameters
set via empirical Bayes. In the case of the spike-and-slab priors with a Dirac spike,
[Bai et al., 2019, 2020] applied stochastic relaxation to be able to approximate the
ELBO and derived a theoretically justified (by contraction rates) variational al-
gorithm; the approach was recently extended to spike-and-slab Group Lasso and
spike-and-slab Group Horseshoe priors [Jantre et al., 2024]. In addition to com-
putational advantages, variational tempered approximations of deep BNNs with
spike-and-slab priors were shown to be consistent at the same convergence rate
as the exact posterior [Chérief-Abdellatif, 2020]. More recently, [Castillo and
Egels, 2024] considered BNNs with heavy-tailed shrinkage priors and obtained
near-optimal minimax contraction rates for fully factorized tempered variational
approximations. For a broader discussion of asymptotic properties and conver-
gence rates of variational posteriors, we refer to Section 2.4.3.

Dropout (multiplicative noise) regularization in neural networks has also been
shown to closely relate to sparse BNNs with suitable variational approximations.
Specifically, [Gal and Ghahramani, 2016] showed that the dropout training ob-
jective in neural networks can be formulated in terms of minimizing the KL-
divergence between the approximate and deep Gaussian process (GP) posteri-
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ors. [Kingma et al., 2015] established the equivalence between Gaussian dropout
training and variational inference for BNNs with log-uniform priors; however, log-
uniform priors are not proper and have been shown to lead to improper posteriors
[Hron et al., 2018]. Addressing the limitations of previous approaches, [Nalisnick
et al., 2019] decoupled dropout from specific variational inference algorithms and
established the equivalence between dropout regularization and placing Gaussian
scale mixture priors with Automatic Relevance Determination structure on the
network’s weights. In a slightly different direction, [Li et al., 2024] considered
BNNs with Gaussian priors and introduced a variational inference methodology
that enforces sparsity in the weights during the training.

2.5 Towards a taxonomy of variational inference
methods

Since being stated in the language of machine learning and introduced to the
Bayesian statistical community as a method for approximating intractable pos-
teriors [Jordan et al., 1999, MacKay, 1995], variational inference has been exten-
sively studied and expanded in various directions. The formulation of posterior
inference as a general optimization problem of minimizing the divergence between
the true posterior and the approximation (given by Equation (2.1)) allows one to
outline several angles from which variational inference can be studied:

• Variational family.

• Divergence function.

• Class of models.

• Optimization algorithm.

Variational family. The mean-field family remains the most common choice
due to its convenience and linear scalability. For example, Algorithms 1 and 2
explicitly assume a choice of factorizable family. To make inference even more
scalable, one can consider the amortized family discussed in Section 2.4.4. In a
search for a more expressive approximation and support for both continuous and
discrete random variables, variational families are endowed with various struc-
tures such as normalizing flows [Rezende and Mohamed, 2015], mixtures and
hierarchical models [Ranganath et al., 2016]. Lastly, within the framework of
BBVI and Algorithms 3 and 4, three of the natural assumptions are full-rank,
diagonal Gaussian and, more broadly, location-scale families. We illustrate dif-
ferent choices of family within the larger approximate Bayesian framework on
Figure 2.3.

Divergence function. Whereas across Algorithms 1 to 4 we focus on the most
popular and widely applicable variational Bayes approach with the variational ob-
jective given by the reverse Kullback-Leibler divergence and Equation (2.6), as
we have observed in Sections 2.4.2 and 2.4.3 that is not the only possible choice.
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Other means of measuring the distance between the true posterior and the ap-
proximation include the forward KL divergence [Vehtari et al., 2020], α divergence
[Hernandez-Lobato et al., 2016], χ2 divergence [Dieng et al., 2017], f divergence
[Wang et al., 2018] and a score-based divergence [Modi et al., 2024]. For an ex-
tensive empirical comparison of different divergences in variational inference, we
refer to [Dhaka et al., 2021] and for recent theoretical study to [Margossian et al.,
2024]. Figure 2.3 illustrates VI with the KL divergence among all approximate
Bayesian inference methods.

Class of models. The easiest for computing are, perhaps, conditionally con-
jugate models for which the naive gradient descent solves the optimization task.
Black box methods allow to expansion of the class of models and avoid model-
specific derivations. Whilst Algorithm 3 is applicable to all evaluable models,
vastly studied and employed Algorithm 4 requires differentiable models. Fig-
ure 2.3 outlines how different classes of models considered in variational inference
relate to each other.

Optimization algorithm. Among the considered algorithms, only CAVI of
Algorithm 1 employs classical gradient descent. In most of the cases, including
Algorithms 2 to 4, however, stochastic gradient optimization is used. Besides the
regular stochastic gradient descent, the proximal and the projective SGDs, upon
which we have touched in Section 2.4.3, can be employed in variational inference.

Avenues for future work. The outlined taxonomy provides intuition on the
possible directions of future research. Apart from solely focusing on extending
variational families, our understanding of the relationship between the quality
of the approximation and the complexity of the family could be improved. Fur-
ther, the trade-off between the expensiveness of variational posterior and com-
putational complexity is something to keep in mind (we explicitly encounter this
trade-off in the empirical settings in Section 3.2.2, where the full-rank ADVI is not
feasible). The optimality of the reverse KL divergence is not granted and other
divergences could be explored in bigger detail and in various problems, especially
in a context of reliable uncertainty quantification [Margossian et al., 2024], and
when assessing the quality of variational posteriors [Huggins et al., 2020]. Whilst
the typical assumption on the model is differentiability, it would be interesting
not only to adapt existing algorithms to larger classes of models but also to in-
vestigate models in which variational inference can perform particularly well (e.g.
models exhibiting certain symmetries are of potential interest [Margossian and
Saul, 2024]). Recently, several promising convergence guarantees for the BBVI
with regular, proximal and projective SGDs and with various reparametrization
gradient estimators were established [Domke et al., 2024, Kim et al., 2024b]. Sim-
ilar analyses could investigate whether the inference could be sped up by studying
the guarantees given other gradients (e.g. natural) or different gradient estima-
tors (e.g. score or recently introduced "“sticking the landing” estimator). Lastly,
given the non-convex nature of the ELBO function, research on non-convex opti-
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p(θ ∣ D) 𝒬 q*

q*(θ) = argmin≈d (p(θ |D), q(θ))

q*(θ) = argmin≈KL (q(θ) | |p(θ |D))

(a) VI with KL divergence in the
framework of approximate Bayesian

inference.

q* ∣ 𝒬

Mean-field 𝒬 Location-scale 𝒬

Mean-field 
≈ Full-rank 
≈
Amortized 𝒬

(b) Common families considered in VI.

Conditionally 
conjugate 

Differentiable

Evaluable

All 

p(D, θ) = p(D ∣ θ)p(θ)

(c) All probabilistic models and models considered in VI.

Figure 2.3: Diagrams outlining the relationship between (a) approximate
Bayesian inference methods; (b) families of variational distributions and (b) prob-
abilistic models in the context of variational inference [Blei, 2019, Broderick,
2020].

mization could be formulated in the framework of variational inference to improve
the convergence of variational algorithms. To conclude, variational inference is
a popular alternative to sampling-based approximate Bayesian inference and has
developed rapidly over the past decade. Expanding research in various directions
outlined in the taxonomy can tackle the challenges associated with variational
inference and lead to more scalable, accurate and reliable algorithms.
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Chapter 3

The Architecture and Evaluation of
Bayesian Neural Networks

In Chapter 1 we discussed various aspects of specifying the architecture of
classical and Bayesian deep learning models. In order to define Bayesian
neural network (BNN), one needs take several key steps: choose suitable width,
depth, prior distribution and activation function. Computational burdens and
intractable posteriors further expose miscalibrated Bayesian neural networks to
poor accuracy and unreliable uncertainty estimates. Variational inference (VI)
discussed in Chapter 2, benefits from improved computational complexity but
lacks the asymptotical guaranties of the Markov chain Monte Carlo (MCMC).
At the same time, the dimensions of modern deep models make MCMC
tremendously expensive. Neither, sampling nor optimization-based algorithms
are faultless and their performance heavily depends on architectural choices.
This chapter aims to shed some light on the behaviour of the Bayesian neural
networks in practice.

Some of the work presented in this chapter appears in [Sheinkman and Wade,
2025].

3.1 Introduction
As modern neural networks (NNs) get more and more complex, specifying a
model with high predictive performance becomes a more and more challenging
task. Neural networks are parametrized in the weight space, where properties
and dimensionality need to be specified beforehand. The number of parameters
is an essential part of the model choice; and the more parameters one has, the
more nuanced the choice of model becomes. No matter what the prediction task
is, overly complex models suffer from the curse of dimensionality which causes
not only poor performance but also computational problems. The challenge is
finding a model that matches the task and, as importantly, achieves the alignment
between the model and the applied inference algorithm [Gelman et al., 2020].

In contrast to classical deep learning, where training is done through
gradient-based optimization, in Bayesian settings it is not enough to specify
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the learning rate and choose the weight initialization scheme. Despite some
promising theoretical results on the true posterior predictive distribution of
Bayesian neural networks, these distributions are typically intractable and
highly multimodal [Baltrusaitis et al., 2019], and the properties of even the
most theoretically grounded sampling methods and approximation techniques
are limited by the computing budget, size of the dataset, and sheer number of
parameters [Arbel et al., 2023, Magris and Iosifidis, 2023, Papamarkou et al.,
2022]. In Section 3.2, we will see that for different inference algorithms, one
model can provide strikingly diverse performances.

In theory, given some set of models, the Bayesian approach has the poten-
tial to deal with the model choice and compare different models in a principled
way. [Kass and Raftery, 1995, MacKay, 1992, 2003] argue that, independently
of the choice of priors on models (and hence automatically), the Bayes factors
defined in Section 1.2.1 embody Occam’s razor5, and Bayesian inference favours
the "simplest" model over the complex one. However, in the context of mod-
ern models and real-world applications, the heuristic of Occam’s razor cannot
be considered naively and is not always very informative; a simple model may
closely approximate the observed data but fail to generalize well. The philosophy
of Occam’s razor should not be seen as the resolution of the phenomena known
as the curse of dimensionality. In fact, the curse of dimensionality can be dealt
with by introducing "less simple" hierarchical priors on the weights of the neural
network [Polson and Sokolov, 2019] (for more details on such priors we refer to
Section 4.2.2). Further, the complexity of the model cannot be estimated by sim-
ply counting the number of parameters, and the Bayes factors can favour models
with many parameters, e.g. wider neural networks [Rasmussen and Ghahramani,
2000]; indeed, neural networks with a large number of hidden units were shown
to be successful even when dealing with small data sets [Neal, 1995, Williams,
1996]. Moreover, one might want to consider an infinite-width neural network to
obtain a Gaussian process (GP) limit, as the latter are known for their expres-
siveness and generalization abilities [Neal, 1995, Rasmussen and Williams, 2005,
Wilson and Izmailov, 2020]. At the same time, while the equivalence of infinitely
wide Bayesian neural networks and Gaussian processes has been long established
[Matthews et al., 2018, Neal, 1995, Rasmussen and Williams, 2005], the proper-
ties of approximations of the BNNs as well as the behavoir of finite-width BNNs
with respect to GPs are less clear [Coker et al., 2022, Vladimirova et al., 2019].

Instead of choosing one model, one might improve reliability of predictions
by combining several models. In Section 1.2.5, we discussed the connection be-
tween non-Bayesian ensembles and Bayesian approaches. In this chapter, we will
consider model combination in a Bayesian sense of combining not the point esti-
mates but probability distributions. Predictive distributions obtained by several
models or by running inference algorithms several times for one model can be
averaged based on model probabilities, this leads to Bayesian model averaging
(BMA) [Hoeting et al., 1999]. However, model probabilities are often overcon-

5Also known as Ockham’s razor or principle of parsimony and attributed to William of
Occam, a fourteenth-century philosopher from Surrey.
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fident [Oelrich et al., 2020], and classical BMA tends to average models with
coefficients which are very close to either 0 or 1, which is only optimal if the true
model is among the comparison set.

Outline of the chapter. To consistently evaluate Bayesian neural networks in
practice, we consider computational costs, accuracy and uncertainty quantifica-
tion in different scenarios, including large width and out-of-sample data. Specif-
ically, we study the sensitivity of BNNs to the choice of width in Section 3.2.2,
depth in Section 3.2.3. While Bayesian models are more resistant to distribution
shifts, the reliability of uncertainty estimates and the gap within-the-sample and
out-of-sample performance still require improvement [Ovadia et al., 2019, Wild
et al., 2023], and we investigate the performance of BNN under the distribution
shift in Section 3.2.4. The challenge of comparative model assessment is ad-
dressed in Sections 3.3.1 and 3.3.2, where we introduce the estimated pointwise
log-likelihood as a measure of model utility, which is preferable over Bayes fac-
tors. Finally, in response to the limitations of BMA, in Sections 3.3.3 and 3.3.4
we consider ensembling, stacking and pseudo-BMA.

3.2 Empirical study
Motivated by the challenges and nuances of Bayesian neural networks observed
above and in Chapter 1, this section aims to evaluate the performance of Bayesian
neural networks in practice. We begin by constructing a neural network with
different choices of the activation function, and consider the performance of wider
and deeper networks for different posterior inference algorithm choices. We then
investigate the behaviour of BNNs under the distribution shift. Across all the
experiments, we observe that for different inference algorithms, one model can
provide strikingly diverse performances.

3.2.1 Settings of the experiment

In the experiments, we consider the following Bayesian neural network with L
hidden layers and Dl hidden units per layer l, illustrated by the Figure 3.1

y ∼ N
(
bL+1 +WL+1zL,σ

2
)
, σ ∼ |N (0, 1e− 6)|, (3.1)

zl = g (bl +Wlzl−1) for l = 1, . . . , L,

and the following priors on the weights and biases:

W1 ∼ N
(
0,

1

LD0

)
, bl ∼ N

(
0,

1

4L

)
,

Wl ∼ N
(
0,

2

Dl−1

)
for l = 2, . . . , L+ 1,

where we denote z0 = x, and |N (, )| denotes a half-normal distribution, and we
consider two different choices of activation functions, namely, the rectified linear
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Figure 3.1: Example of the directed acyclic graph (DAG) of the neural network
used in the experiments when L = 2.

unit (ReLU) and the sigmoid defined in Section 1.1.1.
Note that Wl ∈ RDl×Dl−1 and bl ∈ RDl for l = 1, . . . , L + 1, and to avoid

divergence in wider and deeper networks, the biases’ variance is scaled by the
the inverse of the depth and the weights’ variance is scaled by the inverse of the
preceding layer’s width. Additionally, [He et al., 2015] shows that in the deep
ReLU neural networks, an appropriate scaling mitigates the damage caused by
the non-linear deformation and speeds up the convergence.

Even though we do not empirically study different choices here, Appendix A.4
provides results for Student-t priors, which in this particular example, performed
similarly to Gaussian priors, with one exception occurring in the case of deeper
networks. Further, note that in Chapter 4, more sophisticated hierarchical priors
on the weights of BNN are implemented.

The BNN defined by Equation (3.1) and trained with automatic differentiation
variational inference (ADVI), which assumes a mean-field (diagonal) Gaussian
variational family (Section 2.3.3), is referred to as mfVIR or mfVIS, depend-
ing on the choice of the activation: ReLU or sigmoid, respectively. The model
trained with the Hamiltonian Monte Carlo (HMC) inference, using the No U-
Turn Sampler (NUTS), is denoted as HMCR or HMCS [Hoffman and Gelman,
2014]. Whilst this thesis focuses on the variational inference, the reader inter-
ested in the classical results on MCMC methods is referred to [Robert et al.,
1999], in the MCMC in the context of BNNs to [Papamarkou et al., 2022]. For
simplicity, we often refer to one-layer neural networks of particular width D as
to mfVIRD, mfVISD, HMCRD or HMCSD (e.g. one-layer BNN with 20 hidden
units and ReLU activation trained with mean-field VI is called mfVIR20). All
experiments are implemented with Numpyro [Phan et al., 2019], ArviZ [Kumar
et al., 2019], JAX [Bradbury et al., 2018] and Flax [Heek et al., 2024]. We record
the run time of the approximate inference step (TT), the root mean squared
error (RMSE) and empirical coverage for the function and observations (EC).
Note that we compute empirical coverage as a fraction of observations contained
within the 95% credible interval (CI), this means that in the ideal settings the
computed EC should equal 0.95. If EC > 0.95 then the credible intervals are too
wide; a worse scenario occurs when EC < 0.95 as it means that the CIs are too
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narrow and the model is overconfident in predictions. Details on the computed
metrics and the corresponding formulas are discussed in Appendix A.1, where we
provide further information on the initialization and parameters for the inference
algorithms. The absence of the test log-likelihood among the recorded metrics is
motivated by the recent observation of [Deshpande et al., 2024], who show that
the higher test log-likelihood does not necessarily correspond to a more accurate
posterior approximation nor to lower predictive error (such as RMSE).

3.2.2 Increasing the width of the network

We consider a simple synthetic dataset with one-dimensional input and output
sin(10x)x2, where the noisy observations on which the neural network is trained
are obtained by adding some Gaussian noise:

x ∼ Unif([0, 2]),
y = sin(10x)x2 + ϵ,

ϵ ∼ N (0, 0.0625).

The input is scaled, unlike the output. The training data D consists of N = 500
observations and the new data for testing D̃ consists of Ñ = 100 observations.

In notations of Section 3.2.1, here we study the performances of mfVIR,
mfVIS, HMCR and HMCS with 1 hidden layer as the width increases and il-
lustrate the metrics for D1 = 20, 200, 1000 and 2000 hidden units by the Fig-
ure 3.2a. The predictions of all four models when D1 = 2000 are provided on
the Figure 3.2b. The performance of the mfVIS dips with the increase in the
dimension of the hidden layer; moreover, for D1 = 1000 and D1 = 2000, its pos-
terior predictive distribution fails to capture the data, and, in fact, degenerates
to the prior (Figure 3.2b). An explanation of why such behaviour occurs was
obtained via the correspondence of GPs and BNNs; when the true posterior of a
BNN converges to an NNGP posterior [Hron et al., 2022], the mean-field varia-
tional approximation of the true posterior exhibits a different pattern. Note, for
example, that tanh is an odd function, as well as up to a constant vertical shift
the sigmoid (−σ(−x) = σ(x) − 1, recall, Figure 1.2a). Then any optimal mean-
field Gaussian variational posterior of a BNN with odd (up to a constant offset)
Lipschitz activation function converges to the prior predictive distribution of the
NNGP [Coker et al., 2022] as the width goes to infinity. In other words, the mean-
field variational approximations of wide BNNs with a sigmoid activation function
ignore the data. And if one abandons the mean-field assumption and proposes a
full-rank variational family, then using VI for wider networks would take at least
a hundred times more time than using HMC, which undermines the benefits of
using VI. Instead, with HMC, this degenerate behaviour is not observed (Fig-
ure 3.2b), but this comes at a subsequent increased cost in computational time.
For wider networks, the HMCR model exhibits a better performance than the
HMCS both in terms of accuracy and uncertainty quantification.

In terms of predictive accuracy, HMC is preferred over mfVI in all of the com-
binations of the activation function and width. However, in terms of uncertainty
quantification, the HMC is inferior to mfVI. In our experiment, HMC underesti-
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Figure 3.2: Predictive performance of BNNs as the width increases.

mates the uncertainty of the signal much more than VI (Figures 3.2a and 3.2b).
Note that whilst variational inference is often cursed to underestimate the un-
certainty[Trippe and Turner, 2018, Turner and Sahani, 2011], that is not always
the case [Blundell et al., 2015, Gal and Ghahramani, 2016]. MCMC methods are
known to struggle to effectively explore multimodal posteriors [Izmailov et al.,
2021, Papamarkou et al., 2022, Wenzel et al., 2020a], and a lack of uncertainty
could be a result of poor mixing of the chain. Lastly, it is needless to say that
the training time of HMC algorithms drastically increases in wider networks.
General summary. In wider networks, the ReLU is preferred over the sigmoid
activation for both HMC and mfVI. Crucially, when it comes to the mean-field
variational inference, the sigmoid activation should only be used when the
limited width is suitable for the task at hand. It is reasonable to suppose that
the same could be said about any odd (up to adding a constant) activation
function. Further, while the HMC was preferred over the mfVI when looking
at accuracy alone, the required computational resources could be an obstacle.
Moreover, uncertainty quantification is far from ideal (CIs are too narrow for the
signal) for HMC; instead, mfVI with the ReLU achieves a good balance between
accuracy, UQ, and time, particularly for wider networks.

3.2.3 Increasing the depth of the network

While the mean-field Gaussian approximations of single-layer BNNs fail to
capture the uncertainty when the regions of the increased uncertainty are sand-
wiched between regions of low uncertainty, the mean-field Gaussian approxima-
tions of deeper networks with ReLU activation have the potential to provide
improvement [Foong et al., 2020]. Along the same line, [Farquhar et al., 2020] ar-
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gues that the approximate posteriors of deep neural networks obtained with the
mean-field variational inference are as flexible as the much richer approximate
posteriors of shallower BNNs.

Consider the data of Section 3.2.2 and neural networks defined by Equa-
tion (3.1) with the number of layers L varying from 1 to 6 and a fixed number
of hidden units in each layer Dh = 20. Figure 3.3a provides the recorded met-
rics, and Figure 3.3b illustrates the predictions of the four possible combinations
of activation and inference algorithm with L = 6. First, observe that overall
both RMSE and empirical coverage of mfVIR approximations improve with the
increase of depth. The mfVIS follows a similar pattern, except for the case of
L = 5 when the prediction quality of the network drops drastically. However, we
do not obtain the same improvement in the prediction quality of models trained
with HMC: the performance of HMCR falls whilst the HMCS does not improve
as the depth increases. This undesirable behaviour could be a result of the mul-
timodality of distributions in overparametrized models [Baltrusaitis et al., 2019,
Izmailov et al., 2021] combined with the challenges of MCMC in exploring the
high-dimensional space. Compared to the findings of Section 3.2.2, we note that
the deeper NNs are less sensitive to the choice of the activation function.

It is needless to say that HMC algorithm scales rather poorly as the number of
parameters increases, and as the number of layers changes from L = 1 to L = 6,
the time needed to train HMCR and HMCS gets more than 15 and 30 times
greater, respectively. We note that for models with more than one hidden layer,
training of the network with sigmoid activations takes roughly twice as much time
as the network with ReLU. The striking discrepancy in training times could arise
due to the difference in the leapfrog integrator step sizes [Betancourt et al., 2014].
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Figure 3.3: Prediction performance of deeper networks.

45



Chapter 3. The Architecture and Evaluation of Bayesian Neural Networks

General summary. In terms of the training time, HMC becomes less and less
feasible with the increase in depth. With the need to explore high-dimensional
parameter spaces, multimodality of the posteriors should be kept in mind as
an arising challenge for both mfVI and HMC. In terms of the balance between
accuracy and uncertainty quantification, the mean-field variational inference with
ReLU activation function is able to outperform the MCMC with the increase in
depth.

3.2.4 Out-of-distribution prediction

Reliable uncertainty estimates that are robust to out-of-distribution (OOD)
data become exceptionally important in safety-critical applications such as au-
tonomous driving or medical diagnosis. Even though we acknowledge that such
tasks often require models which can detect unknown data, in this section, we
consider generalization abilities and robustness to the OOD, but not the separate
task of the OOD detection [Hendrycks and Dietterich, 2018] (in Bayesian setting
that was considered in e.g. [Park and Blei, 2024]). It is not surprising that the
accuracy and the quality of uncertainty quantification of any model decrease un-
der a distribution shift. However, the challenge is especially intricate since better
accuracy and lower calibration error of a certain model on the in-domain data
do not imply better accuracy and lower calibration error in the OOD settings
[Ovadia et al., 2019, Ritter et al., 2021].

Here, we wish to validate the models’ predictive abilities when the test data
points come from previously unseen regions of data space. The kind of out-of-
distribution data we consider could be described as ‘complement-distribution’.
Even though transformed- and related-distributions are more common in real-
life applications, complement-distributions still arise in open-set recognition or
could be the result of an adversary [Farquhar and Gal, 2022]. We split the
training data used in Sections 3.2.2 and 3.2.3 into the train and test data covering
complementary regions of the function. Specifically, the observed data Dc consists
of N = 370, the new data D̃c consists of Ñ = 130 and the observed and the new
data are disjoint (see Figure 3.4):

D = Dc ⊔ D̃c,

Dc = {(xn, yn) | xn ∈ [−1.7, 1.7]},
D̃c = {(xn, yn) | xn ∈ [−2.8,−1.7) ∪ (1.7, 1.9)]}.

Strictly speaking, we do not expect any model to be robust to such an extreme
case and, mainly, want to assess and better understand the quality of the uncer-
tainty estimates. In this experiment, we are hoping that the relationship between
the distributions of the observed and the new data makes this challenge some-
what tractable. Note that in Section 3.3.4 we introduce a much milder example
with related-distribution test data.

On Figure 3.4a we illustrate the metrics for D1 = 20, 200, 1000 and 2000
hidden units; Figure 3.4b compares non-OOD and OOD predictions obtained by
the BNNs with ReLU activation and D1 = 200. The poor performance of the
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mfVIS, especially for wider networks, is not surprising; however, we notice that for
wide networks, HMCS suffers from much higher RMSE than mfVIR and HMCR
for wide networks. And while HMCR has a lower RMSE than any model trained
with mean-field VI, the ability of HMC to capture the uncertainty deteriorates,
and it becomes overconfident. [Foong et al., 2020] provide an example of a single-
layer BNN for which the posterior obtained with HMC can capture the increase
in the uncertainty in the OOD regions and the mean-field approximations cannot.
In contrast, we observe that whilst HMCR200 and mfVIR200 do not show any of
the expected increase in the uncertainty, on certain regions both methods are able
to provide accurate predictive mean (see Figure 3.4b, the right-hand side region
of the function, where x > 1.5). Finally, as the width of the network increases,
mfVIR outperforms all of the methods.
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with D1 = 200 and ReLU activation.

Figure 3.4: Out-of-distribution prediction for the complement-distribution data.

General summary. In terms of the accuracy alone, the HMC with ReLU is
more robust to the out-of-distribution data, however, that comes with the largest
computational costs among all the models. We already saw in Section 3.2.2 that
uncertainty quantification with HMC degrades with increasing width. In OOD
settings, this becomes even more extreme, with very overconfident predictions
that do not cover the truth (an empirical coverage of almost zero). Finally,
with the increase in depth, in the extreme OOD settings, the mfVI with ReLU
becomes almost as accurate as HMC with ReLU and provides better uncertainty
quantification at a much lower cost.

3.3 Bayesian model assessment
When considering synthetic datasets, we can choose a desired metric and sample
any number of data points, so that evaluation of the model’s performance becomes
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trivial. For example, in Section 3.2.4 we have specifically created an extreme case
when the training data Dc and the new data D̃c were covering disjoint regions of
the true function. In reality, the new previously unseen data is not available, and
one can only estimate the expected out-of-sample predictive performance. In this
section, we study the approach to Bayesian model choice and combination based
on the estimates of the expected performance.

3.3.1 Predictive methods for model assessment

Suppose that we only observe D, the unseen observations D̃ are generated by
pt(D̃), and we wish to be able to assess the generalization ability of the model
without having access to the test data. To keep the notation simple, we omit the
dependency on x and x̃ when writing down the posteriors in this section. Given
a new data point ỹn, the log score log p(ỹn|D) is one of the most common utility
functions used in measuring the quality of the predictive distribution. The log
score benefits from being a local and proper scoring rule [Gneiting, 2011, Vehtari
and Ojanen, 2012]. Then, the expected log pointwise predictive density for a new
dataset serves as a measure of the predictive accuracy of a given model:

elpd =
Ñ∑
n=1

∫
pt(D̃n) log p(ỹn|D)dD̃n,

where p(ỹn|D) is model’s posterior predictive distribution. In the absence of D̃,
one might obtain an estimate of the expected log pointwise predictive density
by re-using the observed D. Here, we review two possible approaches: the first
approach overestimates the elpd by first computing the log pointwise predictive
density of D and then adjusts it by some correction term; the other approach
employs cross-validation [Vehtari et al., 2016]. Suppose that θ are the parameters
of the model and θs, s = 1, . . . , S are simulation draws. Then, one can evaluate
the log pointwise predictive density as

lpd =
N∑
n=1

log p(yn|D) =
N∑
n=1

[∫
p(θ|D) log p(yn|θ)dθ

]
,

l̂pd =
N∑
n=1

log

[
1

S

S∑
s=1

p(yn|θs)

]
.

With l̂pd at hand, a superior successor of the Akaike Information criterion (AIC)
[Akaike, 1998] and the Deviance information criterion (DIC) [Spiegelhalter et al.,
2002] called the Watanabe-Akaike information criterion (WAIC) 6 [Watanabe,
2010] can be obtained. To mitigate the bias between the log pointwise density and
the expected utility, WAIC subtracts the simulation-estimated effective number
of parameters:

êlpdWAIC = l̂pd − p̂WAIC, where

6Also called Widely Applicable information criterion
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p̂WAIC =
N∑
n=1

VarS(p(yn|θs)).

Here, VarS is the sample variance and the estimated effective number of parame-
ters p̂WAIC can be seen as a measure of model complexity. Asymptotically, WAIC
is equivalent to the Bayesian leave-one-out cross-validation (LOO-CV) estimate of
the expected utility [Watanabe, 2010]. Even though cross-validation is a natural
framework for assessing the model’s predictive performance, the WAIC was for a
long time preferred over the LOO-CV due to the computational challenges arising
from multiple model runs [Gelman et al., 2014]. To approximate the êlpdloo and
avoid re-fitting the model N times, one could use importance sampling; unfor-
tunately, the classical importance weights would have a large variance, and the
obtained estimates would be noisy. Recently, [Vehtari et al., 2024] solved this
problem by developing the Pareto smoothed importance sampling (PSIS), which
allows evaluating the LOO-CV expected utility in a more reliable yet efficient
way:

êlpdloo =
N∑
n=1

p(yn|xn,D−n),

=
N∑
n

log

(∑S
s=1 r

s
i p(yn|θs)∑S
s=1 r

s
i

)
, (3.2)

where rsi are the smoothed importance weights, which benefit from smaller vari-
ance than the classical weights. Later in this chapter, we will refer to the in-
dividual logarithms in the sum as êlpdloo,n. The advantage of PSIS is that the
estimated shape parameter of the Pareto distribution provides a diagnostic of the
reliability of the resulting expected utility. Note that the estimated shape pa-
rameter of PSIS has also been used as a diagnostic of variational inference [Yao
et al., 2018b].

Although the methods of model selection which reuse the data can be vulner-
able to overfitting when the size of the dataset is too small and/or the data is
sparse, it is (relatively) safe to use CV to compare a small number of models and
given a large enough dataset [Piironen and Vehtari, 2016],[Vetari et al., 2019].
Moreover, whilst both the PSIS-LOO and WAIC estimates give nearly unbiased
estimates of the predictive ability of the model, êlpdloo was shown to be more
robust than êlpdWAIC; in the presence of limited sample size and weak priors,
WAIC can severely underestimate p̂WAIC and often has a larger bias towards the
log predictive density [Gelman et al., 2014, Vehtari et al., 2016].

3.3.2 Model assessment in practice

In the lack of new previously unseen data, we could begin with posterior predictive
checks (PPC), which compare the true Dc to datasets simulated from the posterior
predictive distribution [Gelman et al., 2020].

Figure 3.5a provides the PPC based on the kernel density estimates of the
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observed y and Figure 3.5b compares the posterior predictive to the observed y
for all of the models with D1 = 2000; both figures evidently classify the mean-
field VI with sigmoid activation as inappropriate. However, it is not apparent
that HMCS2000 is significantly inferior to HMCR2000.

Considering the settings of Section 3.2.4, we compare the previously com-
puted RMSE to êlpdloo estimates. Since the idea of estimating the expected log
predictive density is in evaluating future predictive performance, we expect the
higher êlpdloo to correspond to a better model and lower RMSE. Indeed, Fig-
ure 3.5c is more informative in this sense than PPC diagnostics, and we observe
the inverse dependence between êlpdloo and RMSE. Sampling and approximation
techniques result in different scales of êlpdloo estimates (in general, êlpdloo is lower
for VI, especially in wide networks), and thus, we compare the models trained
with different algorithms for better visualization.
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Figure 3.5: Estimating the out-of-distribution performance before seeing the new
data: testing the (a), (b) PPC and (c) êlpdloo. The mfVIR2000 is confirmed to be
unreliable in all methods. The PPC of the HMCS2000 does not provide enough
information to judge its performance in the OOD settings, while the êlpdloo does.

Based on êlpdWAIC, one can obtain a correspondence between the models with
dependencies similar to those of Figure 3.5c, and so we can consider the LOO
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estimate of the elpd as somewhat reliable, for details see Figure A.1 provided in
Appendix A.2.

General summary. In certain cases, such as mfVIS for large width, the pos-
terior predictive checks are able to detect an undesirable model. However, when
the PPCs are not sufficient, we confirmed that the PSIS-LOO estimates of the
expected log pointwise predictive density can serve as robust diagnostics for both
the mfVI and the HMC methods.

3.3.3 Bayesian model averaging and stacking

Let M = {M1, . . . ,MK} be a collection of models and denote the parameters
of each of the Mk as θk. The assumptions one has on the prediction task and
on M with respect to the true data-generating process can be categorized into
three scenarios: M-closed, M-open and M-complete. If Mk ∈ M for some
k recovers the true data-generating process, then we are in the M-closed case.
The task is M-complete if there exists a true model but it is not included in
M (e.g. for computational reasons). Finally, we are in the M-open scenario
when the true model is not in M and the data-generating mechanism cannot be
conceptually formalized to provide an explicit model [Vehtari and Ojanen, 2012].
The Bayesian framework allows us to define the probabilities over the model space,
and for the M-closed case, classical Bayesian Model Averaging would give optimal
performance. The BMA solution provides an averaged predictive posterior as
[Hoeting et al., 1999]

p(ỹ|D) =
K∑
k=1

p(ỹ|D,Mk)p(Mk|D). (3.3)

However, in the M-open and M-complete prediction tasks, the BMA is not
appropriate as it gives a strong preference to a single model and so assumes that
this particular model is the true one.

Now, if we replace the weights p(Mk|D) with the products of Bayesian LOO-
CV densities

∏N
n=1 p(yn|xn,D−n,Mk), we arrive at pseudo-Bayesian model aver-

aging (pseudo-BMA). In other words, the weights wk of pseudo-BMA are propor-
tional to the estimated log pointwise predictive density exp(êlpd

k

loo) introduced in
Section 3.3.1. One could further correct each êlpdloo estimate of Equation (3.2)
by the standard errors and obtain

wk =
exp(êlpd

k,reg
loo )∑K

k=1 exp(êlpd
k,reg
loo )

,

êlpd
k,reg
loo = êlpd

k

loo −
1

2

√√√√ N∑
n=1

(
êlpd

k

loo,n −
êlpd

k

loo

N

)2

,

where for each modelMk we find êlpd
k,reg
loo by utilizing a log-normal approximation.
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Fortunately, we have already seen that these densities can be efficiently estimated
with PSIS.

An alternative way to obtain the averaged predictive posterior given the set of
p(ỹ|D,Mk) is to employ the stacking approach of [Yao et al., 2018a]. Define the
set SK = {w ∈ [0, 1]K |

∑K
k wk = 1}, then the stacking weights are found as the

optimal (according to the logarithmic score) solution of the following problem

w = max
w∈SK

1

N

N∑
n=1

log
K∑
k=1

wkp(yn|D−n,Mk),

= max
w∈SK

1

N

N∑
n=1

log
K∑
k=1

wk

(∑S
s=1 r

s
i p(yn|θsk,Mk)∑S
s=1 r

s
i

)
,

where a PSIS estimate of the predictive LOO-CV density is used, and rsi are the
smoothed (truncated) importance weights.

Finally, deep ensembles of classical non-Bayesian NNs [Lakshminarayanan
et al., 2017] briefly mentioned in Section 1.2.5 behave similarly to Bayesian model
averages, and both lead to solutions strongly favouring one single model [Wilson
and Izmailov, 2020]. In contrast, in the sense of the Equation (3.3), the ensembles
of BNN posteriors, where each p(Mk|D) = K−1, can be seen as a trivial case of
BMA which combines models and does not give preference to a single solution.
Alternatively, when implementing variational inference and combining BNNs, the
analogy can be drawn with the simplified version of the adaptive variational Bayes
of [Ohn and Lin, 2024], who combine variational posteriors with certain weights
and show that these, under certain conditions, can attain optimal contraction
rates adaptively.

3.3.4 Ensembles and averages

We compare three model averaging methodologies: deep ensembles of Bayesian
neural networks [Ohn and Lin, 2024], stacking and pseudo-BMA based on PSIS-
LOO [Yao et al., 2018a]. We do not consider the Bayesian Bootstrap (BB) [Rubin,
1981] motivated by the recent observation that in the settings of modern neural
networks, deep ensembles of non-Bayesian NNs and BB are equivalent, and both
are often misspecified [Wu and A Williamson, 2024]. Combining several estimates
of BNNs can be effective not only when predictions are coming from different
models, but also when dealing with several predictions obtained by the same
model [Kviman et al., 2022, Ohn and Lin, 2024, Yao et al., 2018b]. This is of
particular use for multi-modal posteriors arising in BNNs where different modes
could be explored by random initializations [Chang et al., 2019]. Additionally,
recall that the ELBO, the objective of variational inference, is a non-convex
function, so that the optimum is only local and depends on the starting point.

We note that combining models trained with HMC and VI would be meaning-
less for several reasons. First of all, training a set of HMC models becomes rather
expensive: for instance, training the HMCR20 once takes the same amount of
time as 35 trainings of mfVIR20. Second, the estimates of the log pointwise pre-
dictive densities for HMC and VI obtained in Section 3.3.2 have different scales
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and are not easily compared; in this case, the result of averaging HMC and VI
would be equivalent to classical BMA. The reader, nevertheless, interested in en-
sembles and averages of HMC runs is referred to Appendix A.3 where we show
that in this particular example, neither of the methods promoted exploring the
multiple modes of the posterior predictive distribution nor did they help improve
uncertainty quantification; in Appendix A.3 we additionally provide results of
ensembling and averaging the deeper networks.

Now consider the mfVIR20 model and the complement-distributions data of
Section 3.2.4. We choose 10 random initialization points, obtain 10 posterior
predictive distributions and compute estimated expected log pointwise predictive
densities. We then construct ensemble, pseudo-BMA and stacking approxima-
tions; Figure 3.6a illustrates the results (Appendix A.3 provides formulas we use
to obtain the mean and variance of a deep ensemble). Ensembling and stacking
provide subtle results and are superior to pseudo-BMA, which has worse accuracy
and fails to capture any uncertainty. Given the nature of the test data we use, the
predictions as well as the êlpdloo estimates may be unreliable. Thus, we create
a simpler regression problem in which test data comes from a slightly broader
region. Using the classification of Section 3.2.4 and [Farquhar and Gal, 2022],
this new scenario could be named as an OOD task with ’related-distributions’.
We define a similar synthetic dataset with one-dimensional input and output, to
which we add some small noise:

x ∼ Unif([0, 1]),
y = sin(10x)x2 + ϵ,

ϵ ∼ 0.05N (0, 1).

As before, the input is scaled, unlike the output. The data for training Dr and
testing D̃r consist of N = 450 and Ñ = 50 observations, respectively, where D̃r

comes from the broader than Dr region, i.e. (minn=1...N(xn),maxn=1...N(xn)) ⊊
(minn=1...Ñ(x̃n),maxn=1...Ñ(x̃n)). Having 10 posterior predictive distributions of
mfVIR20, we compare ensembling, pseudo-BMA and stacking in Figure 3.6b.
Whilst the total uncertainty estimates of pseudo-BMA are somewhat adequate,
the model uncertainty is underestimated. Both stacking and deep ensembles lead
to improved predictive performance and uncertainty quantification, with stack-
ing showing some better gains compared to deep ensembles (see e.g. improved
coverage of stacking on the right-hand side of Figure 3.6b).

General summary. Our observations confirm that, similarly to BMA, the
pseudo-BMA is not preferable in M-open and M-complete settings. Namely, in
’complement-distributions’ and ’related-distributions’ experiments, the pseudo-
BMA was confirmed to be inferior to stacking and ensembles of BNNs, both in
terms of the predictive accuracy and the empirical coverage. While stacking and
deep ensembles of BNNs both provided an improvement in accuracy and empiri-
cal coverage, stacking was shown to be preferable over the ensembles, especially
in terms of uncertainty quantification in the OOD setting.
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(a) The complement-distributions task. The pseudo-BMA is worse than DE and
stacking, which are very similar to each other.
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Figure 3.6: Predictions obtained by ensembling, stacking and pseudo-BMA when
applied to mfVIR20 in the complement-distributions and related-distributions
tasks.

3.4 Discussion
The message of an optimist’s conclusion to this chapter could question the com-
mon belief that the mean-field variational approximations are generally overly
restrictive and do not capture the true posterior and the uncertainty well. In-
deed, in a variety of experiments considered in Sections 3.2.2 to 3.2.4 and 3.3.4
mfVI overall provided better uncertainty quantification than HMC, and in out-
of-distribution settings, the empirical coverage of the latter was close to zero.
At the same time, for deeper networks and in out-of-distribution scenarios, the
accuracy of mfVI was often comparable to HMC. Nevertheless, we note that for
single-layer neural networks, HMC outperformed mfVI only in terms of accuracy.
However, in Section 3.2.3 we confirmed that even for slightly deeper networks,
the time needed to perform HMC becomes a burden.

Even with increases in computing power, the computational costs of sampling
algorithms suggest that it may not be feasible for most modern neural networks
and datasets. Moreover, although HMC is often considered as a gold standard,
we have seen that this may not be the case for BNNs due to the complexity and
multimodality of the posterior.

When considering the extreme out-of-distribution case, we saw that the PSIS-
LOO estimate of the log pointwise predictive density can serve as a reliable diag-
nostic in real-life scenarios where one is required to evaluate the future predictive
performance of the model before applying it to the unseen data. Finally, stack-
ing based on rigid model assessment criteria as well as ensembles of BNNs were
shown to be a possible solution when dealing with multimodal posteriors, helping
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to both improve accuracy and uncertainty quantification even in the single-layer
neural networks, when HMC outperformed mfVI. We find that stacked or ensem-
bled variational approximations are competitive to HMC at a much-reduced cost.
A possible improvement would be to use hierarchical stacking and combine the
models pointwise [Yao et al., 2022] or implement an adaptive variational Bayes
framework of [Ohn and Lin, 2024].

Even though the computational burdens make variational inference a very
attractive alternative to MCMC, in Section 3.2.2 we saw that the restrictions im-
posed by the factorized families can obstruct models from effectively learning from
the data. This motivates implementing less restrictive variational families in the
Variational bow tie neural network of Chapter 4, where we consider a structured
mean-field variational family with no assumptions on the independence across
layers nor the distributional form of each component. Moreover, this chapter has
highlighted the model’s sensitivity to architectural choices, namely, width, depth
and activation function. To further reduce computational costs whilst improving
the accuracy and calibration, one could sparsify the network’s weights. While
we did not study the empirical performance of different priors in this chapter,
motivated by the sensitivity to the choice of depth and the computational costs,
we provide details on experiments with Student-t priors in Appendix A.4, and
implement a class of hierarchical sparsity-inducing priors in Section 4.2.2. Fi-
nally, given the multimodal nature of distributions arising in Bayesian neural
networks, we continue to implement ensembles of variational approximations in
Section 4.3.6.
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Chapter 4

Variational Bayesian Bow Tie
Neural Networks with Shrinkage

In Chapter 3 we have observed the sensitivity of existing methods to the
architectural choice of the neural network (NN) and brittleness of variational
algorithms that impose strong independence and distributional assumptions.
In this chapter, we address these issues and focus on advancing approximate
inference for Bayesian neural networks (BNNs). Specifically, we improve the
stochastic relaxation of the standard feed-forward rectified neural network of
[Smith et al., 2021] by introducing sparsity-inducing priors for increased robust-
ness to architectural design and constructing a fast, approximate variational
inference (VI) algorithm. Thanks to Polya-Gamma (PG) data augmentation
tricks, which render a conditionally linear and Gaussian model, we derive a
fast, approximate variational inference algorithm that avoids distributional
assumptions and independence across layers.

The work presented in this chapter appears in [Sheinkman and Wade, 2024].7

4.1 Introduction
[Smith et al., 2021] introduced a bow tie neural network, where a stochastic re-
laxation of the rectified linear unit (ReLU) activation function leads to a model
amenable to the Polya-Gamma data augmentation trick [Polson et al., 2013] and
results in conditionally linear and Gaussian stochastic activations. We advance
bow tie neural networks in several ways. First, to improve robustness with in-
creasing width and depth of the networks, we place sparsity-inducing global-local
normal-generalized inverse Gaussians (N-GIG) priors [Polson and Scott, 2010] on
the weights of the network. Sparsity-inducing priors are known for their ability
to improve robustness to overparametrization in Bayesian modeling; they also
lead to better calibrated uncertainty and, in certain settings, may recover the
sparse structure of the target function [Castillo et al., 2015, Song, 2020, Song and

7Currently under review in the ACM Transactions on Probabilistic Machine Learning and
the corresponding code implementation could be found on GitHub.
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Liang, 2023]. Second, while [Smith et al., 2021] focus on Markov chain Monte
Carlo (MCMC), we propose a (block) structured mean-field family for the ap-
proximate variational posterior, which is flexible and does not require parametric
assumptions on the distributional form of each component as well as on inde-
pendence across layers. For the chosen family, fast coordinate ascent variation
inference (CAVI) [Bishop, 2006] can be performed, with all variational updates
available in the closed form. Third, to improve the scalability of the algorithm,
we consider two strategies: a stochastic variant that employs subsampling to
cope with large data and a post-process node selection algorithm to obtain a
sparse posterior that eases the storage and computational burden of predictions.
Fourth, we propose improving accuracy and uncertainty estimation by consider-
ing ensembles of variational approximations obtained by running several parallel
variational algorithms with different random starting points. In this way, our
approach accounts for the multimodality of the posterior distributions arising in
Bayesian deep models.

Outline of the chapter. Section 4.2 describes the bow tie model with shrink-
age priors and implementation of Polya-Gamma data augmentation. In Sec-
tions 4.3.1 and 4.3.2 we develop the inference algorithm and in Section 4.3.3 a
stochastic variant [Hoffman et al., 2013] of the algorithm is proposed. Further, we
derive a variable selection procedure in Section 4.3.4 for faster prediction (Sec-
tion 4.3.5) and consider ensembles in Section 4.3.6. We evaluate our method
on a range of classical regression tasks as well as synthetic regression tasks and
demonstrate its competitiveness compared to alternative, well-known Bayesian
algorithms in Section 4.4.

4.2 Bayesian augmented bow tie neural network
with shrinkage

Section 4.2.1 describes the class of recently proposed bow tie networks [Smith
et al., 2021], which are deep generative models that generalize feed-forward rec-
tified linear neural networks with stochastic activations. The shrinkage priors on
the weights of the bow tie neural network are introduced in Section 4.2.2, where
we consider a class of continuous global-local normal scale-mixtures. Then in
Sections 4.2.3 and 4.2.4, the model is augmented with the Polya-Gamma random
variables so that the bow tie neural network falls into the class of conditionally
conjugate models.

4.2.1 Bow tie neural networks

We begin by considering stochastic relaxation of a neural network with L hidden
layers and the widthsDl for l = 1, . . . , L. Let xn ∈ RD0 be the inputs, yn ∈ RDL+1

be the outputs and an = {an,l}Ll=1 with an,l ∈ RDl be the latent activations at
each of the L intermediate layers. For notational purposes, assume an,0 = xn.
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The model assumes:

yn|an,xn,θ ∼ N (yn|zn,L+1,ΣL+1) for n = 1, . . . , N,

where for l = 1, . . . , L+ 1:

an,l|zn,l,θ ∼ N (f(zn,l),Σl) , with zn,l =Wlan,l−1 + bl. (4.1)

Here f(z) is a non-linear activation function applied elementwise and the
parameters θ = (Wl, bl,Σl)

L+1
l=1 consist of the weights Wl ∈ RDl×Dl−1 , biases

bl ∈ RDl and covariance matrices Σl ∈ RDl×Dl .
Note that Equation (4.1) is a stochastic relaxation of the standard feed-

forward NN, which is recovered in the limiting case when Σl → 0 for l = 1, . . . , L.
Instead of relying on local gradient-based algorithms, [Smith et al., 2021] intro-
duces another relaxation of the model and employs a Polya-Gamma data aug-
mentation trick [Polson et al., 2013] to render the model conditionally linear
with Gaussian activations. Specifically, consider the ReLU activation function
f(z) = max(0, z). It can alternatively be written as a product of z and a binary
function γ, i.e. f(z) = γz where γ = 1(z > 0). In this way, γ determines whether
the node is activated (γ = 1) or not (γ = 0). In a similar fashion, the additional
stochastic relaxation replaces f(zn,l) with γn,l ⊙ zn,l, where ⊙ represents the el-
ementwise product. Consider the logistic function σ(x) = exp(x)/(1 + exp(x))
and introduce the temperature parameter T ≥ 0, then

an,l|zn,l,γn,l,θ ∼ N (γn,l ⊙ zn,l,Σl) ,

γn,l,d
ind∼

{
Bern (σ (zn,l,d/T)) for T > 0,

Bern (ReLU (zn,l,d)) for T = 0.

Thus, the nodes are turned off or on stochastically depending on their input. Note
that in the limit as the temperature T → 0, we have that γn,l,d = 1(zn,l,d > 0)
and an,l|zn,l,γn,l,θ ∼ N (1(zn,l > 0)⊙ zn,l,Σl). For T > 0, after marginalizing
the binary activations, the stochastic activations an are distributed as a mixture
of two normals:

an,l,d|zn,l,d, θ ∼ σ(zn,l,d/T)N
(
zn,l,d, η

2
l,d

)
+ (1− σ(zn,l,d/T))N

(
0, η2l,d

)
, (4.2)

where the variance η2l,d is the (d, d)th element of Σl, and

E[an,l,d|zn,l,d, θ] = E[E[an,l,d|zn,l,d, γn,l,d, θ]]
= E[γn,l,dzn,l,d] = σ(zn,l,d/T)zn,l,d, (4.3)

V(an,l,d|zn,l,d, θ) = E[V(an,l,d|zn,l,d, γn,l,d, θ)] + V(E[an,l,d|zn,l,d, γn,l,d, θ])
= E[η2l,d] + V(γn,l,dzn,l,d)
= η2l,d + z2n,l,dσ(zn,l,d/T) (1− σ(zn,l,d/T)) . (4.4)

We display the conditional distribution of an,l,d in Figure 4.1, for different
combinations of the temperature parameter T and variance η2l,d. The ReLU ac-
tivation is recovered in the case of T = 0 and η2l,d = 0, while other choices of T
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Figure 4.1: Conditional distribution of a given the input z for various settings
of the temperature T and noise η, with the conditional mean in Equation (4.3)
(solid line), conditional variance in Equation (4.4) (shaded region) and samples
from the conditional distribution in Equation (4.2) (points).

and η2l,d generalize the ReLU. The density resembles a bow tie, hence the name
of the model.

4.2.2 Shrinkage priors

Prior elicitation in Bayesian neural networks is challenging, as understanding
how the high-dimensional weights map to the functions implemented by the net-
work is not trivial. Standard Gaussian priors are often a default choice, also due
to their link with ℓ2 regularization in maximum a posteriori (MAP) inference;
indeed, such priors were used in [Smith et al., 2021]. For an overview and dis-
cussion on priors in Bayesian neural networks, see Section 1.2.4 and [Fortuin,
2022]. We take an alternative approach to the Gaussian priors of [Smith et al.,
2021] in order to sparsify our model. Sparsity-inducing priors ease the problem
of storage and computational costs, have been shown to provide improvement in
the predictive performance of deep models, and can provide a data-driven ap-
proach to selecting the width and depth, easing the difficult task of specifying
the network architecture. Such priors generally fall within two classes: 1) the
two-group discrete mixture priors with a point mass at zero (referred to as spike-
and-slab priors) [George and McCulloch, 1993, Mitchell and Beauchamp, 1988] or
2) shrinkage priors, which employ a single distribution to approximate the spike-
and-slab shape, yet are more computationally attractive, as they avoid exploring
the space of all possible models. Both types of priors have become widely used in
Bayesian deep modeling, due to their high-dimensionality and overparametriza-
tion, and are further supported by theoretical guarantees ([Polson and Ročková,
2018, Sun et al., 2022] for BNNs with spike-and-slab priors and [Castillo and
Egels, 2024, Lee and Lee, 2022] for BNNs with heavy-tailed shrinkage priors).

In this work, we focus on a class of continuous shrinkage priors, namely, global-
local normal scale-mixtures with generalized inverse Gaussian shrinkage priors on
the scale parameters, referred to as global-local normal-generalized inverse Gaus-
sian priors [Griffin and Brown, 2021]. Global-local scale-mixtures aim to shrink
less important weights whilst leaving large ones, which is achieved through a
global parameter controlling the overall shrinkage, with the local parameters al-
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lowing deviations at the level of individual nodes [Bhadra et al., 2019, Polson and
Scott, 2010]. This choice of priors is also motivated by the theoretical guaran-
tees for high-dimensional regression [Griffin and Brown, 2010, Polson et al., 2013,
Song and Liang, 2023], for a survey on global-local shrinkage methods we refer
to [Griffin and Brown, 2021].

The N-GIG priors on the weights which connect layer l−1 and l (with the con-
vention that inputs layer is indexed by 0) have the following hierarchical structure
for d = 1, . . . , Dl, d

′ = 1, . . . , Dl−1:

Wl,d,d′|ψl, τl ∼ N (Wl,d,d′ | 0, τlψl,d,d′) , (4.5)
ψl,d,d′ ∼ GIG (ψl,d,d′ |νloc,l, δloc,l, λloc,l) , (4.6)

τl ∼ GIG (τl|νglob, δglob, λglob) , (4.7)

where τl is the global shrinkage parameter for layer l and ψl,d,d′ is the local shrink-
age parameter for each weight. The generalized inverse Gaussian (GIG) prior has
support on R>0 and for ψ ∈ R>0 is given by:

GIG (ψ|ν, δ, λ) ∝ ψν−1 exp

(
−1

2
(δ2/ψ + λ2ψ)

)
,

with parameters ν, δ, and λ; for a proper prior, ν > 0 if δ = 0 or ν < 0 if
λ = 0 (additional details on GIG distribution are provided in Appendix B.5) . In
Equation (4.6), we allow the GIG parameters for the local scale parameters ψl,d,d′
to vary across layers to adjust local shrinkage for wider layers. Furthermore,
to encourage more shrinkage for larger depth and width, we scale the global
parameters τl with respect to L and the local parameters ψl,d,d′ with respect to
Dl (details of our approach are provided Appendix B.4.1).

When the global shrinkage parameter τl is fixed, examples of the marginal dis-
tribution for wl,d,d′ include Laplace [Park and Casella, 2008], Student-t (ST) [Tip-
ping, 2001], Normal-Gamma (NG) [Caron and Doucet, 2008, Griffin and Brown,
2010], Normal inverse Gaussian (NIG) [Caron and Doucet, 2008]. Each example
has a different tail behaviour, inducing different forms of shrinkage (see Table 4.1
for an overview and Figure 4.2 (a) for a visualization). Note that if the prior
is polynomial-tailed, then for large signals the amount of shrinkage is mitigated
even given small τl [Polson and Scott, 2010]. The global shrinkage parameter τl

Table 4.1: Examples within the class of N-GIG priors, when marginal for wl,d,d′
is computed when τl is fixed.

Marginal Mixing density Parameters Tail behavior
Student-t Inverse Gamma (IG) ν < 0, δ > 0, λ = 0 polynomial-tailed
Laplace Gamma ν = 1, δ = 0, λ exponential-tailed
NG Gamma ν, δ = 0, λ exponential-tailed
NIG Inverse Gaussian (IGauss) ν = 1

2
, δ, λ exponential-tailed

leads to a non-separable penalty for the weights within the same layer, i.e. after
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integrating out τl, the weights within the same layer are dependent. This is il-
lustrated in the top row of Figure 4.2 (b), which shows how the conditional prior
density of one weight varies given different values of another weight within the
same layer, for two choices of Inverse-Gamma (IG) and Gamma mixing priors.
Instead, across layers the weights are independent, as illustrated by the contour
plots for the joint density in the bottom row of Figure 4.2 (b). The bottom row
of Figure 4.2 (b) also highlights how the variance depends on the width of the
layer, with more hidden units and smaller variance for the second layer compared
to the first.
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Figure 4.2: Illustration of the prior on the weights. (a) the marginal density of
the weights for different choices within the GIG family. (b) the conditional prior
of the weights within the same layer (top) and joint prior of the weights across
layers (bottom) for two choices of IG (left) and Gamma (right) mixing priors.

The opposite effects of varying width and depth in deep neural networks are
studied in [Vladimirova et al., 2021]; while depth accentuates a model’s non-
Gaussianity, the width makes models increasingly Gaussian. Indeed, infinitely
wide BNNs are closely related to Gaussian processes (GPs), typically relying on
appropriately scaled i.i.d. Gaussian weights [Lee et al., 2018, Matthews et al.,
2018, Neal, 1995] and relaxing these assumptions, e.g. through ordering, con-
straints, heavy tails, or bottlenecks, results in non-Gaussian limits, such as stable
processes [Peluchetti et al., 2020], deep GPs [Agrawal et al., 2020] or more exotic
processes [Chada et al., 2022, Sell and Singh, 2023]. The sparsity-promoting pri-
ors in Equations (4.5) to (4.7) provide a framework for the data to inform on the
width and depth of the network.

4.2.3 Polya-Gamma data augmentation

As in [Smith et al., 2021], we employ Polya-Gamma data augmentation to render
the model with conditionally linear and Gaussian activations. Data augmentation
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strategy based on Polya-Gamma random variables was originally developed to al-
low for Gibbs sampling in logistic models [Linderman et al., 2016, Polson et al.,
2013], and was soon adopted in the context of variational inference [Durante and
Rigon, 2019, Scott and Sun, 2013]. The scheme can be applied to derive closed
form variational updates in a range of Bayesian models, where binomial likeli-
hoods arise, including conditional mixture networks [Heins et al., 2024], sparse
Gaussian process classifiers [Wenzel et al., 2019], deep sigmoid belief networks
[Gan et al., 2015] and deep generative models for multiplex networks [Zhou et al.,
2024]. For details on data augmentation techniques in Bayesian deep learning,
we refer to [Wang et al., 2023].

First, recall the definition of the Polya-Gamma distribution with parameters
b > 0 and c ∈ R, denoted PG(ω | b, c) for ω ∈ R≥0. The random variable
ω ∼ PG(b, c) if

ω
D
=

1

2π2

∞∑
k=1

Gamma(ω | b, 1)
(k − 1/2)2 + c2/4π2

.

The key identity that we use is:

exp(z)a

(1 + exp(z))b
= 2−b exp(κz)

∫ ∞

0

exp(−ωz
2

2
)p(ω)dω, (4.8)

where κ = a−b/2 and p(ω) = PG(ω|b, 0). The integral is a Gaussian kernel; thus,
if z = wTx, conditioned on the latent variable ω, w has a Gaussian distribution
and conditioned on w, ω has a PG distribution. While to sample from the PG
distribution, one can use the alternating series method of [Devroye, 2006], all
finite moments of the PG random variables are available in closed form, and that
becomes useful for variational Bayes algorithms. Specifically, for c > 0

E[ω] =
b

2c

exp(c)− 1

1 + exp(c)
. (4.9)

Moreover, the PG distribution is closed under convolution with the same scale
parameter; if ω1 ∼ PG(b1, c) and ω2 ∼ PG(b2, c), then ω1 + ω2 ∼ PG(b1 + b2, c).

4.2.4 Augmented model

The model described in Section 4.2.1 augmented with stochastic activations a =
(an,l) and binary activations γ = (γn,l) is:

p(y,a,γ|x,θ) =
N∏
n=1

N (yn|zn,L+1,ΣL+1)
N∏
n=1

L∏
l=1

N (an,l|γn,l ⊙ zn,l,Σl)

×
Dl∏
d=1

exp(zn,l,d/T )
γn,l,d

1 + exp(zn,l,d/T )
.
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Then using the Equation (4.8), the last term can be written as:

exp(zn,l,d/T )
γn,l,d

1 + exp(zn,l,d/T )
= 2−1 exp

(κn,l,dzn,l,d
T

)∫ ∞

0

exp

(
−
ωn,l,dz

2
n,l,d

2T 2

)
p(ωn,l,d)dωn,l,d,

where ωn,l,d ∼ PG(1, 0) and κn,l,d = γn,l,d− 1/2. Thus, introducing the additional
augmented variables ω = (ωn,l,d), we arrive at the augmented model:

p(y,a,γ,ω|x,θ) ∝
N∏
n=1

N (yn|zn,L+1,ΣL+1)
N∏
n=1

L∏
l=1

N (an,l|γn,l ⊙ zn,l,Σl)

×
Dl∏
d=1

exp
(κn,l,dzn,l,d

T

)
exp

(
−
ωn,l,dz

2
n,l,d

2T 2

)
p(ωn,l,d).

To ease computations, the covariance matrices are assumed to be diagonal
Σl = diag(η2l,1, . . . η2l,Dl

), with variances denoted by ηl = (η2l,1, . . . η
2
l,Dl

). Ad-

ditionally, we assume conjugate priors for the variances η2l,d
iid∼ IG(αh0 , β

h
0 ) for

l = 1, . . . , L and η2L+1,d
iid∼ IG(α0, β0) and for the biases bl,d

iid∼ N (0, s20). Here, we
consider different prior parameters αh0 , βh0 for the variance terms associated to the
hidden layers in comparison to the prior parameters α0, β0 for the final layer. In
particular, α0, β0 are chosen to reflect prior knowledge in the noise, while αh0 , βh0
are chosen so that the prior concentrates on small values and realizations of the
stochastic activation function are more similar to the ReLU.

By implementing the Polya-Gamma data augmentation scheme, we arrive at
the model for which the closed form updates for the coordinate ascent variational
inference algorithm can be derived. A graphical model of the bow tie BNN with
stochastic relaxation and shrinkage priors is displayed in Figure 4.3, and the
posterior distribution over both the model parameters and latent variables is:

p(y,a,γ,ω,W , b,η,ψ, τ | x) ∝
N∏
n=1

N (yn|zn,L+1,ΣL+1)
L∏
l=1

Dl∏
d=1

Bern
(
γn,l,d|σ

(zn,l,d
T

))
×

N∏
n=1

L∏
l=1

N (an,l|γn,l ⊙ zn,l,Σl)

Dl∏
d=1

exp
(κn,l,dzn,l,d

T

)
exp

(
−
ωn,l,dz

2
n,l,d

2T 2

)
p(ωn,l,d)

×
DL+1∏
d=1

IG(η2L+1,d|α0, β0)×
L∏
l=1

Dl∏
d=1

IG(η2l,d|αh0 , βh0 ) (4.10)

×
L+1∏
l=1

Dl∏
d=1

N (bl,d|0, s20)
Dl−1∏
d′=1

N (Wl,d,d′ |0, τlψl,d,d′)

×
L∏
l=1

GIG (τl|νglob, δglob, λglob)

Dl∏
d=1

Dl−1∏
d′=1

GIG (ψl,d,d′ |νloc,l, δloc,l, λloc,l) .

63



Chapter 4. Variational Bayesian Bow Tie Neural Networks with Shrinkage

x1

x2

...

xD0

a1,1

a1,2

...

a1,D1
. . .

. . .

. . . aL,1

aL,1

...

aL,DL

y1

y2

...

yDL+1

N NN N

ψ1τ1

λloc, µloc, δlocλglob, µglob, δglob

T

αh0 , β
h
0

s0

W1 b1 Σ1

ψL+1τL+1

WL+1 bL+1

α0, β0

ΣL+1

s0

Figure 4.3: Directed Acyclic Graph (DAG) of the model. Global variables are
highlighted in blue, and local variables are highlighted in green.

4.3 Inference
In Sections 4.3.1 to 4.3.3, we develop variational inference algorithms for approx-
imating the posterior of the bow tie neural network with shrinkage priors, which
leads to what we call a variational bow tie neural network (VBNN). For a broader
discussion of variational inference methods in Bayesian neural networks, we re-
fer to Section 2.4.5 and Section 2.4.6. The variational predictive distribution for
VBNN is obtained in Section 4.3.5, and additionally, in Sections 4.3.4 and 4.3.6
we explore strategies to improve computational gains and performance in terms
of both accuracy and uncertainty estimation.

4.3.1 Variational Bayes

Recall that in variational inference, the true posterior is approximated by a den-
sity q that maximizes the evidence lower bound (ELBO) of Equation (2.5) over
some variational family. We begin by specifying the (block) mean-field family for
the approximate variational posterior:

q(a,γ,ω,W , b,η,ψ, τ ) = q(a)q(γ)q(ω)q(W , b)q(η)q(ψ)q(τ ). (4.11)

Note that the assumption on the family above could be referred to as the
structured mean-field assumption. Importantly, unlike existing variational
algorithms for BNNs, we do not make any assumptions on the independence
of parameters between layers. Observe that after data augmentation, the
bow tie neural network falls into the class of conditionally conjugate models.
Thus, in order to derive the updates of each factor in the variational family
in Equation (4.11), we can use Equation (2.8) and build upon Algorithm 1,
which is guaranteed to climb up to the ELBO’s local optimum. Moreover, each
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variable’s variational posterior will belong to the same family of distributions
as its complete conditional (for details on the coordinate ascent variational
updates in the general case see Section 2.2.2). Below we consider each factor of
Equation (4.11) beginning with q(τ ) and ending with q(a).

Global shrinkage parameters: Using Equation (2.8), the variational poste-
rior for the global shrinkage parameters is:

q(τ ) ∝ exp

(
E

[
log

L+1∏
l

GIG (τl|νglob, δglob, λglob)

Dl∏
d

Dl−1∏
d′

N (Wl,d,d′ |0, τlψl,d,d′)

])
,

where the expectation is taken with respect to all variational factors but q(τ ).
Thus,

q(τ ) ∝
L+1∏
l

Dl∏
d

Dl−1∏
d′

expE

[
log

(
1√

τlψl,d,d′
exp

(
−

W 2
l,d,d′

2τlψl,d,d′

))]

×
L+1∏
l

τ
νglob−1

l exp

(
−1

2

(
δ2glob

τl
+ λ2globτl

))
,

which, after taking the expectation and rearranging the terms, becomes

q(τ ) ∝
L+1∏
l

τ
νglob,l−1

l exp

(
−1

2

(
δ2glob,l

1

τl
+ λ2globτl

))
,

=
L+1∏
l

GIG (τl | νglob,l, δglob,l, λglob) , (4.12)

where for l = 1, . . . , L+ 1,

νglob,l = νglob −
DlDl−1

2
and δglob,l =

√√√√δ2glob +

Dl∑
d

Dl−1∑
d′

E
[

1

ψl,d,d′

]
E
[
W 2
l,d,d′

]
.

That is, the parameters τ are independent across layers (and can be updated in
parallel) with a GIG variational posterior given by Equation (4.12).

The detailed calculation of the remaining components of the variational pos-
terior is given in the Appendix B.1, where we obtain the following update steps.

Local shrinkage parameters: the parameters ψ are independent across and
within layers (and can be updated in parallel) with a GIG variational posterior:

q(ψ) =
L+1∏
l

Dl∏
d

Dl−1∏
d′

GIG (ψl,d,d′ | νloc,l,d,d′ , δloc,l,d,d′ , λloc,l) , (4.13)

65



Chapter 4. Variational Bayesian Bow Tie Neural Networks with Shrinkage

where for l = 1, . . . , L+ 1, d = 1, . . . , Dl, d
′ = 1, . . . , Dl−1,

νloc,l,d,d′ = νloc,l −
1

2
and δloc,l,d,d′ =

√
E
[
1

τl

]
E
[
W 2
l,d,d′

]
+ δ2loc,l.

Covariance matrix: the diagonal elements of the covariance matrix ηl are
independent across and within layers (and can be updated in parallel) with an
Inverse-Gamma variational posterior:

q(η) =
L+1∏
l

Dl∏
d

IG(η2l,d|αl,d, βl,d), (4.14)

where for the hidden layers l = 1, . . . , L, the updated variational parameters for
d = 1, . . . , Dl are given by

αl,d = αh0 +
N

2
,

βl,d = βh0 +
1

2

N∑
n

(
E [an,l,d]− E [γn,l,d]E

[
W̃l,d

]
E [ãn,l−1]

)2
+ E

[
a2n,l,d

]
− E [an,l,d]

2

+
1

2

N∑
n

E [γn,l,d] Tr
(
E
[
W̃ T

l,dW̃l,d

]
E
[
ãn,l−1ã

T
n,l−1

])
− 1

2

N∑
n

E [γn,l,d]
2Tr

(
E
[
W̃ T

l,d

]
E
[
W̃l,d

]
E [ãn,l−1]E

[
ãTn,l−1

])
.

And for the final layer, the updated variational parameters for d = 1, . . . , DL+1

are given by

αL+1,d = α0 +
N

2
,

βL+1,d = β0 +
1

2

N∑
n

(
yn,d − E

[
W̃L+1,d

]
E[ãn,L]

)2
+

1

2

N∑
n

Tr
(
E
[
W̃ T

L+1,dW̃L+1,d

]
E
[
ãn,Lã

T
n,L

])
− 1

2

N∑
n

Tr
(
E[W̃L+1,d]

TE[W̃L+1,d]E[ãn,L]E[ãTn,L]
)
.

Note that in the above, Wl,d represents the d-th row of the weight matrix Wl.
Additionally, for l = 1, . . . , L + 1 we introduce the notation W̃l,d = (bl,d,Wl,d)

and W̃ = (b,W ), and let the vector ãn,l represent the stochastic activation
augmented with an entry of one, i.e. ãn,l = (1,aTn,l)

T .
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Weights and biases: the weights and biases are independent across layers and
within layer, independent across the Dl regression problems, with a Gaussian
variational posterior:

q(b,W ) =
L+1∏
l

Dl∏
d

N
(
W̃l,d|ml,d,Bl,d

)
, (4.15)

where for the hidden layers l = 1, . . . , L, the updated variational parameters for
d = 1, . . . , Dl are given by

B−1
l,d =D−1

l,d +
N∑
n

(
1

T 2
E [ωn,l,d] + E

[
η−2
l,d

]
E [γn,l,d]

)
E
[
ãn,l−1ã

T
n,l−1

]
,

mT
l,d = Bl,d

(
N∑
n

E
[
η−2
l,d

]
E [γn,l,d]E [an,l,dãn,l−1] +

1

T
E [ãn,l−1]

(
E [γn,l,d]−

1

2

))
,

and for the final layer, the updated variational parameters for d = 1, . . . , DL+1

are given by

B−1
L+1,d =D

−1
L+1,d + E

[
η−2
L+1,d

] N∑
n

E
[
ãn,Lã

T
n,L

]
,

mT
L+1,d = BL+1,dE

[
η−2
L+1,d

]( N∑
n

ynE [ãn,L]

)
,

where for l = 1, . . . , L+ 1 and d = 1, . . . , Dl,

D−1
l,d = diag

(
s−2
0 ,E

[
τ−1
l

]
E
[
ψ−1
l,d,1

]
, . . . ,E

[
τ−1
l

]
E
[
ψ−1
l,d,Dl−1

])
.

Polya-Gamma augmented variables: ω are independent across observations
n = 1, . . . , N , layers l = 1, . . . , L, and width d = 1, . . . , Dl, with a Polya-Gamma
variational posterior:

q(ω) =
N∏
n

L∏
l

Dl∏
d

PG(ωn,l,d|1, an,l,d), (4.16)

with updated variational parameters:

an,l,d =
1

T

√(
Tr
(
E
[
W̃ T

l,dW̃l,d

]
E
[
ãn,l−1ãTn,l−1

]))
.

Note that simulating from or evaluating the density of the PG is not necessary,
and the CAVI updates of the other parameters only require computing the ex-
pectation of ω with respect to the variational posterior in Equation (4.16), which
is straightforward to compute (Equation (4.9)).
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Binary activations: γ are independent across observations n = 1, . . . , N , lay-
ers l = 1, . . . , L, and width d = 1, . . . , Dl, with a Bernoulli variational posterior:

q(γ) =
N∏
n

L∏
l

Dl∏
d

Bern (γn,l,d|ρn,l,d) , (4.17)

with

ρn,l,d = σ

(
−
E
[
η−2
l,d

]
2

Tr
(
E
[
W̃ T

l,dW̃l,d

]
E
[
ãn,l−1ã

T
n,l−1

])
+ E

[
η−2
l,d

]
E
[
W̃l,d

]
E [ãn,l−1an,l,d] +

1

T
E
[
W̃l,d

]
E [ãn,l−1]

)
.

The parameters ρn,l,d represent the posterior probability that the node is active
and are illustratedfor the toy example of Section 4.4.1 in Figure 4.4.

Stochastic activations: a are independent across observations n = 1, . . . , N
and conditionally Gaussian given the previous layer with variational posterior:

q(a) =
N∏
n=1

L∏
l=1

N (an,l|tn,l +Mn,lan,l−1,Sn,l) , (4.18)

where we denote an,0 := xn, Sn,L := SL.
For l = 1, . . . , L introduce Σ̂−1

l = diag
(
E
[
η−2
l,1

]
, . . . ,E

[
η−2
l,Dl

])
, the updated

variational parameters for n = 1, . . . , N and l = 1, . . . , L− 1 are

S−1
n,l = Σ̂−1

l −MT
n,l+1S

−1
n,l+1Mn,l+1

+

Dl+1∑
d=1

(
E

[
1

η2l+1,d

]
E [γn,l+1,d] +

1

T 2
E [ωn,l+1,d]

)
E
[
W T

l+1,dWl+1,d

]
,

tn,l = Sn,l

(
MT

n,l+1S
−1
n,l+1tn,l+1 + Σ̂−1

l E [γn,l]⊙ E [bl]

+
1

T

Dl+1∑
d=1

E
[
W T

l+1,d

](
E [γn,l+1,d]−

1

2

)

−
Dl+1∑
d=1

(
E

[
1

η2l+1,d

]
E [γn,l+1,d] +

1

T 2
E [ωn,l+1,d]

)
E [Wl+1,dbl+1,d]

)
,

Mn,l = Sn,lΣ̂
−1
l E [γn,l]1

T
Dl−1

⊙ E [Wl] .

And for the final layer with n = 1, . . . , N and l = L,

S−1
L = Σ̂−1

L +

DL+1∑
d=1

E

[
1

η2L+1,d

]
E
[
W T

L+1,dWL+1,d

]
,

tn,L = SL

(
Σ̂−1
L E [γn,L]⊙ E [bL]
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Figure 4.4: An illustration of the variational posterior of the binary and stochastic
activations. The variational posterior of γn,1,d (on the left) and an,1,d (in the
middle), both as a function of xn,1 across all observations, along with the joint
distribution of (an,1,d, an,2,d′) (on the right) in the case of the toy example of
Section 4.4 for particular values of d, d′, n.

+

Dl+1∑
d=1

E

[
1

η2L+1,d

] (
−E

[
W T

L+1,dbL+1,d

]
+ E

[
W T

L+1,d

]
yn,d
))

,

Mn,L = SLΣ̂
−1
L E [γn,L]1

T
DL−1

⊙ E [WL] .

Figure 4.4 illustrates on the toy example of Section 4.4.1 how the variational pos-
terior of the stochastic activations (middle) resembles a smoothed, noisy ReLU.
Due the independence assumption between the stochastic and binary activations,
the potentially bimodal bow tie distribution (Equation (4.2)) is approximated
with an unimodal Gaussian in the variational framework, which may better ap-
proximate the true posterior when the temperature is not too large relative to the
noise (see Figure 4.1). In addition, the proposed approximation has the advan-
tage of avoiding explicit assumptions of independence between layers, enabling
it to capture the dependence between the stochastic activations across layers, as
illustrated for the toy example in Figure 4.4 (right).

The corresponding optimization objective, i.e. the ELBO in Equation (2.5),
is available in closed form and provided in the Appendix B.2.

4.3.2 VI with EM

The hyperparameters can play a crucial role in Bayesian neural networks. When
dealing with the sparsity-inducing priors setting an excessively large scale param-
eter weakens the shrinkage effects, whilst choosing a scale parameter that is too
small may wipe out the effects of the important hidden nodes. Manually pick-
ing suitable values is challenging, and instead, we seek a more efficient strategy,
utilizing the similarity between the variational and expectation-maximization al-
gorithms. Specifically, we investigate the hybrid scheme combining VI with an
EM step [Osborne et al., 2022] so that the steps of the CAVI algorithm proceed
with the EM update to set the hyperparameter for global shrinkage variable τ .
Due to weak identifiability, we do not jointly update global and local hyperpa-
rameters. Let hglob represent δglob or λglob and consider the ELBO treated as a
function of hglob, then the optimal values as approximate MAP estimates are:
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hglob = argmaxEglob[ELBO],

where

Eglob[ELBO] = E

[
L+1∑
l=1

log(GIG(τl|νglob, δglob, λglob)

]
= (L+ 1)

(
νglob (log(λglob)− log(δglob))− log

(
2Kνglob(λglobδglob)

))
+

L+1∑
l=1

(νglob − 1)E [log τl]−
1

2

(
δ2globE

[
1

τl

]
+ λ2globE [τl]

)
.

In the case of the IG priors, one’s aim is to set optimal δglob, in the case of
the Gamma and IGauss priors, the parameters of interest are λglob. We pro-
vide specific examples of the shrinkage parameters and the corresponding op-
timal values in Appendix B.5.2. The result of combining CAVI and the EM
algorithm is described in Algorithm 5, where we note that for l = 1, . . . , L +
1, d = 1, . . . , Dl, d

′ = 1, . . . , Dl−1 parameters νglob,l, νloc,l,d,d′ and αl,d are up-
dated only during the iteration of the algorithm. Algorithm 5 is complemented
with Figure 4.5 illustrating one iteration of the algorithm, where we note that
τ ,ψ,Σ, b,W are global variables, and ω,a and γ are local variables.

τl

ψl

Σl

ωn,l

For l = 1, . . . , L

τL+1

ψL+1

ΣL+1

an,l

For l = 1, . . . , L

bl,Wl

γn,l

For l = 1, . . . , L

bL+1,WL+1 hglob

Figure 4.5: Horizontal flow-chart illustrating the order in which parameters of
the BNN are updated during one loop of the CAVI with EM algorithm. Similar
to Figure 4.3, global variables are highlighted in blue, and local variables are in
green.

The resulting Algorithm 5 scales linearly with the number of hidden layers
and the number of samples but cubically with the number of hidden units; the
computational complexities corresponding to individual factors of the variational
family are provided in Appendix B.1. In the following subsections, we discuss
two strategies to improve scalability. First, to handle large N , CAVI can be
combined with subsampling through stochastic VI [Hoffman et al., 2013], and
second, a post-processing node selection algorithm is proposed to obtain a sparse
variational posterior for faster predictive inference.

4.3.3 Stochastic Variational Inference
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Algorithm 5 CAVI with EM
Require: Initialize hyperparameters

while ELBO has not converged do
for l = 1, . . . , L do

update δglob,l {parameter of τl}
update δloc,l,d,d′ for d = 1 . . . Dl, d

′ = 1 . . . Dl−1 {parameter ψl,d,d′}
update βl,d for d = 1 . . . Dl {parameter of ηl,d}
update an,l,d for d = 1 . . . Dl, n = 1 . . . N {parameter of ωn,l,d}

end for
update δglob,L+1 {parameter of τL+1}
update δloc,L+1,d,d′ for d = 1 . . . DL+1, d

′ = 1 . . . DL {parameter ψL+1,d,d′}
update βL+1,d, d = 1 . . . DL+1 {parameter of ηL+1,d}
for l = 1, . . . , L do

update Sn,l, Mn,l, tn,l for n = 1 . . . N {parameters of an,l}
end for
for l = 1, . . . , L do

update Bl,d, ml,d for d = 1 . . . Dl {parameters of (bl,d,Wl,d)}
update ρn,l,d for d = 1 . . . Dl, n = 1 . . . N {parameter of γn,l,d}

end for
update BL+1,d, mL+1,d for d = 1 . . . DL+1 {parameters of (bL+1,d,WL+1,d)}
update hglob {EM for global hyperparameter}

end while

At each iteration, CAVI has to cycle through the entire data set, which can be
computationally expensive and inefficient for large sample sizes. An alternative to
coordinate ascent is gradient-based optimization, which extends the algorithm by
employing stochastic variational inference (SVI) and subsampling. First, recall
that the variational posterior of the latent variables a,γ,ω factorizes across data
points, that is

q(a)q(γ)q(ω) =
N∏
n=1

q(an)q(γn)q(ωn).

To highlight the need for stochastic VI, we observe that for each layer l = 1, . . . , L
the ordinary coordinate ascent needs to iterate throughN local variational param-
eters corresponding to variables an,l,γn,l and ωn,l with γn,l and ωn,l both having
Dl variational parameters to update, and an,l having of order D2

l variational pa-
rameters; for large N , this can clearly become computational burdensome. To
overcome this, stochastic VI uses the coordinate ascent variational updates ob-
tained in Section 4.3 to set the local, and the intermediate global parameters are
obtained by following the noisy natural gradient of ELBO (see Section 2.2.3 and
[Hoffman et al., 2013, Sato, 2001]).

At each iteration t, the Algorithm 6 first uniformly samples a collection of
indices S(t) without replacement, where the computational gains are obtained as
long as |S(t)| ≪ N . For each index s ∈ S(t), the local variational parameters
are optimized in a coordinate ascent manner with updates in Equations (4.16)
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to (4.18), and the convergence is monitored with noisy estimates of the local
ELBO, that is

E [log p(y,a,γ,ω|W , b,Σ)]− E [log q(a)]− E [log q(γ)]− E [log q(ω)] ,

the estimate of which is provided Appendix B.2.2. Next, the global parame-
ters, W , b and η, are updated via a linear combination of previous values and
intermediate updates

(1− ℓt)parameter(t−1) + ℓt × intermediate parameter(t), (4.19)

where ℓt is the learning rate and the intermediate parameters are obtained via
Equations (4.14) and (4.15) but with the sufficient statistics, which involve sums
over N , replaced with the scaled sums over S(t). Note that −(α + 1) is the
natural parameter of global variable η, so that α is only updated once and does
not require an intermediate step. Further, the vector of natural parameters for
(W , b) is (B−1mT ,−B−1/2) and −β−1 is the second natural parameter of η,
this implies that for l = 1, . . . , L+ 1 the Equation (4.19) becomes

B
(t)
l,d =

(
(1− ℓt)× (B

(t−1)
l,d )−1 + ℓt × B̂−1

l,d

)−1

,

m
(t)
l,d =

(
B

(t)
l,d

(
(1− ℓt)(B

(t−1)
l,d )−1(m

(t−1)
l,d )T + ℓtB̂

−1
l,d m̂

T
l,d

))T
,

β
(t)
l,d =

(
(1− ℓt)× (β

(t−1)
l,d )−1 + ℓt × β̂−1

l,d

)−1

.

Additional details and the step-by-step algorithm are provided in Ap-
pendix B.2.2. The convergence of the stochastic gradient descent depends on the
choice of the step sizes ℓt in the Robbins-Monro sequence [Robbins and Monro,
1951], and we follow [Hoffman et al., 2013], who set

ℓt = (1 + t)−k, k ∈ (0.5, 1], (4.20)

where k is the forgetting rate. We monitor the convergence of the algorithm by
obtaining noisy estimates of the ELBO (provided in Appendix B.2.2) where the
sums over n = 1, . . . , N are replaced with the scaled sums over n ∈ S.

In the future, we could further improve the algorithm by employing an adap-
tive learning rate which is based on realisations of a noisy estimate of the natural
gradient of ELBO with respect to global variational parameters and moving av-
erages [Ranganath et al., 2013, Schaul et al., 2013]. Alternatively, instead of
changing the rate ℓt, one could adapt the mini-batch size based on the estimated
gradient noise covariance and the magnitude of the gradient [Balles et al., 2017].

4.3.4 Inferring the network structure

The choice of the network architecture has significant practical implications on
the generalization of the model, and so sparsity-promoting priors for the net-
work weights have emerged as a promising approach for increased robustness to
the choice of architecture. When designing the VBNN, we focus on a class of
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Algorithm 6 SVI for bow tie neural network
Require: initialize global hyperparameters

while noisy estimate of ELBO has not converged do
set ℓt
uniformly sample indices S(t) without replacement
initialize local variational parameters
for l = 1, . . . , L+ 1 do

update δ(t)glob,l {parameters of τl}
update δ

(t)
loc,l,d,d′ for d = 1 . . . Dl, d

′ = 1 . . . Dl−1 {parameter ψl,d,d′}
end for
while local parameters have not converged do

for s ∈ S(t) do
initialize Ss,l, Ms,l, ts,l, ρs,l,d d = 1 . . . Dl for l = 1, . . . , L
for l = 1, . . . , L do

update A(t)
s,l,d for d = 1 . . . Dl {parameter of ωs,l,d}

update S(t)
s,l , M

(t)
s,l , t

(t)
s,l {parameters of as,l}

update ρ(t)s,l,d for d = 1 . . . Dl, {parameter of γs,l,d}
end for

end for
end while
for l = 1, . . . , L+ 1 do

find β̂−1
l,d and update β(t)

l,d for d = 1 . . . Dl {parameter of ηl,d}
find B̂−1

l,d , B̂
−1
l,d m̂

T
l,d and update B(t)

l,d , m
(t)
l,d for d = 1 . . . Dl {(bl,d,Wl,d)}

end for
end while

continuous shrinkage priors, which results in more tractable computations, yet
also implies non-zero posterior means and does not lead to automatic network
architecture selection. To address this, we consider a post-processing node se-
lection algorithm to obtain a sparse variational posterior, which both aids inter-
pretability and improves scalability of predictive inference (discussed in Section
4.3.5) In Bayesian linear regression with shrinkage priors, several post-processing
methods have been proposed to yield a sparse solution (see e.g.[Griffin, 2024,
Li and Pati, 2017, Piironen et al., 2020] ). The method known as decoupling
shrinkage and selection (DSS) [Hahn and Carvalho, 2015] obtains sparse esti-
mates of the weights by minimizing the sum of the predictive loss function with
a parsimony-inducing penalty. An alternative approach is the penalized credible
regions (PenCR) method [Zhang et al., 2021b], which identifies the "sparsest"
solution in posterior credible regions corresponding to different levels; it is shown
to perform well in the case of global-local shrinkage priors and under certain as-
sumptions, PenCR produces the same results as DSS. Similarly, we propose to
make use of credible intervals to select nodes. Following [Li and Lin, 2010], we
implement an automatic credible interval criterion which selects a node as long
as its credible interval does not cover zero. Specifically, recall that the varia-
tional posterior of the weights is Wl,d,d′ ∼ N (mW

l,d,d′ , B
W
l,d,d′) for l = 1, . . . , L, d =
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1, . . . , Dl, d
′ = 1, . . . , Dl−1, where mW

l,d and BW
l,d denote the subsets of the mean

ml,d and covariance matrix Bl,d corresponding to the weights. Then, we obtain
sparse weights Ŵl,d,d′ with sparse variational distribution q̂(bl,d, Ŵl,d) for some
l ∈ L ⊆ {1, . . . , L + 1}, d ∈ Dl ⊆ {1, . . . , Dl}, d′ ∈ Dl−1 ⊆ {1, . . . , Dl−1}, defined
by setting:

Ŵl,d,d′ ∼

{
N
(
mW
l,d,d′ ,

(
BW
l,d

)
d′d′

)
if max (Q(Wl,d,d′ > 0), Q(Wl,d,d′ < 0)) ≥ κ,

δ0 otherwise,

where Q(Wl,d,d′ < 0) = 1−Q(Wl,d,d′ > 0) = Φ(−mW
l,d,d′/

√
(BW

l,d)d′d′).
The threshold κ is chosen to control the Bayesian false discovery rate, which

is calculated as

F̂DR(κ) =

∑
l,d,d′(1−Ql,d.d′)1(Ql,d.d′ > κ)∑

l,d,d′ 1(Ql,d.d′ > κ)
,

with Ql,d.d′ = max (Q(Wl,d,d′ > 0), Q(Wl,d,d′ < 0)). Specifically, for a specified
error rate α, κ is set to satisfy F̂DR(κ) < α. Algorithm 7 describes the node
selection procedure which begins with ordering Ql,d.d′ in the descending order
and going down through the thresholds to assign κ to the smallest Ql,d.d′ such
that its false discovery rate does not exceed α.

Once we sweep through Ql,d.d′ , we do a backwards pass to remove the nodes
with no connections. If the node has no outgoing connections, then all the incom-
ing connections need to be removed, and conversely, if the node has no incoming
connections, then all the outgoing connections can be removed. An example of the
network resulting after applying the Algorithm 7 is illustrated by the Figure 4.8.

4.3.5 Predictions

For a new x∗, the predictive distribution of y∗ given the data is approximated as:

p(y∗|x∗,D) =

∫
p(y∗|x∗,θ,D)p(θ|D,x∗) dθ

=

∫
p(y∗|a∗,W , b,η)p(a∗,W , b,η|D,x∗) da∗ dW db dη

≈
∫
p(y∗|a∗,W , b,η)q(a∗)q(W , b)q(η) da∗ dW db dη

=

∫
N (y∗|WL+1a∗,L + bL+1,ΣL+1) q(a∗,L)

× q(WL+1, bL+1)q(ηL+1) da∗,L dWL+1 dbL+1 dηL+1. (4.21)

Equation (4.21) requires first computing the approximate variational predictive
distributions q(a∗), q(γ∗) and q(ω∗), which are updated in a similar way to Sec-
tion 4.3.1.
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Algorithm 7 Node selection algorithm
Require: I = {Ql,d.d′ |l = 1 . . . L, d = 1 . . . Dl+1, d

′ = 1 . . . Dl}.
κ̂ = max(I)
I = I \ κ̂
if F̂DR(max(I)) < α then
κ̂ = max(I)
I = I \ κ̂

else
break

end if
for l = 1 . . . L, d = 1 . . . Dl+1, d

′ = 1 . . . Dl do
if Ql,d,d′ ≥ κ̂ then
Ŵl,d,d′ ∼ N

(
mW
l,d,d′ ,

(
BW
l,d

)
d′d′

)
else
Ŵl,d,d′ = 0 a.s.

end if
end for
for l = L+ 1, . . . 2, d = 1, . . . Dl, do

if Ŵl,d = 0 a.s. then
Ŵl−1,d′,d = 0 a.s. ∀ d′ = 1, . . . , Dl−1

else
if Ŵl−1,d′,d = 0 a.s. ∀ d′ = 1, . . . , Dl−1 then
Ŵl,d = 0 a.s.

end if
end if

end for
Ensure: q̂(bl,d, Ŵl,d), l ∈ L, d ∈ Dl, d

′ ∈ Dl−1.

Specifically, the stochastic activations are conditionally Gaussian given the
previous layer with variational predictive distribution:

q(a∗) =
L∏
l=1

N (a∗,l|t∗,l +M∗,la∗,l−1,S∗,l) ,

where a∗,0 = x∗. For the final layer, we have:

S−1
∗,L = Σ̂−1

L ; t∗,L = E [γ∗,L]⊙ E [bL] ; M∗,L = E [γ∗,L]1
T
DL−1

⊙ E [WL] .

For all other layers l = 1, . . . , L− 1, we have:

S−1
∗,l =Σ̂−1

l −MT
∗,l+1S

−1
∗,l+1M∗,l+1+

Dl+1∑
d=1

(
E

[
1

η2l+1,d

]
E [γ∗,l,d] +

1

T 2
E [ω∗,l+1,d]

)
E
[
W T

l+1,dWl+1,d

]
,
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t∗,l =S∗,l

(
MT

∗,l+1S
−1
∗,l+1t∗,l+1 + Σ̂−1

l E [γ∗,l]⊙ E [bl]

−
Dl+1∑
d=1

E

[
1

η2l+1,d

]
E [γ∗,l,d]E

[
W T

l+1,dbl+1,d

]
+
1

T

Dl+1∑
d=1

E
[
W T

l+1,d

](
E [γ∗,l+1,d]−

1

2

)

− 1

T 2

Dl+1∑
d=1

E [ω∗,l+1,d]E [Wl+1,dbl+1,d]

)
,

M∗,l =S∗,lΣ̂
−1
l E [γ∗,l]1

T
Dl−1

⊙ E [Wl] .

The binary activations are independent across layers l = 1, . . . , L and width
d = 1, . . . , Dl, with a Bernoulli variational predictive distribution:

q(γ∗) =
L∏
l

Dl∏
d

Bern (γ∗,l,d|ρ∗,l,d) , (4.22)

with

ρ∗,l,d = σ

(
−
E
[
η−2
l,d

]
2

Tr
(
E
[
W̃ T

l,dW̃l,d

]
E
[
ã∗,l−1ã

T
∗,l−1

])
+E

[
η−2
l,d

]
E
[
W̃l,d

]
E [ã∗,l−1a∗,l,d] +

1

T
E
[
W̃l,d

]
E [ã∗,l−1]

)
.

Finally, the Polya-Gamma augmented variables are independent across layers
l = 1, . . . , L and width d = 1, . . . , Dl, with a Polya-Gamma variational predictive
distribution:

q(ω∗) =
L∏
l

Dl∏
d

PG(ω∗,l,d|1, A∗,l,d), (4.23)

with updated variational parameters:

A∗,l,d =
1

T

√(
Tr
(
E
[
W̃ T

l,dW̃l,d

]
E
[
ã∗,l−1ãT∗,l−1

]))
.

Thus, before computing predictions, we first iterate to update the variational
predictive distributions of a∗, γ∗, and ω∗. The corresponding ELBO (derived in
the Appendix B.2.2) is monitored for convergence. While a closed-form expression
for the integral in Equation (4.21) is unavailable, generating samples from the
variational predictive is straightforward;

y(j)
∗ ∼ N

(
y∗|W (j)

L+1a
(j)
∗,L + b

(j)
L+1,Σ

(j)
L+1

)
, for j = 1, . . . J, (4.24)

where (W
(j)
L+1, b

(j)
L+1) ∼ q(WL+1, bL+1), η

(j)
L+1 ∼ q(ηL+1), and a

(j)
∗,l |a

(j)
∗,l−1 ∼
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q(a∗,l|a∗,l−1) for l = 1, . . . , L, are iid draws from the variational posterior. These
samples can be used to obtain a Monte Carlo approximation to investigate po-
tential non-normality in the predictive distribution in Equation (4.21) and to
compute credible intervals based on the highest posterior density region.

We can also compute the expectation and variance of y∗ in closed form. Specif-
ically, the expectation of y∗ under the variational predictive distribution is:

E[y∗|x∗,D] ≈ EqL+1
[WL+1]Eq∗,L [a∗,L] + EqL+1

[bL+1], (4.25)

where recursively

Eq∗,L [a∗,L] = Eq∗,L−1

[
Eq(a∗,L|a∗,L−1)[a∗,L]

]
= t∗,L +M∗,LEq∗,L−1

[a∗,L−1].

Similarly, the variational variance of y∗ is

Var [y∗,d|x∗,D] ≈ VarqL+1
[WL+1,da∗,L + bL+1,d] + EqL+1

[
η2
L+1,d

]
,

where the first term represents the signal variance and is computed as

VarqL+1
[WL+1,da∗,L + bL+1,d] = EqL+1

[
(WL+1,da∗,L + bL+1,d)

2
]

−
(
EqL+1

[WL+1,d]EqL [a∗,L] + EqL+1
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)2
= Tr
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W T

L+1,dWL+1,d

]
EqL
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a∗,La

T
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]

−EqL+1
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T EqL+1
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T
)

+VarqL+1
(bL+1,d) + 2CovqL+1

(WL+1,d, bL+1,d)EqL [a∗,L] ,

which requires the recursive computation:

EqL
[
a∗,La

T
∗,L
]
= S∗,L + t∗,Lt

T
∗,L + 2M∗,LEqL−1

[a∗,L−1] t
T
∗,L

+M∗,LEqL−1

[
a∗,L−1a

T
∗,L−1

]
MT

∗,L.

Sparse prediction. Observe that the variational algorithm used for prediction
scales linearly with the number of hidden layers and the number of samples, but
cubically with the number of hidden units, which motivates the node-selection
method proposed in Section 4.3.4. To save on both computation and storage, the
variational predictive distribution can be computed based on the sparse varia-
tional posterior (Section 4.3.4). For a new data point x∗, we obtain expectation
and variance of y∗ by first computing the sparse versions of variational predictive
distributions q̂(a∗), q̂(γ∗) and q̂(ω∗) as in Equations (4.18), (4.22) and (4.23) by
plugging q̂(bl,d, Ŵl,d) instead of the q(bl,d,Wl,d), which only requires updates for
the subset of nodes with nonzero weights.

4.3.6 Ensembles of variational approximations

While the variational algorithm described in Section 4.3.1 increases the ELBO at
each epoch, the ELBO is a non-convex function of the variational parameters and
only convergence to a local optimum is guaranteed. Due to identifiability issues,
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the posterior distribution of a Bayesian neural network is highly multimodal,
and exploring this posterior is notoriously challenging [Papamarkou et al., 2022].
A single variational approximation tends to concentrate around one mode and
can understate posterior uncertainty. Several approaches have been proposed to
overcome such issues. Recently, [Ohn and Lin, 2024] introduced adaptive vari-
ational inference which achieves optimal posterior contraction rate and model
selection consistency by considering several variational approximations obtained
in different models; the framework operates on a collection of models, considers
"sieve" priors [Arbel et al., 2013] to combine several variational approximations.
Similarly, [Yao et al., 2022] introduced an approach which uses parallel runs of in-
ference algorithms to cover as many modes of the posterior distribution as possible
and then combines these using Bayesian stacking. Observing non-optimality of
conventional non-Bayesian deep ensembles [Lakshminarayanan et al., 2017] com-
bining point estimates [Wu and Williamson, 2024], in our approach, we adopt the
ideas of [Ohn and Lin, 2024, Yao et al., 2022] and consider ensembles of posterior
approximations in a similar but simpler fashion (for a discussion of neural network
ensembles, we refer to Section 1.2.5). Specifically, we consider an ensemble of vari-
ational approximations, obtained by running in parallel the variational algorithm
multiple times with different random starting points and combining those with
respect to the optimization objective. In this case, letting k = 1, . . . , K index the
different variational approximations, we compute the weight wk associated with
each approximation in accordance with the tempered ELBO:

wk ∝ exp (ζELBOk) ,

where ζ is a tempering parameter, setting which to be in the interval (0, 0.1]
allows for avoiding a strong dominance of a single particular model. We can
interpret this as a Bayesian model averaging (BMA) across the K different mod-
els/approximations. While in a classical BMA setting, the weights would be
proportional to the marginal likelihood for each model, the use of the ELBO is
motivated as it provides a lower bound to the marginal likelihood and can be
computed in closed form. Next, we compute predictions by taking a weighted
average of the predictive distributions of each model (given in Equation (4.25)),
that is

E[y∗|x∗,D] ≈
K∑
k=1

wkEqk [y∗|x∗,D],

where each expectation is taken with respect to qk (the kth variational approxi-
mation). Similarly, we can compute the variance as

Var(y∗|x∗,D) ≈
K∑
k=1

wk Varqk(y∗|x∗,D) +
K∑
k=1

wk (Eqk [y∗|x∗,D])2

−

(
K∑
k=1

wkEqk [y∗|x∗.D]

)2

.
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The following approach can potentially improve both predictive accuracy and un-
certainty quantification. Once again, we can investigate the variational predictive
distribution (beyond the mean and variance) by first sampling a model with prob-
ability (w1, . . . , wK) and then given that selected model k, generating a sample y∗
from the kth variational predictive distribution (as described in Equation (4.24)).

4.4 Experiments
We evaluate the variational bow tie neural network (VBNN) on several datasets.
First, we consider a simple nonlinear synthetic example to compare with the
ground truth. We then validate VBNN on the diabetes dataset, first considered
in [Efron et al., 2004] to demonstrate the least angle regression (LARS) algorithm
for variable selection, and subsequently, used in different proposals for sparsity-
promoting priors algorithms (e.g. [Li and Lin, 2010, Park and Casella, 2008]).
Lastly, we consider a range of popular regression datasets from the UCI Machine
Learning Repository [M. et al., 2007].

The importance of suitable initialization choice in NNs is well known [Daniely
et al., 2016, He et al., 2015, Wenzel et al., 2020a], and we design two possible ran-
dom initialization schemes of the VBNN, which are described in Appendix B.4.1
and used in all experiments. Convergence of the ELBO is monitored during the
training and prediction stages, where if three consecutive measurements of ELBO
for training differ by less than the specified threshold, the phase is stopped and
the model moves to the prediction stage, where we proceed similarly. In most
experiments, the thresholds during the training and prediction stages are set,
respectively, to 1e− 5 and 1e− 4.

We compare the performance of VBNN to various frameworks (summarized in
Table 4.2), namely, to BNNs inferred with automatic differentiation VI with the
mean-field variational family (mfVI) [Kucukelbir et al., 2017] and Hamiltonian
Monte Carlo (HMC) with the No-U-Turn sampler (NUTs) [Hoffman and Gelman,
2014] implemented in Numpyro [Phan et al., 2019], Bayes by Backprop (BBB)
[Blundell et al., 2015] implemented with Pytorch, and BNNs with Horseshoe priors
(HSBNN) of [Ghosh et al., 2019], which considers a structured variational family
and learns the variational parameters by obtaining gradient estimators. We also
consider the variational bow tie neural network with Gaussian priors (GVBNN),
in contrast to shrinkage priors. As CAVI may be expensive for large data, in
Section 4.4.1 and Section 4.4.3 we additionally consider VBNN inferred with SVI
(SVBNN).

For all the datasets, we evaluate the performance over 10 random splits, where
we use 90% of the data for the training and 10% for testing the model. We record
the root mean squared error (RMSE), the predictive negative log-likelihood of
the test data (NLL) and the empirical coverage (EC) (see Appendix B.4 for
additional implementation details). The empirical coverage reports the fraction
of observations contained within the (1−α)∗100% credible intervals (CIs), which
are computed based on the Gaussian approximation. In the ideal setting, the
computed EC should equal the CI level. More specifically, let y∗

i be the true
target for test points i = 1, . . . , N∗ and qα/2 and q1−α/2 be the quantiles based on
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Table 4.2: List of the models considered to evaluate the performance of our
method.

Model Description
mfVI BNN with Automatic Differentiation VI with mean-field family
HMC BNN with Hamiltonian Monte Carlo with No-U-Turn sampler
BBB Bayes by Backprob
HSBNN BNN with Horseshoe priors inferred with Black Box VI
VBNN Our model inferred with CAVI
GVBNN VBNN with Gaussian priors inferred with CAVI
SVBNN Our model inferred with SVI

the model’s Gaussian approximation for some α ∈ [0.5, 1], then

EC(α) =
1

N∗

N∗∑
i=1

1(y∗
i ∈ [qα/2, q1−α/2]).

If EC(α) > 1−α then the CIs are too wide; a worse scenario occurs when EC(α) <
1− α as it means that the CIs are too narrow and the model is overconfident in
its predictions.

4.4.1 Simulated Example

We construct a synthetic dataset generated by first uniformly sampling a two-
dimensional input vector xn = (xn,1, xn,2), with xn,d ∼ Unif([−2, 2]), and as-
sume only the first feature influences the output: yn = f(xn,1) + ϵn = 0.1x2n,1 +
10 sin(xn,1) + ϵn, where ϵn ∼ N (0, 0.5). Then, the dataset consisting of N = 300
observations is used to investigate the performance of VBNN compared to the
GVBNN, mfVI, HMC, BBB and HSBNN baselines as we increase the number of
hidden layers, setting L = 1, 2 or 4, whilst keeping the number of hidden units in
each layer fixed to DH = 20. In general, for this simple non-linear example, the
performance tends to deteriorate with increasing architecture complexity (larger
depth). While HMC performs consistently well across all depths, the cost associ-
ated with the sampling approach is high. VBNN is competitive to HSBNN and
outperforms mfVI, GVBNN and BBB in terms of accuracy (see Figure 4.6). Fur-
ther, except for HMC, the empirical coverage of VBNN is the most robust to the
choice of depth; for the largest choice of L = 4, mfVI, BBB, GVBNN and even
HSBNN provide overly wide CIs while VBNN more closely reaches the desired
coverage (see Figure 4.7).

For each depth, Figure 4.8 illustrates the predictive means and uncertain-
ties computed for the observations as well as DAGs of networks’ structures ob-
tained after the post-process node selection algorithm described in Section 4.3.4,
where the Bayesian false discovery rate is constrained by setting the error rate
to α = 0.01. The sparsity-promoting prior combined with the node selection
algorithm can effectively prune the over-parametrized neural networks; for ex-
ample, the sparse one-layer neural network contains only 11 hidden nodes with
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Figure 4.6: Simulated example. Performance in terms of the RMSE and NLL
as the depth increases for different models and algorithms. HMC can be seen as
a gold standard. VBNN is competitive with HSBNN and is more robust to the
choice of depth and overparameterization than GVBNN, mfVI, BBB.
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Figure 4.7: Simulated example. Empirical coverage (which is the fraction of
observations contained within the CIs of level 1 − α) as a function of CI level
for the simulated dataset for three different settings of the network’s depth. The
dashed gray line depicts the ideal scenario with empirical coverage equal to CI
level, while above and below the gray line indicate coverage greater or less than
CI level, i.e. CIs are too wide or too small, respectively.

33 total edges/weights from the initial DH = 20 with 60 total edges/weights.
Moreover, the estimated regression function and credible intervals from both the
variational predictive and the sparse variational predictive distribution recover
the true function well. In this way, VBNN provides an effective tool to reduce
predictive computational complexity and storage as well as ease interpretation.
Note that the predictions show no relation with the coordinate x2 (Figure 4.8a),
recovering the true function, but some of the connections from x2 are still present
in the sparse network (Figure 4.8c), due to identifiability issues, although with
overall low weight.

Further, we evaluate the role of step sizes (defined in Equation (4.20)) and
mini-batch sizes and consider the performance of the SVBNN and ensembles of
5 SVBNN approximations compared to VBNN in a single-layer network. Fig-
ure 4.9a compares the results for various step sizes (defined in Equation (4.20))
and mini-batch sizes, and Figure 4.9b illustrates the predictions obtained by
VBNN, SVBNN, and ensembles of SVBNN. The computational gains obtained
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(a) The predic-
tive mean as a
function of the
second coordi-
nate for L = 1.
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(b) The predictive mean and uncertainty quantification for the ob-
servations for different depth

(c) The architecture of the network for the bound on the FDR α = 0.01 for
depths L = 1, 2, 4 (left to right).

Figure 4.8: Simulated example. Predictive means and pointwise CIs computed
for the observations as a function of the second coordinate (a) and first coordinate
for different depths (b). The architecture of the network is visualized in (c) for
the bound on the FDR α = 0.01 for different settings of the network’s depth of
L = 1, 2, 4 (left to right).

by utilising stochastic gradients and subsampling would motivate further research
along the lines of model combination. Indeed, SVI makes ensembling techniques
particularly appealing, in our experiment with a relatively small synthetic dataset,
an ensemble of 5 SVI approximations with a mini-batch size of 10 performs compa-
rable to CAVI while being more than 5 times faster than CAVI (see Figure 4.9a).

4.4.2 Diabetes Example

The diabetes data consists of n = 442 entries obtained for p = 10 input variables
and a quantitative response measuring disease progression. The predictors are
age, sex, body mass index, average blood pressure and six blood serum measure-
ments, and the goal is to determine which of these are relevant for forecasting
diabetes progression. We fit a neural network with one hidden layer L = 1 and
DH = 20 and perform the node selection algorithm with the FDR bounded by
α = 0.01. Figure 4.10 illustrates the shrinkage and node selection algorithm and
compares the coefficients of the Lasso linear model [Tibshirani, 1996] to the orig-
inal and the sparsified weights of our model. Lasso regression produces sparse
coefficients by minimising the residual sum of squares with an added penalty term;
the penalty parameter crucially determines the level of sparsity and is tuned with
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(a) RMSE, NLL, EC plotted for various mini-batch sizes as a function of the
forgetting rate k; the most right plot compares training times, where bar labels
indicate the scale of computational gains.

(b) The predictive means and uncertainty estimate as a function of the first
coordinate for SVBNN, VBNN and ensembles of SVBNN.

Figure 4.9: Comparison between VBNN (CAVI) and SVBNN (SVI) for the sim-
ulated data example.

cross-validation (LassoCV). Predictors with considerable effect obtained by both
models coincide, whilst some of the variables the Lasso model excludes (e.g. age)
are still present in the VBNN’s estimates. Compared with Lasso, VBNN has the
advantage of learning potential nonlinear relationships between disease progres-
sion and the predictors, which is explored in Figure 4.11, illustrating the predictive
means and uncertainty of the observations of VBNN for four of the predictors
(with all other predictors are fixed to their mean). While the uncertainty is wide,
the results suggest potential nonlinear relationships, e.g. with lamotrigine and
age, the latter of which is not selected in Lasso. Moreover, Figure 4.11 highlights
how predictions obtained from the sparse version of the variational predictive
distribution almost overlap, thus providing a reasonable, cheaper approximation.
However, we note that the predictive performance is similar to LassoCV, with
the most competitive methods being VBNN, HMC and BBB (see Table 4.3 and
supplementary Figure B.1 in Appendix B.4.3).

4.4.3 UCI Regression Datasets

Lastly, we consider publicly available datasets from the UCI Machine Learning
Repository [M. et al., 2007]: Boston housing [Harrison and Rubinfeld, 1978], En-

83



Chapter 4. Variational Bayesian Bow Tie Neural Networks with Shrinkage

yyy

Figure 4.10: Diabetes example. Coefficients of LassoCV regression (on the left),
posterior means of the weights of the neural network (in the middle) and posterior
means of the sparse weights obtained for α = 0.01 (on the right). For illustrative
purposes, absolute values of the coefficients and weights are shown with max-min
scaling.

Figure 4.11: Diabetes example. Slices of the predictive mean and pointwise
credible intervals for observations as a function of four predictors obtained by
VBNN with and without node selection and by Lasso with cross-validation.

ergy [Tsanas and Xifara, 2012], Yacht dynamics [J. et al., 2013], Concrete compres-
sive strength [Yeh, 2007] and Concrete slump test [Yeh, 2009] (see Appendix B.4.4
for the description of the datasets). For all of the UCI regression tasks, we fit a
neural network with one hidden layer andDH = 50 hidden units. Figure 4.12 com-
pares RMSE, NLL and empirical coverage of the observations across the methods
(see also Table B.1 in Appendix B.4.5), where we additionally consider ensem-
bles of four variational approximations with VBNN and SVBNN (denoted as
4VBNN and 4SVBNN, respectively). Overall, HMC outperforms all the con-
sidered methods, but at a much higher cost. VBNN provides an improvement
compared to GVBNN, further motivating the choice of sparsity-inducing priors,
and while SVBNN offers considerable computational savings, the quality of the
approximation deteriorates compared to VBNN. Overall, VBNN has consistently
well-calibrated uncertainty quantification and empirical coverage for the obser-
vations compared with other variational approaches, and ensembles of VBNNs
are competitive with other approaches in terms of the RMSE and NLL. Further,
we consider slump dataset and implement ensembles of 4 parallel runs of all of
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Table 4.3: RMSE, NLL and empirical coverage for diabetes dataset.

RMSE NLL Coverage
LassoCV 54.2± 6.5 5.4± .13 .96± .03
mfVI 57.2± 7.4 9.3± 1.7 .47± .1
HMC 54.5± 7.8 5.4± .16 .96± .04
BBB 54.9± 7.3 5.49± .18 .94± .04
HSBNN 56.8± 7.4 6.8± 1.6 .67± .15
GVBNN 55.65± 7.8 5.5± .14 .96± .04
VBNN 54.5± 7.2 5.4± .15 .96± .04

the considered methods (4mfVI, 4BBB, 4HSBNN, 4GVBNN, 4VBNN, 4SVBNN)
and compare the results to approximations obtained in a single run (mfVI, BBB,
HSBNN, GVBNN, VBNN, SVBNN). We do not consider HMC in this experiment
due to its computational costs. Figure 4.13 compares RMSE, NLL, EC of the 12
methods and additionally illustrates relative differences among approaches, where
for RMSE and NLL, we consider absolute relative differences between ensembles
and single runs, and for empirical coverage of the observations, we illustrate
the absolute deviation from the 95% CI. Overall, ensembles improve uncertainty
quantification, and in most cases also RMSE and NLL (the only exception being
NLL for BBB). While BBB and HSBNN have the lowest RMSE (although with
high variability), the NLL and empirical coverage suggest overconfidence, even
with ensembles. In contrast, VBNN has an improved balance between accuracy
and uncertainty quantification, which is further enhanced by ensembles.

4.5 Discussion
In this chapter, we presented a variational bow tie neural network (VBNN) that
is amendable to Polya-gamma data augmentation so that the variational infer-
ence can be performed via the CAVI algorithm. While the idea of the stochastic
relaxation described in Section 4.2.1 was introduced in [Smith et al., 2021], the
novelty of our model is in the employment of the variational inference techniques
as well as sparsity-inducing priors. Namely, we implement continuous global-local
shrinkage priors and propose a post-process technique for node selection. Addi-
tionally, we consider an improvement of the classical CAVI algorithm by adding
EM steps for critical hyperparameters. In this way, we enrich the class of models
which are handled within the structured mean-field paradigm. We provide all the
necessary computations, techniques, and illustrative experiments demonstrating
the utility of the model. Addressing the scalability with respect to the number
of data points, we extend the CAVI algorithm to SVI [Hoffman et al., 2013],
which benefits from exploiting natural gradients and subsampling. In the future,
we could improve the algorithm by employing an adaptive learning rate which is
based on realisations of a noisy estimate of the natural gradient of ELBO with
respect to global variational parameters and moving averages [Ranganath et al.,
2013, Schaul et al., 2013]. Alternatively, instead of changing the learning rate, one
could adapt the mini-batch size based on the estimated gradient noise covariance
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Figure 4.12: RMSE (normalized w.r.t. to the standard deviation of the target),
NLL and empirical coverage for UCI datasets. When illustrating the coverage,
the dashed red line depicts the ideal scenario with empirical coverage equal to
95% CI level.

and the magnitude of the gradient [Balles et al., 2017]. To address scalability
with respect to the network’s width, future work will explore incorporating node
selection within the CAVI algorithm when training.

The variational bow tie neural network is also amenable to other prior choices
and output types (for a more technical discussion of future directions, we refer to
Appendix B.5.2). For example, horseshoe priors can be implemented through the
introduction of auxiliary variables to replace each half-Cauchy random variable
with the hierarchical formulation based on Inverse-Gamma variables [Ghosh et al.,
2018, Louizos et al., 2017, Wand et al., 2011]. Additionally, the regularized version
of horseshoe priors ("ponyshoe") could be considered, which is known to perform
better than the classical horseshoe, especially when the larger coefficients are
weakly identified by the data [Ghosh et al., 2019, Piironen and Vehtari, 2017a,b].
Finally, an extension to other output types, such as classification tasks, can be
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Figure 4.13: Slump dataset. Performance in terms of the RMSE, NLL and EC for
single models (plain colored) and ensembles (color with hatches) obtained from
four parallel runs. RMSE and NLL are scaled with respect to the best model (top
row). The relative performance (bottom right) is illustrated on the log-scale, and
color reflects if ensembles improved the metric (i.e. bar with hatches illustrates
the scale of improvements obtained with ensembles, conversely, bar without the
hatches illustrates the scale at which single run outperformed ensembles).

developed through additional Polya-gamma augmentation techniques [Durante
and Rigon, 2019].
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Chapter 5

Discussion

We conclude by first summarizing the contributions of the thesis and then,
overviewing the areas which are closely related to the themes considered in this
work, but were left out of scope due to time constraints.

5.1 Contributions
This thesis contributes to the development of the deep Bayesian modelling frame-
work from several perspectives:

• Chapter 2 addresses the challenges of approximate Bayesian inference by
systematically studying different angles of variational inference. We propose
the taxonomy of VI methods that sheds some light on the future research
directions for optimization-based approximate inference. By improving our
understanding of approximate inference from different perspectives, we can
bridge the gap between the true and approximate posterior. Specifically,
the trade-offs between the complexity variational family, computational ef-
ficiency and quality of the approximate posterior predictive distribution
are something to keep in mind. Further, the properties of the probabil-
ity models most suitable for variational inference are worth exploring; and
finally, various divergence functions and optimization algorithms could be
considered.

• No inference algorithm exists without a model. In Chapter 3, we consid-
ered the architectural choices made in Bayesian neural networks and in-
vestigated the empirical performance of variational inference and sampling-
based methods depending on the model specification and task at hand. We
have not lost sight of the Bayesian predictive methods for model compar-
ison and combination that are well-suited for real-world scenarios, when
neither the true data-generating process nor the future upcoming data are
known. In our experiments, variational inference overall provided better un-
certainty quantification than Markov chain Monte Carlo, and while MCMC
often had better accuracy, the time needed to perform it becomes a bur-
den as networks get wider and/or deeper. Furthermore, when dealing with
multimodal posteriors and mitigating the risks of choosing the mean-field
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variational family, we found stacking and ensembles of variational approxi-
mations to be a successful and highly efficient alternative to MCMC.

• By observing the vulnerabilities and challenges arising when modelling and
implementing Bayesian neural networks, in Chapter 4 we arrive at a novel
variational bow tie neural network trained by (possibly stochastic) varia-
tional inference algorithm, which removes restrictive independence and dis-
tributional assumptions of standard VI algorithms. The VBNN is tailored
not only for achieving computational efficiency but also solves the task of
model choice and calibration by employing sparsity-inducing priors.

5.2 Future directions and open problems
This thesis adopted a classical Bayesian approach, starting point of which lies

in finding a suitable model, e.g. a neural network, that assumes a prior and a
likelihood, then the Bayes rule gives the exact posterior over some parameters of
interest, and one aims to approximate it [Gelman et al., 2013, 2017]. We have
observed multiple challenges arising when specifying a high-dimensional model
whose parameters do not have a direct interpretation; as a result, often choices
are made out of practical considerations. Bayesian neural networks are typically
applied across multiple datasets, and it is, thus, not always reasonable to assume
that the chosen model is well-specified and fully recovers the true data-generating
process. At the same time, if in practice the choice of inference method cannot be
disentangled from the model’s architecture, it would be sensible to approach the
problem by creating inference methods that are robust to model misspecification.

We focused on variational inference and adopted optimization-based view on
approximate Bayesian inference in its classical prior-likelihood formulation. Note,
as well as the approximate posteriors, the exact Bayesian posteriors can be char-
acterised as solutions of certain optimization tasks [Walker, 2006, Zellner, 1988].
Furthermore, this perspective can be extended to generalized (also known as
quasi- or pseudo-) posteriors which solve optimization task defined by a diver-
gence, a variational family, and a loss function [Bissiri et al., 2016, Knoblauch
et al., 2022]. Such framework leads to the collection of methods which aim
to generalize both exact and approximate Bayesian inference. Variational ap-
proximations considered in this thesis can be recovered by choosing the reverse
Kullback-Leibler divergence and the negative log-likelihood as the loss function.
If, in addition, the variational family coincides with the space of all probabil-
ity measures on the parameter space, the generalized posterior coincides with
the classical posterior of Bayes rule [Zellner, 1988]. If the likelihood is raised to a
power, the resulting posterior is known as tempered, fractional or power posterior
[Alquier and Ridgway, 2020]. To relax restrictive assumptions of the traditional
prior-likelihood approach, one may connect the information (e.g. from the data)
to the parameter of interest by choosing loss function on the space of probability
measures on the parameter space. This leads to prominent class of generalized
posteriors known as Gibbs or PAC-Bayes posteriors [Bissiri et al., 2016, Jew-
son et al., 2018]. For instance, choosing the Maximum Mean Discrepancy func-
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tion as the loss results in posteriors which are consistent and robust to certain
model misspecification; and moreover, approximations of such Gibbs posteriors
obtained with variational inference with reverse KL-divergence are able to retain
the same properties [Alquier et al., 2016, Cherief-Abdellatif and Alquier, 2020].
A promising direction of future research is thus to investigate the properties and
generalization capabilities of approximate and exact posteriors in Bayesian neural
networks derived using robust loss functions and divergences beyond the reverse
KL-divergence.

Furthermore, when defining a model through prior and likelihood is chal-
lenging, one can revisit the concept of the Bayesian predictive rule [Fortini and
Petrone, 2025]. In this thesis, we observed the power of the predictive view
on model assessment; in fact, the predictive Bayesian methods are not limited
to model comparison criteria and are rooted in the very decision-theoretic
foundations of the Bayesian framework [Bernardo et al., 1994, De Finetti, 1937,
Savage, 1972]. Rather than aiming to describe the data data-generating process
itself, the predictive approach reasons through conditional probabilities to obtain
probabilities of future events given the observed data. Indeed, if uncertainty in
a parameter of interest arises due to missing observations, then posteriors can
be modelled and quantified through predictions [Fong et al., 2023, Fortini and
Petrone, 2023]. In the context of Bayesian deep learning, a promising direction
for future work could be along the lines of martingale posteriors (MPs) [Fong
et al., 2023]. For example, deep ensembles combining point estimates were
recently interpreted as a form of a misspecified MP, while a well-posed MP
formulation achieved strong empirical performance in Bayesian neural networks
[Wu and A Williamson, 2024]. While, to the best of our knowledge, the research
on predictive variational inference remains limited, it would be interesting to ex-
tend the predictive VI of Lai and Yao [2024], particularly in the context of BNNs.

The behaviour, and often the success, of modern neural networks is frequently
regarded as mysterious, if not opaque. We argue that many of the conceptual
puzzles of deep learning can be addressed and explained by adopting the power
of Bayesian inference. While defining, computing and approximating distribu-
tions that arise in Bayesian neural networks requires certain effort, and there is
clearly room for improvement, real-world events cannot be captured by the point
estimates alone, and the benefits of dealing with probability distributions are
fundamental and should not be underestimated. Therefore, careful and method-
ological development of Bayesian inference frameworks that are be scalable and
robust in the realms of modern neural networks, is essential for understanding,
reasoning about, and making reliable decisions in real-world scenarios.
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Appendix A

Supplementary To the Empirical
Example

This appendix supplements empirical examples considered in Sections 3.2 and 3.3.

A.1 Metrics and practicalities
Recall that we denoted the training data to be D = {xn, yn}Ni=1 and the new data
for testing to be D̃ = {x̃n, ỹn, }Ñn=1. Denote the approximated posterior predictive
mean as y, the set of S samples of the signal as µS and of the observations as yS.
Upon computing the posterior predictive distribution, we obtain the root mean
squared error and the empirical coverage as:

RMSE =

√√√√ 1

N

N∑
n

[(ỹn − ES[ySi ])2],

EC =
#{y∈[q0.025, q0.975]}

N
, where q are quantiles of µS or yS.

The results of Section 3.2.2 are obtained when the number of iterations of mfVI is
set 104, 104, 5×104, 6×104 to train models with, respectively, 20, 200, 1000, 2000
hidden units in a layer. In models trained with HMC, the number of samples
used for warmup was set to 103, the samples used for posterior is 103 in models
with 20 hidden units, and 2× 103 in models with 200, 1000, 2000 hidden units in
a layer. In experiments of Section 3.2.3, the number of iterations of mfVI was set
to L × 104; the HMC had the number of warmup samples fixed to 103, and the
number of samples was min(4× 103, L× 103).

Remark on the initialization: Based on the empirical evidence, we ob-
served that in our experiment for L = 1, 2 the NumPyro implementation of mfVI
requires the initialization mode to be set to "init to feasible", which chooses
initialization point uniformly (ignoring the prior distribution). Whereas for
L = 3, 4, 5, 6 mfVI requires "init to mean", which sets initial parameters to the
prior mean, and "init to feasible" will fail. Conversely, the NumPyro implemen-
tation of the HMC fails if the initialization location is set to "init to mean" but
performs fine if it is always set to "init to feasible", i.e. ignoring the distribution
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parameters.

A.2 Correspondence between WAIC and RMSE
In Section 3.3.2 we compared the RMSE obtained in the OOD experiment to the
estimates of the log pointwise predictive density obtained with LOO-CV. Com-
puting êlpdloo involved Pareto smoothed importance sampling, and in some of
the models, the estimated shape parameter of the generalized Pareto distribution
gave a warning about the reliability of the LOO estimate. Here, we do an extra
step and check if the WAIC and LOO estimates of the elpd agree. Figure A.1
illustrates the reverse dependency between the RMSE and êlpdWAIC and is largely
identical to Figure 3.5c (in terms of the location of coordinates but not the error
bars). Therefore, we can conclude that LOO estimates obtained in Section 3.3.2
can be seen as relatively reliable.

Figure A.1: Estimating the out-of-distribution performance before seeing the
new data: the correspondence between the êlpdWAIC and the RMSE in the OOD
scenario. Similarly to êlpdloo, the higher êlpdWAIC should correspond to lower
RMSE.

A.3 Supplementary to ensembles and averages
Remark on constructing deep ensembles. Given M = {M1, . . . ,MK}
a collection of models suppose that K approximations ỹk of the posterior
p(ỹ|D,Mk) have means µk and variances σ2

k or k = 1, . . . , K. Then the mean
and variance of an ensemble of approximations:

µDE = K−1

K∑
1

µk, σ2
DE = K−1

(
K∑
1

σ2
k + µ2

k

)
− µ2

DE.

In general, given weights ωk = p(M =Mk) the mean and the variance are

µDE = E[E[ỹ|M ]] =
K∑
1

ωkµk,
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(a) The complement-distributions task. Predictions are very similar.
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(b) The related-distributions task. Predictions are (again) strikingly similar.

Figure A.2: Predictions obtained by ensembling, stacking and pseudo-BMA when
applied to HMCR20 in the complement-distributions and related-distributions
tasks.

σ2
DE = E[E[ỹ2|M ]]− µ2

DE =
K∑
1

ωkE[ỹk2]− µ2
DE

=

(
K∑
1

ωk(σ
2
k + µ2

k)

)
− µ2

DE.

We wish to recreate the experiment we did in Section 3.3.4 for the HMCR20
model instead of the mfVIR20 model. We choose 10 random initialization points,
obtain 10 posterior predictive distributions and compute estimated expected log
pointwise predictive densities. We then construct ensemble, pseudo-BMA and
stacking approximations for the complement-distribution task, the results are
illustrated by Figure A.2a and the predictions of the related-distributions task are
shown on Figure A.2b. In contrast to mfVIR20, this time we do not observe a clear
difference between the pseudo-BMA and stacking and ensembling methodologies.
Moreover, all the approaches require considerable computational resources (for
10 random runs) but do not provide a considerable improvement in RMSE and
empirical coverage compared to a single random run of the model. We conclude
that in this particular example, ensembling, stacking and pseudo-BMA do not
help explore different modes of the posterior and so cannot be recommended
when dealing with HMC.

Now recall the neural network considered in Section 3.2.3. Based on the
10 posterior predictive distributions obtained starting from 10 different random
initialization points, we construct an ensemble, pseudo-BMA and stacking ap-
proximations for the mfVIR and mfVIS models with L = 6 hidden layers. The
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(a) The complement-distributions task. DE and stacking are preferable over pseudo-
BMA.
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(b) The related-distributions task. DE and stacking are preferable over pseudo-
BMA.

Figure A.3: Predictions obtained by ensembling, stacking and pseudo-BMA when
applied to mfVIR20 with L = 6 in the complement-distributions and related-
distributions tasks.

results are consistent with the observation made in Chapter 3; in the complement-
distribution task (Figure A.3b), pseudo-BMA is confirmed to be inferior to stack-
ing and deep ensembles of BNNs. In the related distribution task (Figure A.3a),
in terms of both accuracy and uncertainty quantification, stacking is preferable
over deep ensembles and pseudo-BMA, with the latter performing better than
ensembles (unlike in the one-layer case).

A.4 Experiments with Student-t priors
We consider a Bayesian neural network, which is defined similarly to Equa-

tion (3.1) but with the Student-t priors, that is

y ∼ N
(
bL+1 +WL+1zL,σ

2
)
, σ ∼ |N (0, 1e− 6)|,

zl = g (bl +Wlzl−1) for l = 1, . . . , L,

and the following priors on the weights and biases:

W1 ∼ ST
(
0,

1

LD0

)
, bl ∼ N

(
0,

1

4L

)
,

Wl ∼ ST
(
0,

2

Dl−1

)
for l = 2, . . . , L+ 1,
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where we consider two different choices of activation functions, namely, the ReLU
and the sigmoid.

First, similar to Section 3.2.2, consider the performances of mfVIR, mfVIS,
HMCR and HMCS with Student-t priors with 1 hidden layer and either Gaussian
or Student-t priors as the width increases, and illustrate the metrics for D1 =
20, 200, 1000 and 2000 hidden units by the Figure A.4a. The predictions of the
four combinations of activation and inference algorithm with Student-t priors
when D1 = 2000 are provided on the Figure 3.2b; For either choice of priors,
performance of the mfVIS dips with the increase in the dimension of the hidden
layer; moreover, forD1 = 1000 andD1 = 2000 its posterior predictive distribution
fails to capture the data, and, in fact, degenerates to the prior (see Figure A.4b
here and Figure 3.2b in Section 3.2.2). In terms of predictive accuracy, HMC
is preferred over mfVI in all of the combinations of the activation function and
width. However, in terms of uncertainty quantification, the HMC is inferior to
mfVI (with one exception of a BNN with Student-t priors, sigmoid activation
and 2000 hidden units). There is no considerable difference with the results for
Gaussian priors.

Consider the neural networks with Student-t priors and with the number of
layers L varying from 1 to 6 and a fixed number of hidden units in each layer
Dh = 20. Figure A.4c provides the recorded metrics, and Figure A.4d illustrates
the predictions of the four combinations of activation and inference algorithm
with L = 6. The performance of Student-t priors is very similar to Gaussian
priors, with one exception of L = 5 and Student-t priors, when the prediction
quality of the network drops drastically.

Further, we consider the ’complement-distributions’ data of Section 3.2.4. On
Figure A.5a we illustrate the metrics forD1 = 20, 200, 1000 and 2000 hidden units;
Figure A.5b compares non-OOD and OOD predictions obtained by the BNNs
with ReLU activation, Student-t priors and D1 = 200. The poor performance of
the mfVIS, especially for wider networks, is not surprising, and the performance
of Student-t priors is very similar to Gaussian priors. However, we notice that for
wide networks, HMCS with Gaussian priors (see Figure 3.4b) suffers from much
higher RMSE than HMCS with Student-t priors and mfVIR and HMCR with
either choice of priors.

Finally, we recreate the experiments of Section 3.3.4, where we compare
three model averaging methodologies, deep ensembles of Bayesian neural net-
works, stacking and pseudo-BMA based on PSIS-LOO. Consider the mfVIR20
model with Student-t priors and the ’complement-distributions’ and ’related-
distributions’ data tasks. We choose 10 random initialization points, obtain 10
posterior predictive distributions and compute estimated expected log pointwise
predictive densities. We then construct ensemble, pseudo-BMA and stacking ap-
proximations; the results are illustrated by Figure A.6 and are, again, very similar
to Gaussian priors. In both of the tasks, ensembling and stacking are superior to
pseudo-BMA, which has worse accuracy and fails to capture any uncertainty.

Future work could study the performance of various more elaborate than
Gaussian or Student-t choices of priors placed on the weights, including sparsity-
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inducing priors which have been shown to improve the accuracy and calibration
[Blundell et al., 2015, Polson and Ročková, 2018].
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(b) The predictions and uncertainty estimates
obtained by each model when D1 = 2000
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(c) The prediction performances of
all the models are compared as the
number of hidden layers increases.
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(d) The predictions and uncertainty estimates
obtained by each model when L = 6

Figure A.4: Prediction performance of wider and deeper neural networks with
Student-t priors.
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(b) Within-the sample and out-of-sample
predictions and uncertainty estimates of BNNs

with D1 = 200 and ReLU activation.

Figure A.5: Out-of-distribution prediction for the complement-distribution data
in the case of BNN with Student-t priors.
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(a) The complement-distributions task. The pseudo-BMA is worse than DE and
stacking, which are very similar to each other.
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(b) The related-distributions task. The pseudo-BMA is again worse than the other
methodologies. In uncertainty quantification, stacking is better than DE.

Figure A.6: Predictions obtained by ensembling, stacking and pseudo-BMA when
applied to mfVIR20 with Student-t priors in the complement-distributions and
related-distributions tasks.
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Appendix B

Supplementary to the Variational
Bow Tie Neural Network

This appendix supplements the Chapter 4, where we developed a variational bow
tie neural network.

B.1 Derivations of the variational posterior
Global shrinkage parameters. Using Equation (2.8), the variational poste-
rior for the global shrinkage parameters is:

q(τ ) ∝ exp
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where for l = 1, . . . , L+ 1
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Assuming hidden layers of the dimension D, the computational complexity of
updating the global shrinkage variable is O(LDmax(D0, D,DL+1)).

Local shrinkage parameters. Similarly, the variational posterior for the local
shrinkage parameters is:

q(ψ) ∝
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where for l = 1, . . . , L+ 1, d = 1, . . . , Dl, Dl−1 d
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Similarly, given hidden layers of the dimension D, the computational complexity
of updating the global shrinkage variable is O(LDmax(D0, D,DL+1)).

Covariance matrix. Under the assumption of a diagonal covariance matrix,
with parameters ηl = (η2l,1, . . . η

2
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), the variational posterior is:
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Thus, q(η) ∝
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For the parameters βl,d, we must compute the sum of squares terms. For the
last layer l = L+ 1, this term, for each data point n, is given by:
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Instead, for an intermediate layer l = 1, . . . , L, the sum of squares term, for
each data point n, is given by:
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The complexity of obtaining variational update for η is then
O(NLmax(D,D0)

2max(DL+1, D)).

Weights and biases. The variational posterior for the weights and biases is:
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Therefore, using also the fact that Σl is diagonal, we have that the variational
posterior factorizes as q(b,W ) =

∏L+1
l

∏Dl

d=1 q(bl,d,Wl,d). We consider the terms
q(bl,d,Wl,d) for the intermediate layers l = 1, . . . , L and q(bL+1,d,WL+1,d) for the
last layer separately.

Starting with the last layer L+ 1, we first introduce the matrix
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Then, for the variational posterior of the weights and biases for the dth dimension
of the final layer, we only need to consider the relevant terms:
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ynE [ãn,L]

)))

∝ exp

(
−1

2

(
W̃L+1,dB

−1
L+1,dW̃

T
L+1,d − 2W̃L+1,dB

−1
L+1,dm

T
L+1,d

))
,

where

B−1
L+1,d =D

−1
L+1,d + E

[
(ηL+1,d)

−2
] N∑

n

E
[
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Thus, completing the square, we have that
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)
.

Next, for the intermediate layers l = 1, . . . , L, we can similarly obtain the
variational posterior of the weights and biases q(bl,d,Wl,d) for dimensions d =
1, . . . , Dl. We introduce the matrices

D−1
l,d = diag

(
s−2
0 ,E

[
τ−1
l

]
E
[
ψ−1
l,d,1

]
, . . . ,E

[
τ−1
l

]
E
[
ψl,d,D−1

l−1

])
,

and consider the terms relevant to derive each q(bl,d,Wl,d) separately:

q(bl,d,Wl,d) ∝ exp

(
−1

2
W̃l,dD

−1
l,d W̃

T
l,d −

1

2T 2
W̃l,d

(
N∑
n

E [ωn,l,d]E
[
ãn,l−1ã

T
n,l−1

])
W̃ T

l,d

−1

2
E
[
η−2
l,d

]
W̃l,d

(
N∑
n

E
[
γ2n,l,d

]
E
[
ãn,l−1ã

T
n,l−1

])
W̃ T

l,d

+E
[
η−2
l,d

]
W̃l,d

(
N∑
n

E [γn,l,d]E [an,l,dan,l−1]

)

+
1

T
W̃l,d

(
N∑
n

E [γn,l,d]E [ãn,l−1]

)
− 1

2T
W̃l,d

(
N∑
n

E [ãn,l−1]

))
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∝ exp

(
−1

2

(
W̃l,dB

−1
l,d W̃

T
l,d − 2W̃l,dB

−1
l,dm

T
l,d

))
,

where

B−1
l,d =D−1

l,d +
N∑
n

((
1

T 2
E [ωn,l,d] + E

[
(ηl,d)

−2
]
E [γn,l,d]

)
E
[
ãn,l−1ã

T
n,l−1

])
,

mT
l,d = Bl,d

(
N∑
n

(
E
[
(ηl,d)

−2
]
E [γn,l,d]E [an,l,dãn,l−1] +

1

T
E [ãn,l−1]

(
E [γn,l,d]−

1

2

)))
.

Again, completing the square, we obtain the Gaussian variational posterior

q(bl,d,Wl,d) = N ((bl,d,Wl,d)|ml,d,Bl,d) .

The complexity of obtaining variational update for W , b is then
O((Lmax(DL+1, D)(N max(D,D0)

2 + max(D,D0)
3)). Assuming

max(D,D0) < N , one gets the same complexity as when updating η, i.e.
O(LN max(D,D0)

2max(DL+1, D).

Augmented variables. The variational posterior of the augmented variables
is

q(ω) ∝ exp

(
E

[
log

N∏
n

L∏
l

Dl∏
d

exp

(
−
ωn,l,dz

2
n,l,d

2T 2

)
p(ωn,l,d)

])

∝
N∏
n

L∏
l

Dl∏
d

exp

(
E

[
−
ωn,l,dz

2
n,l,d

2T 2

])
p(ωn,l,d).

Thus, they are independent across width, depth, and observations, with

q(ωn,l,d) = PG(ωn,l,d|1,
1

T

√
E
[
z2n,l,d

]
)

= PG(ωn,l,d|1, an,l,d),

where

an,l,d =
1

T

√(
Tr
(
E
[
W̃ T

l,dW̃l,d

]
E
[
ãn,l−1ãTn,l−1

]))
.

The complexity of obtaining variational update for ω is then
O((NLDmax(D,D0)

2)).

Binary activation. The variational posterior of the binary activations is:

q(γ) ∝ exp

(
E

[
log

N∏
n

L∏
l

N (an,l|γn,l ⊙ zn,l,Σl)

])

× exp

(
E

[
log

(
N∏
n

L∏
l

Dl∏
d

exp(
γn,l,dzn,l,d

T
)

)])
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∝
N∏
n

L∏
l

Dl∏
l

exp

(
− 1

2η2l,d
E
[
(an,l,d − γn,l,d (Wl,dan,l−1 + bl,d))

2
])

×
N∏
n

L∏
l

Dl∏
l

exp

(
− 1

2η2l,d
E
[
γn,l,d(Wl,dan,l−1 + bl,d)

T

])
.

Therefore, the variational posterior q(γ) factories across observations n =
1, . . . , N , layers l = 1, . . . , L, and dimensions of the layer d = 1, . . . , Dl, with each
factor q(γn,l,d) given by:

q(γn,l,d) ∝ exp

(
γn,l,d

(
−1

2
E
[
η−2
l,d

]
Tr
(
E
[
W̃ T

l,dW̃l,d

]
E
[
ãn,l−1ã

T
n,l−1

])
+E

[
η−2
l,d

]
E
[
W̃l,d

]
E [ãn,l−1an,l,d] +

1

T
E
[
W̃l,d

]
E [ãn,l−1]

))
∝ exp

(
γn,l,dσ

−1 (ρn,l,d)
)
,

where σ is the logistic function and

ρn,l,d = σ

(
E
[
η−2
l,d

](
−1

2
Tr
(
E
[
W̃ T

l,dW̃l,d

]
E
[
ãn,l−1ã

T
n,l−1

])
+ E

[
W̃l,d

]
E [ãn,l−1an,l,d]

)
+

1

T
E
[
W̃l,d

]
E [ãn,l−1]

)
.

Then, noticing that σ−1(ρ) = log(ρ(1− ρ)−1) and combining separate factors
of the variational posterior of the binary activations, we obtain:

q(γ) ∝
N∏
n

L∏
l

Dl∏
d

ρ
γn,l,d

n,l,d (1− ρn,l,d)
1−γn,l,d

∝
N∏
n

L∏
l

Dl∏
d

Bern (γn,l,d|ρn,l,d) .

The complexity of obtaining variational update for γ is then
O(LNDmax(D,D0)

2).

Stochastic activation. The variational posterior of the stochastic activation
is

q(a) ∝ exp

(
E

[
log

N∏
n

N (yn|zn,L+1,ηL+1) + log
N∏
n

L∏
l

N (an,l|γn,l ⊙ zn,l,ηl)

+ log
N∏
n

L∏
l

Dl∏
d

exp(
(γn,l,d − 1

2 )zn,l,d

T
) exp(−

ωn,l,dz
2
n,l,d

2T 2
)

])

∝
N∏
n

exp

−1

2

DL+1∑
d

E

[
1

η2L+1,d

]
E
[
(yn,d −WL+1,dan,L − bL+1,d)

2
]

×
N∏
n

exp

(
−1

2

L∑
l

Dl∑
d

E

[
1

η2l,d

]
E
[
(an,l,d − γn,l,d (Wl,dan,l−1 + bl,d))

2
])
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×
N∏
n

exp

(
L∑
l

Dl∑
d

E

[(
γn,l,d − 1

2

)
zn,l,d

T
−
ωn,l,dz

2
n,l,d

2T 2

])
.

Therefore, the variational posterior of the stochastic activations factories
across observations n = 1, . . . , N , and we derive q(an) separately. For
each layer l = 1, . . . , L, we introduce the following diagonal matrix Σ̂−1

l =
diag

(
E
[
η−2
l,1

]
, . . . ,E

[
η−2
l,Dl

])
and consider the relevant terms of the variational

posterior:

q(an) ∝ exp

−1

2
aTn,L

DL+1∑
d

E

[
1

η2L+1,d

]
E
[
W T

L+1,dWL+1,d

]
an,L


× exp

−aTn,L

DL+1∑
d

E

[
1

η2L+1,d

] (
E
[
W T

L+1,dbL+1,d

]
− E

[
W T

L+1,d

]
yn,d

)
× exp

(
−1

2
aTn,LΣ̂

−1
L an,L

)
×
L−1∏
l=1

exp

(
−1

2
aTn,lΣ̂

−1
l an,l

)
× exp

(
aTn,LΣ̂

−1
L

((
E [γn,L]1

T
DL−1

⊙ E [WL]
)
an,L−1 + E [γn,L]⊙ E [bL]

))
×
L−1∏
l=1

exp
(
aTn,lΣ̂

−1
l

((
E [γn,l]1

T
Dl−1

⊙ E [Wl]
)
an,l−1 + E [γn,l]⊙ E [bl]

))
×

L∏
l=1

exp

(
−1

2

(
aTn,l−1

(
Dl∑
d=1

E

[
1

η2l,d

]
E [γn,l,d]E

[
W T

l,dWl,d

]
an,l−1

)))
×

×
L∏
l=1

exp

(
−aTn,l−1

(
Dl∑
d=1

E

[
1

η2l,d

]
E [γn,l,d]E

[
W T

l,dbl,d
]))

×
L∏
l=1

exp

(
−1

2

(
aTn,l−1

(
1

T 2

Dl∑
d=1

E [ωn,l,d]E
[
W T

l,dWl,d

])
an,l−1

))

×
L∏
l=1

exp

(
aTn,l−1

(
1

T

Dl∑
d=1

E
[
W T

l,d

](
E [γn,l,d]−

1

2

)))

×
L∏
l=1

exp

(
−aTn,l−1

(
1

T 2

Dl∑
d=1

E [ωn,l,d]E
[
W T

l,dbl,d
]))

.

The variational posterior of the stochastic activations does not factories
into independent blocks, however, it does have a structured sequential factor-
ization q(an) =

∏L
l=1 q(an,l|an,l−1).And, we can derive the variational factor

q(an,L|an,L−1) by only considering the terms with an,L. First, introduce the
matrices Sn,L and Mn,L and a vectors tn,L:

S−1
n,L = Σ̂−1

L +

DL+1∑
d=1

E

[
1

η2L+1,d

]
E
[
W T

L+1,dWL+1,d

]
,

tn,L = Sn,L

Dl+1∑
d=1

E

[
1

η2L+1,d

]
− E

[
W T

L+1,dbL+1,d

]
+ E

[
W T

L+1,d

]
yn,d


+ Sn,L

(
Σ̂−1
l E [γn,L]⊙ E [bL]

)
,
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Mn,L = Sn,LΣ̂
−1
L E [γn,L]1

T
DL−1

⊙ E [WL] .

Then we consider the relevant terms of the variational posterior:

q(an,L|an,L−1) ∝ exp

(
−1

2

(
aTn,LS

−1
n,Lan,L − 2aTn,LS

−1
n,L (tn,L +Mn,Lan,L−1)

))
∝ exp

(
−1

2
(an,L − (tn,L +Mn,Lan,L−1))

T
S−1
n,L (an,L − (tn,L +Mn,Lan,L−1))

)
× exp

(
1

2
(tn,L +Mn,Lan,L−1)

T
S−1
n,L (tn,L +Mn,Lan,L−1)

)
∝ N (an,L|tn,L +Mn,Lan,L−1,Sn,L)

× exp

(
1

2
(tn,L +Mn,Lan,L−1)

T
S−1
n,L (tn,L +Mn,Lan,L−1)

)
,

where the first term in the equation above provides q(an,L|an,L−1) and the sec-
ond terms is relevant for computing the subsequent q(an,L−1|an,L−2). Recursively
repeating a similar procedure for l = L−1, . . . , 1, we are then able to obtain each
of the variational posteriors q(an,l|an,l−1). Each time we define Sn,l,Mn,l and tn,l
as follows:

S−1
n,l = Σ̂−1

l −MT
n,l+1S

−1
n,l+1M̂n,l+1

+

Dl+1∑
d=1

E

[
1

η2l+1,d

]
E [γn,l+1,d] +

1

T 2

Dl+1∑
d=1

E [ωn,l+1,d]

E
[
W T

l+1,dWl+1,d

]
tn,l = Sn,l

(
MT

n,l+1S
−1
n,l+1tn,l+1 + Σ̂−1

l E [γn,l]⊙ E [bl]

+
1

T

Dl+1∑
d=1

E
[
W T

l+1,d

](
E [γn,l+1,d]−

1

2

)

−
Dl+1∑
d=1

(
E

[
1

η2l+1,d

]
E [γn,l+1,d] +

1

T 2
E [ωn,l+1,d]

)
E
[
W T

l+1,dbl+1,d

] ,

Mn,l = Sn,lΣ̂
−1
l E [γn,l]1

T
Dl−1

⊙ E [Wl] .

Then substituting the above into the terms of the variational posterior con-
taining an,l:

q(an,l|an,l−1) ∝ exp

(
1

2
(tn,l +Mn,lan,l−1)

T
S−1
n,l (tn,l +Mn,lan,l−1)

)
× exp

(
−1

2
(an,l − (tn,l +Mn,lan,l−1))

T
S−1
n,l (an,l − (tn,l +Mn,lan,l−1))

)
∝ N (an,l|tn,l +Mn,lan,l−1,Sn,l)

× exp

(
1

2
(tn,l +Mn,lan,l−1)

T
S−1
n,l (tn,l +Mn,lan,l−1)

)
.

Finally, we combine the terms q(an,l|an,l−1) for l = 1, . . . , L + 1 and get the
variational posterior of the stochastic activation
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q(a) ∝
N∏
n=1

L∏
l=1

N (an,l|tn,l +Mn,lan,l−1,Sn,l) .

The complexity of obtaining variational update for a is then O(NLD3).

B.2 ELBO computation

B.2.1 ELBO for training

Recall that optimal variational parameters maximize the ELBO function of Equa-
tion (2.5), which for our model is:

ELBO = E [log p(y,a,γ,ω|W , b,Σ)] + E [log p(W |ψ, τ )] + E [log p(ψ)] + E [log p(τ )]

+ E [log p(b)] + E [log p(Σ)]− E [log q(a)]− E [log q(γ)]− E [log q(ω)]

− E [log q(W , b)]− E [log q(η)]− E [log q(ψ)]− E [log q(τ )] .

Similar to the variational update, we compute the terms of the ELBO corre-
sponding to different blocks of parameters separately.

ELBO of τ . First, consider the terms of the ELBO containing the global shrink-
age parameters:

E [log p(τ )− log q(τ )]

=
L+1∑
l=1

E
[
logGIG (τl|νglob, δglob, λglob)− logGIG

(
τl|ν̂glob,l, δ̂glob,l, λglob

)]
= Cτ +

L+1∑
l=1

E

[
log τ

νglob−1
l exp

(
−1

2

(
δ2glob
τl

+ λ2globτl

))]

−
L+1∑
l=1

E

[
log
(
τ
ν̂glob,l−1
l

)
exp

(
−1

2

(
δ̂2glob,l
τl

+ λ2globτl

))]

= Cτ +
1

2

L+1∑
l=1

DlDl−1E [log τl] + E
[
1

τl
(δ̂2glob,l − δ2glob)

]
,

where the normalizing constant is

Cτ =
L+1∑
l=1

(νglob − ν̂glob,l) log(λglob) + ν̂glob,l log(δ̂glob,l)− νglob log(δglob)

+
L+1∑
l=1

log(Kν̂glob,l
(λglobδ̂glob,l))− log(Kνglob(λδglob)).

ELBO of ψ. Similarly, the terms of the ELBO containing the local shrinkage
parameters are

134



Appendix B. Supplementary to the Variational Bow Tie Neural Network

E [log p(ψ)− log q(ψ)] = Cψ +
L+1∑
l=1

Dl∑
d=1

Dl−1∑
d′=1

E [logGIG (ψl,d,d′ |νloc,l, δloc,l, λloc,l)]

−
L+1∑
l=1

Dl∑
d=1

Dl−1∑
d′=1

E
[
logGIG

(
ψl,d,d′ |ν̂loc,l,d,d′ , δ̂loc,l,d,d′ , λloc,l

)]

= Cψ +
L+1∑
l=1

Dl∑
d=1

Dl−1∑
d′=1

E

[
logψ

νloc,l−1
l,d,d′ exp

(
−1

2

(
δ2loc,l

ψl,d,d′
+ λ2loc,lψl,d,d′

))]

= −
L+1∑
l=1

Dl∑
d=1

Dl−1∑
d′=1

E

[
log
(
ψ
ν̂loc,l,d,d′−1

l,d,d′

)
exp

(
−1

2

(
δ̂2loc,l,d,d′

ψl,d,d′
+ λ2loc,lψl,d,d′

))]

= Cψ +
1

2

L+1∑
l=1

Dl∑
d=1

Dl−1∑
d′=1

E [logψl,d,d′ ] + E
[

1

ψl,d,d′

](
δ̂2loc,l,d,d′ − δ2loc,l

)
,

where the normalizing constant is

Cψ =
L+1∑
l=1

Dl∑
d=1

Dl−1∑
d′=1

(νloc,l − ν̂loc,l,d,d′) log(λloc,l) + ν̂loc,l,d,d′ log(δ̂loc,l,d,d′)− νloc,l log(δloc,l)

+

L+1∑
l=1

Dl∑
d=1

Dl−1∑
d′=1

log(Kν̂loc,l,d,d′ (λglobδ̂loc,l,d,d′))− log(Kνloc,l(λloc,lδloc,l)).

ELBO of η. As before, the covariance matrix matrix is assumed to be diagonal
so that the relevant ELBO is:

E [log p(Σ)− log q(η)] = Cη +

L∑
l=1

Dl∑
d=1

E
[
log IG(η2l,d|αh0 , βh0 )

]
+

DL+1∑
d=1

E
[
log IG(η2l,d|α0, β0)

]
−
L+1∑
l

Dl∑
d

E
[
log IG(η2l,d|αl,d, βl,d)

]
= Cη +

L∑
l

Dl∑
d

(
αl,d − αh0

)
E
[
log η2l,d

]
+

DL+1∑
d=1

(αL+1,d − α0)E
[
log η2L+1,d

]
+

L∑
l=1

Dl∑
d=1

(
βl,d − βh0

)
E

[
1

η2l,d

]
+

DL+1∑
d=1

(βL+1,d − β0)E

[
1

η2L+1,d

]

= Cη +
N

2

L+1∑
l

Dl∑
d

E
[
log η2l,d

]
+

L∑
l=1

Dl∑
d=1

(
βl,d − βh0

)
E

[
1

η2l,d

]

+

DL+1∑
d=1

(βL+1,d − β0)E

[
1

η2L+1,d

]
,

where the normalizing constant is

Cη =
L∑
l=1

Dl∑
d=1

αh0 log β
h
0 − αl,d log βl,d + log Γ(αl,d)− log Γ(αh0 )
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+

DL+1∑
d=1

α0 log β0 − αL+1,d log βL+1,d + log Γ(αL+1,d)− log Γ(α0).

ELBO of (W , b). Recall, that we previously introduced matrices Dl,d, and
denote furtherD0

l,d = diag
(
s20, τlψl,d,1, . . . , τlψl,d,Dl−1

)
. Then the ELBO of weights

and biases is:

E [log p(W |ψ, τ )] + E [log p(b)]− E [log q(W , b)]

=

L+1∑
l=1

Dl∑
d=1

Dl−1∑
d′=1

E
[
logN

(
W̃l,d|0,D0

l,d

)]
−
L+1∑
l

Dl∑
d

E
[
logN

(
W̃l,d|ml,d,Bl,d

)]
=
L+1∑
l=1

Dl∑
d=1

E
[
log (|Dl,d|)−

1
2 exp

(
−1

2
W̃l,d

(
D0
l,d

)−1
W̃ T

l,d

)]

−
L+1∑
l

Dl∑
d

E
[
log |Bl,d|−

1
2 exp

(
−1

2

(
W̃l,d −ml,d

)
B−1
l,d

(
W̃l,d −ml,d

)T)]

=
1

2

L+1∑
l

Dl∑
d

E [log |Bl,d|]− E
[
log
(
|D0

l,d|
)]

− E
[
W̃l,d(D

0
l,d)

−1W̃ T
l,d

]
+

1

2

L+1∑
l

Dl∑
d

E
[(
W̃l,d −ml,d

)
B−1
l,d

(
W̃l,d −ml,d

)T]

=
1

2

L+1∑
l

Dl∑
d

log |Bl,d| − E
[
log
(
|D0

l,d|
)]

− Tr
(
E
[
W̃ T

l,dW̃l,d

]
E
[
(D0

l,d)
−1
])

=
1

2

L+1∑
l

Dl∑
d

log |Bl,d| − Tr
(
E
[
W̃ T

l,dW̃l,d

]
Dl,d

)
−
Dl−1∑
d′=1

E [logψl,d,d′ ]


− 1

2

L+1∑
l

Dl

(
log s20 +Dl−1E [log τl]− 1

)
+
L+1∑
l

Dl

2
.

ELBO of a, γ and ω. The remaining terms of the ELBO are the ones with
stochastic and binary activations and additional augmented variables:

E [log p(y,a,γ,ω|W , b,Σ)]− E [log q(a)]− E [log q(γ)]− E [log q(ω)]

=

N∑
n=1

DL+1∑
d=1

E [logN (yn,d|zn,L+1,d,ΣL+1,d)]

+

N∑
n=1

L∑
l=1

Dl∑
d=1

E [logN (an,l,d|γn,d ⊙ zn,l,d,Σl,d)]

+

N∑
n=1

L∑
l=1

Dl∑
d=1

E

[
log

(
exp

(κn,l,dzn,l,d
T

)
exp

(
−
ωn,l,dz

2
n,l,d

2T 2

)
PG(ωn,l,d|1, 0)

)]

−
N∑
n=1

L∑
l=1

E [logN (an,l|tn,l +Mn,lan,l−1,Sn,l)]

−
N∑
n=1

L∑
l=1

Dl∑
d=1

E [logBern (γn,l,d|ρn,l,d)] + E [logPG(ωn,l,d|1, an,l,d)]
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=

N∑
n=1

DL+1∑
d=1

E

[
log(η2L+1,d)

−1/2 exp

(
− 1

2η2L+1,d

(yn,d −WL+1,dan,L − bL+1,d)
2

)]

+

N∑
n=1

L∑
l=1

Dl∑
d=1

E

[
log(η2l,d)

−1/2 exp

(
− 1

2η2l,d
(an,l,d − γn,l,d ⊙ (Wl,dan,l−1 + bl,d))

2

)]

−N
L∑
l=1

Dl log(2)−
NDL+1

2
log(2π)

+
1

T

N∑
n=1

L∑
l=1

Dl∑
d=1

E
[(
γn,d −

1

2

)
(Wl,dan,l−1 + bl,d)

]

− 1

2T 2

N∑
n=1

L∑
l=1

Dl∑
d=1

E
[
ωn,l,d (Wl,dan,l−1 + bl,d)

2
]

−
N∑
n=1

L∑
l=1

E
[
log |Sn,l|−

1
2

]
−

N∑
n=1

L∑
l=1

E
[
−1

2
(an,l − tn,l −Mn,lan,l−1)

T
S−1
n,l (an,l − tn,l −Mn,lan,l−1)

]

−
N∑
n=1

L∑
l=1

Dl∑
d=1

(ρn,l,d log ρn,l,d + (1− ρn,l,d) log(1− ρn,l,d))

+
N∑
n=1

L∑
l=1

Dl∑
d=1

E
[
log

PG(ωn,l,d|1, 0)
PG(ωn,l,d|1, An,d)

]

=− 1

2

N∑
n=1

DL+1∑
d=1

E

[
1

η2L+1,d

](
y2n,d − 2yn,dE

[
W̃L+1,d

]
E [ãn,L]

)

− 1

2

N∑
n=1

DL+1∑
d=1

E

[
1

η2L+1,d

](
Tr
(
E
[
W̃ T

L+1,dW̃L+1,d

]
E
[
ãn,Lã

T
n,L

]))
− 1

2

N∑
n=1

L∑
l=1

Dl∑
d=1

E

[
1

η2l,d

](
E
[
a2n,l,d

]
− 2E [γn,l,d]E

[
W̃l,d

]
E [ãn,l−1an,l,d]

)
− 1

2

N∑
n=1

L∑
l=1

Dl∑
d=1

E

[
1

η2l,d

]
E
[
γ2n,l,d

]
Tr
(
E
[
W̃ T

l,dW̃l,d

]
E
[
ãn,l−1ã

T
n,l−1

])

− N

2

DL+1∑
d=1

E
[
log η2L+1,d

]
− N

2

L∑
l=1

Dl∑
d=1

E
[
log η2l,d

]
+

1

2

N∑
n=1

L∑
l=1

log(|Sn,l|)

+
N∑
n=1

L∑
l=1

Dl∑
d=1

1

T

(
ρn,l,d −

1

2

)
E
[
W̃l,d

]
E [ãn,l−1]

− 1

2T 2

N∑
n=1

L∑
l=1

Dl∑
d=1

E [ωn,l,d]
(
Tr
(
E
[
W̃ T

l,dW̃l,d

]
E
[
ãn,l−1ã

T
n,l−1

]))
−

N∑
n=1

L∑
l=1

Dl∑
d=1

ρn,l,d log ρn,l,d + (1− ρn,l,d) log(1− ρn,l,d)

+

N∑
n=1

L∑
l=1

Dl∑
d=1

a2n,l,d
2

E [ωn,l,d]− log(cosh(
an,l,d
2

)) + Ca,

where the normalizing constant is
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Ca = −NDL+1

2
log(2π)−N

L∑
l=1

Dl log(2).

Total ELBO Then, we can sum the derived above parts to get the total ELBO
of our model:

ELBO = const. +
L+1∑
l=1

1

2
E
[
1

τl

](
δ̂2glob,l − δ2glob

)
+ (ν̂glob,l log(δ̂glob,l) + log(Kν̂glob,l

(λglobδ̂glob,l))

+
L+1∑
l=1

Dl∑
d=1

Dl−1∑
d′=1

1

2
E
[

1

ψl,d,d′

](
δ̂2loc,l,d,d′ − δ2loc,l

)

+
L+1∑
l=1

Dl∑
d=1

Dl−1∑
d′=1

ν̂loc,l,d,d′ log(δ̂loc,l,d,d′) + log(Kν̂loc,l,d,d′ (λloc,lδ̂loc,l,d,d′))

+
L+1∑
l=1

Dl∑
d=1

E

[
1

η2l,d

] (
βl,d − βl0

)
− αl,d log βl,d +

1

2
log |Bl,d|

− 1

2

L+1∑
l=1

Dl∑
d=1

 1

s20
E[b2l,d] +

Dl−1∑
d′=1

E
[
1

τl

]
E
[

1

ψl,d,d′

]
E[w2

l,d,d′ ]


+

1

2

N∑
n=1

L∑
l=1

log(Sn,l)−
1

2

DL+1∑
d=1

E

[
1

η2L+1,d

](
N∑
n=1

E
[(
yn,d − E

[
W̃L+1,d

]
E [ãn,L]

)2])

− 1

2

DL+1∑
d=1

E

[
1

η2L+1,d

]
N∑
n=1

Tr
((
BL+1,d +mL+1,dm

T
L+1,d

)
E
[
ãn,Lã

T
n,L

])
+

1

2

DL+1∑
d=1

E

[
1

η2L+1,d

]
N∑
n=1

Tr
(
mL+1,dm

T
L+1,dE [ãn,L]E

[
ãTn,L

])
− 1

2

L∑
l=1

Dl∑
d=1

E

[
1

η21,d

](
N∑
n=1

(
ρn,l,dE

[
W̃l,d

]
E [ãn,l−1]− E [an,l,d]

)2
+ E

[
a2
n,l,d

]
− E [an,l,d]

2

)

− 1

2

L∑
l=1

Dl∑
d=1

E

[
1

η21,d

](
N∑
n=1

ρn,l,dTr
((
Bl,d +ml,dm

T
l,d

)
E
[
ãn,l−1ã

T
n,l−1

]))

+
1

2

L∑
l=1

Dl∑
d=1

E

[
1

η21,d

](
N∑
n=1

ρ2n,l,dTr
(
ml,dm

T
l,dE [ãn,l−1]E

[
ãTn,l−1

]))

−
L∑
l=1

Dl∑
d=1

E

[
1

η21,d

](
N∑
n=1

ρn,l,dE
[
W̃l,d

]
(E [an,l,d]E [ãn,l−1]− E [an,l,dãn,l−1])

)

+

N∑
n=1

L∑
l=1

Dl∑
d=1

1

T

(
ρn,l,d −

1

2

)(
E
[
W̃l,d

]
E [ãn,l−1]

)
−

N∑
n=1

L∑
l=1

Dl∑
d=1

1

2T 2
E [ωn,l,d]

(
Tr
((
Bl,d +ml,dm

T
l,d

)
E
[
ãn,l−1ã

T
n,l−1

]))
−

N∑
n=1

L∑
l=1

Dl∑
d=1

ρn,l,d log ρn,l,d + (1− ρn,l,d) log(1− ρn,l,d)
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−
N∑
n=1

L∑
l=1

Dl∑
d=1

a2n,l,d
2

E [ωn,l,d] + log(cosh(an,l,d/2)).

Note that when implementing VI with the EM scheme, we adjust the formula
above by adding the term which arises in the normalizing constant Cτ defined
when computing the ELBO of global shrinkage parameters, specifically, we add

ELBOEM = (L+ 1)
(
νglob (log(λglob)− log(δglob))− log

(
Kνglob(λglobδglob)

))
+
L+1∑
l=1

(νglob − 1)E [log τl]−
1

2
λ2globE [τl]− νl log(λglob).

B.2.2 ELBO for prediction

To obtain the posterior predictive distribution, we compute the approximate vari-
ational predictive distributions of a∗, γ∗ and ω∗ with the objective function being
the ELBO of Equation (2.5). Thus, in the predictive step of our algorithm, we
monitor the convergence of the ELBO of a∗, γ∗ and ω∗, which we derive as
follows:

E [log p(a∗,γ∗,ω∗|W , b,Σ)]− E [log q(a∗)]− E [log q(γ∗)]− E [log q(ω∗)]

=
L∑
l=1

Dl∑
d=1

E [logN (a∗,l,d|γ∗,d ⊙ z∗,l,d,Σl,d)]

+
L∑
l=1

Dl∑
d=1

E

[
log

(
exp

(κ∗,l,dz∗,l,d
T

)
exp

(
−
ω∗,l,dz

2
∗,l,d

2T 2

)
PG(ωn,l,d|1, 0)

)]
−

−
L∑
l=1

E [logN (a∗,l|t∗,l +M∗,la∗,l−1,S∗,l)]

−
L∑
l=1

Dl∑
d=1

(E [logBern (γ∗,l,d|ρ∗,l,d)] + E [logPG(ω∗,l,d|1, A∗,l,d)])

=− 1

2

L∑
l=1

Dl∑
d=1

E

[
1

η2l,d

](
E
[
a2∗,l,d

]
− 2E [γ∗,l,d]E

[
W̃l,d

]
E [ã∗,l−1a∗,l,d]

)
− 1

2

L∑
l=1

Dl∑
d=1

E
[
log η2l,d

]
+

1

2

L∑
l=1

log(|S∗,l|) +
1

T

L∑
l=1

Dl∑
d=1

(
ρ∗,l,d −

1

2

)
E
[
W̃l,d

]
E [ã∗,l−1]

− 1

2

L∑
l=1

Dl∑
d=1

(
E

[
1

η2l,d

]
E
[
γ2∗,l,d

]
+

1

T 2
E [ω∗,l,d]

)
Tr
(
E
[
W̃ T

l,dW̃l,d

]
E
[
ã∗,l−1ã

T
∗,l−1

])
−

L∑
l=1

Dl∑
d=1

(ρ∗,l,d log ρ∗,l,d + (1− ρ∗,l,d) log(1− ρ∗,l,d))

+

L∑
l=1

Dl∑
d=1

A2
∗,l,d

2
E [ω∗,l,d]−

L∑
l=1

Dl∑
d=l

log(cosh(
A∗,l,d

2
)) + const

=− 1

2

L∑
l=1

Dl∑
d=1

E

[
1

η21,d

]((
ρ∗,l,dE

[
W̃l,d

]
E [ã∗,l−1]− E [a∗,l,d]

)2
+ E

[
a2∗,l,d

]
− E [a∗,l,d]

2

)
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− 1

2

L∑
l=1

Dl∑
d=1

E

[
1

η2l,d

] (
ρ∗,l,dTr

((
Bl,d +ml,dm

T
l,d

)
E
[
ã∗,l−1ã

T
∗,l−1
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+

1

2

L∑
l=1

Dl∑
d=1

E

[
1

η2l,d

] (
ρ2∗,l,dTr

(
ml,dm

T
l,dE [ã∗,l−1]E

[
ãT∗,l−1
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−

L∑
l=1

Dl∑
d=1

E

[
1

η2l,d

](
ρ∗,l,dE

[
W̃l,d

]
(E [a∗,l,d]E [ã∗,l−1]− E [a∗,l,dã∗,l−1])

)
+

1

2
E
[
log η2l,d

]
+

1

2

L∑
l=1

log(|S∗,l|) +
L∑
l=1

Dl∑
d=1

1

T

(
ρ∗,l,d −

1

2

)
E
[
W̃l,d

]
E [ã∗,l−1]

+
L∑
l=1

Dl∑
d=1

1

2T 2
E [ω∗,l,d] Tr

(
E
[
W̃ T

l,dW̃l,d

]
E
[
ã∗,l−1ã

T
∗,l−1

])
−

L∑
l=1

Dl∑
d=1

ρ∗,l,d log ρ∗,l,d + (1− ρ∗,l,d) log(1− ρ∗,l,d)

+
L∑
l=1

Dl∑
d=1

A2
∗,l,d

2
E [ω∗,l,d]− log(cosh(

A∗,l,d

2
)) + const.

B.3 Supplementary to the Stochastic Variational
Inference for VBNN

Here we provide additional details on the SVI developed for the VBNN in Sec-
tion 4.3.3. During one iteration t of the algorithm, one proceeds as follows:

1. Sample indices St uniformly, without replacement.

2. For t = 1 initialize as in Appendix B.4.1 (similarly to CAVI) but where
the input of Algorithm 8 is taken to be xn for n ∈ St. For t > 1 only
initialize local parameters of a and γ by setting zn,0 = xn and iterating for
l = 1, . . . , L and n ∈ St through

ρn,l,d = σ

(
(
mb
l,d)

(t) + (mW
l,d)

(t)zn,l−1

T

)
d = 1, . . . , Dl,

Mn,l = (mW
l )(t) ⊙ ρn,l1TDl

, where by 1 we denote a vector of ones,

tn,l = (mb
l )

(t) ⊙ ρn,l,
zn,l =Mn,lzn,l−1 + tn,l.

3. Set ℓt = (t+ 1)−k, k ∈ (0.5, 1].

4. Update global shrinkage parameters of τ as in CAVI, for l = 1, . . . , L+ 1,

ν
(t)
glob,l = νglob −

DlDl−1

2
,
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δ
(t)
glob,l =

√√√√δ2glob +

Dl∑
d

Dl−1∑
d′

E
[

1

ψl,d,d′

]
E
[
W 2
l,d,d′

]
,

where νglob,l is only updated in the first iteration of the algorithm.

5. Update local shrinkage parameters of ψ as in CAVI, for l = 1, . . . , L+1, d =
1, . . . , Dl, d

′ = 1, . . . , Dl−1,

ν
(t)
loc,l,d,d′ = νloc,l −

1

2
,

δ
(t)
loc,l,d,d′ =

√
E
[
1

τl

]
E
[
W 2
l,d,d′

]
+ δ2loc,l,

where νloc,l,d,d′ is only updated once.

6. Find optimal variational parameters of local variables ω, γ, a, namely, up-
date A(t),S(t), t(t),M (t),ρ(t) in a coordinate ascent algorithm and monitor
the local ELBO for convergence:

• For n ∈ S, l = 1, . . . , L, d = 1, . . . , Dl, update

an,l,d =
1

T

√(
Tr
(
E
[
W̃ T

l,dW̃l,d

]
E
[
ãn,l−1ãTn,l−1

]))
.

• Starting from the final layer l = L, update for n ∈ S

S−1
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L +
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E

[
1

η2L+1,d

]
E
[
W T
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]
(same for all n),
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+
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E

[
1
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,
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T
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(
E
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]
, . . . ,E

[
η−2
L,DL

])
.

Then, in reverse order, for l = L− 1, . . . , 1 and for n ∈ S update

S−1
n,l = Σ̂−1

l −MT
n,l+1S
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+
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−
Dl+1∑
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• For n ∈ S, l = 1, . . . , L, d = 1, . . . , Dl, update
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.

The local ELBO is given by

E [log p(y,a,γ,ω|W , b,Σ)]− E [log q(a)]− E [log q(γ)]− E [log q(ω)]
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(yn,d −WL+1,dan,L − bL+1,d)
2

)]

+
N

|S|
∑
n∈S

L∑
l=1

Dl∑
d=1

E

[
log(η2l,d)

−1/2 exp

(
− 1

2η2l,d
(an,l,d − γn,l,d ⊙ (Wl,dan,l−1 + bl,d))

2

)]

−N
L∑
l=1

Dl log(2)−
NDL+1

2
log(2π)

+
1

T

N

|S|
∑
n∈S

L∑
l=1

Dl∑
d=1

E
[(
γn,d −

1

2

)
(Wl,dan,l−1 + bl,d)

]

− 1

2T 2

N

|S|
∑
n∈S

L∑
l=1

Dl∑
d=1

E
[
ωn,l,d (Wl,dan,l−1 + bl,d)

2
]

− N

|S|
∑
n∈S

L∑
l=1

E
[
log |Sn,l|−

1
2

]

− N

|S|
∑
n∈S

L∑
l=1

E
[
−1

2
(an,l − tn,l −Mn,lan,l−1)

T
S−1
n,l (an,l − tn,l −Mn,lan,l−1)

]
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− N

|S|
∑
n∈S

L∑
l=1

Dl∑
d=1

(ρn,l,d log ρn,l,d + (1− ρn,l,d) log(1− ρn,l,d))

+
N

|S|
∑
n∈S

L∑
l=1

Dl∑
d=1

E
[
log

PG(ωn,l,d|1, 0)
PG(ωn,l,d|1, An,d)

]

=− 1

2

N

|S|
∑
n∈S

DL+1∑
d=1

E

[
1

η2L+1,d

](
y2n,d − 2yn,dE

[
W̃L+1,d

]
E [ãn,L]

)

− 1

2

N

|S|
∑
n∈S

DL+1∑
d=1

E

[
1

η2L+1,d

](
Tr
(
E
[
W̃ T

L+1,dW̃L+1,d

]
E
[
ãn,Lã

T
n,L

]))

− 1

2

N

|S|
∑
n∈S

L∑
l=1

Dl∑
d=1

E

[
1

η2l,d

](
E
[
a2n,l,d

]
− 2E [γn,l,d]E

[
W̃l,d

]
E [ãn,l−1an,l,d]

)

− 1

2

N

|S|
∑
n∈S

L∑
l=1

Dl∑
d=1

E

[
1

η2l,d

]
E
[
γ2n,l,d

]
Tr
(
E
[
W̃ T

l,dW̃l,d

]
E
[
ãn,l−1ã

T
n,l−1

])

− N

2

DL+1∑
d=1

E
[
log η2L+1,d

]
− N

2

L∑
l=1

Dl∑
d=1

E
[
log η2l,d

]
+

1

2

N∑
n=1

L∑
l=1

log(|Sn,l|)

+
N

|S|
∑
n∈S

L∑
l=1

Dl∑
d=1

1

T

(
ρn,l,d −

1

2

)
E
[
W̃l,d

]
E [ãn,l−1]

− 1

2T 2

N

|S|
∑
n∈S

L∑
l=1

Dl∑
d=1

E [ωn,l,d]
(
Tr
(
E
[
W̃ T

l,dW̃l,d

]
E
[
ãn,l−1ã

T
n,l−1

]))

− N

|S|
∑
n∈S

L∑
l=1

Dl∑
d=1

ρn,l,d log ρn,l,d + (1− ρn,l,d) log(1− ρn,l,d)

+
N

|S|
∑
n∈S

L∑
l=1

Dl∑
d=1

a2n,l,d
2

E [ωn,l,d]− log(cosh(
an,l,d
2

)) + Ca,

where the normalizing constant is

Ca = −NDL+1

2
log(2π)−N

L∑
l=1

Dl log(2).

7. Find global variational parameters for which we recall the vector of natural
parameters for (W , b) is (B−1mT ,−B−1/2), and for η2 that is (−α +
1,−β−1). We are only updating the parameter α in the first iteration of
the algorithm as

αl,d = αh0 +
N

2
, for l = 1, . . . , L, d = 1, . . . , Dl,

αL+1,d = α0 +
N

2
for d = 1, . . . , DL+1.

We then find β via the intermediate variable β̂l,d:
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8. For l = 1, . . . , L, d = 1, . . . , Dl set

β̂l,d = βh0 +
1

2

N

|S|
∑
n∈S

(
E [an,l,d]− E [γn,l,d]E

[
W̃l,d

]
E [ãn,l−1]

)2
+

1

2

N

|S|
∑
n∈S

E
[
a2n,l,d

]
− E [an,l,d]

2 + E [γn,l,d] Tr
(
E
[
W̃ T

l,dW̃l,d

]
E
[
ãn,l−1ã

T
n,l−1

])
− 1

2

N

|S|
∑
n∈S

E [γn,l,d]
2Tr

(
E
[
W̃ T

l,d

]
E
[
W̃l,d

]
E [ãn,l−1]E

[
ãTn,l−1

])
.

And for the final layer l = L+ 1 and d = 1, . . . , DL+1

β̂L+1,d = β0 +
1

2

N

|S|
∑
n∈S

(
yn,d − E

[
W̃L+1,d

]
E[ãn,L]

)2
+

1

2

N

|S|
∑
n∈S

Tr
(
E
[
W̃ T

L+1,dW̃L+1,d

]
E
[
ãn,Lã

T
n,L

])
− 1

2

N

|S|
∑
n∈S

Tr
(
E[W̃L+1,d]

TE[W̃L+1,d]E[ãn,L]E[ãTn,L]
)
.

The update for l = 1, . . . , L+ 1, d = 1, . . . , Dl is given by

β
(t)
l,d =

(
(1− ℓt)× (β

(t−1)
l,d )−1 + ℓt × β̂−1

l,d

)−1

.

Similarly, the variational parameters B,m of global variables (b,W ) are
obtained as a reparametrized linear combination of previous and interme-
diate updates. Specifically, for l = 1, . . . , L, d = 1, . . . , Dl set

B̂−1
l,d =D−1

l,d +
N

|S|
∑
n∈S

(
1

T 2
E [ωn,l,d] + E

[
η−2
l,d

]
E [γn,l,d]

)
E
[
ãn,l−1ã

T
n,l−1

]
,

B̂−1
l,d m̂

T
l,d =

N

|S|
∑
n∈S

E
[
η−2
l,d

]
E [γn,l,d]E [an,l,dãn,l−1] +

1

T
E [ãn,l−1]

(
E [γn,l,d]−

1

2

)
.

For the final layer l = L+ 1 and d = 1, . . . , DL+1 set

B̂−1
L+1,d =D

−1
L+1,d + E

[
η−2
L+1,d

] N
|S|
∑
n∈S

E
[
ãn,L+1ã

T
n,L+1

]
,

B̂−1
L+1,dm̂

T
L+1,d = E

[
η−2
L+1,d

]( N

|S|
∑
n∈S

ynE [ãn,L+1]

)
,

where for l = 1, . . . , L+ 1 and d = 1, . . . , Dl,

D−1
l,d = diag

(
s−2
0 ,E

[
τ−1
l

]
E
[
ψ−1
l,d,1

]
, . . . ,E

[
τ−1
l

]
E
[
ψ−1
l,d,Dl−1

])
.

144



Appendix B. Supplementary to the Variational Bow Tie Neural Network

Then the updates l = 1, . . . , L+ 1 and d = 1, . . . , Dl, are given by

B
(t)
l,d =

(
(1− ℓt)× (B

(t−1)
l,d )−1 + ℓt × B̂−1

l,d

)−1

,

m
(t)
l,d = ((1− ℓt)B

(t)
l,d (B

(t−1)
l,d )−1(m

(t−1)
l,d )T + ℓtB

(t)
l,dB̂

−1
l,d m̂

T
l,d)

T .

We monitor the noisy estimate of the ELBO which is computed as in Ap-
pendix B.2 but with sums over n = 1, . . . , N replaced with the scaled sums
over n ∈ S.

B.4 Experiments

B.4.1 Initialization schemes

Initialization plays an important role in the ability of Bayesian inference algo-
rithms to effectively approximate the posterior. This is especially true in varia-
tional schemes for complex posteriors (such as for BNNs), which are only guar-
anteed to converge to a local optimum. We design two possible variations of
random yet effective initialization schemes. To simplify the exposition, we de-
scribe the procedure in the case of Inverse Gamma shrinkage priors, for which
λ = 0 and the selection of the scale parameters δ determines the level of shrink-
age. Note that during the training step, we employ the expectation-maximization
algorithm to set an optimal δglob, whilst the value of δloc,l remains fixed. To en-
courage more shrinkage for larger depth, we assume δglob ∝ 1/

√
L, and to en-

courage shrinkage for larger width set δloc,l ∝ 1/
√
Dl. Given specified values

of νloc, νglob, δloc, δglob, α
h
0 , α0, β

h
0 , β0, we first re-scale the shrinkage parameters to

scale appropriately

δglob =
δglob√
L
, δloc,l =

δloc√
Dl−1

, νloc,l = νloc,

and the initialization steps are:

1. Covariance for biases and weights: Bl,d = 0.01IDl−1+1 for l = 1, . . . , L +
1, d = 1, . . . Dl.

2. Covariance for stochastic activation: Sn,l = 0.01IDl
for n = 1, . . . , N, l =

1, . . . , L.

3. Variational parameters for η: Set αL+1,d = α0, αl,d = αh0 and βL+1,d =
β0, βl,d = βh0 .

4. Variational parameters for τ ,ψ:

νloc,l,d,d′ = νloc,l, νglob,l = νglob,

δglob,l ∼
√
2(νglob,l − 1)IG (νglob,l, δglob),

δloc,l,d,d′ ∼
√
2(νloc,l,d,d′ − 1)IG (νloc,l,d,d′ , δloc,l).
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5. Use Algorithm 8 to initialize the variational means of the weights and bi-
ases for all intermediate layers, and the variational means of the stochastic
activations and the variational parameters of the binary activations.

6. Variational mean of the weights and biases for the last layer mL+1 is ob-
tained as a solution of fitting DL+1 ridge regressions with inputs zL and
outputs yd.

B.4.2 Implementation details

When comparing the performance of our method to already existing ones, we
implement the following model in Numpyro:

y ∼ N (WL+1ReLU(zL) + bL,Σ) , where Σ ∼ IG(2, σy)IDL+1
,

zl =WlReLU(zl−1) + bl, Wl,d,d′ ∼ N
(
0,

σ2
Wγ√
Dl−1

)
, bl,d ∼ N (0, σ2

bγ),

where zn,0 = xn, γ ∼ IG(2, 1) and l = 1, . . . , L, d = 1, . . . Dl, d
′ = 1, . . . , Dl−1.

The choice of σy, σW and σb is made in accordance with α0, s0 and δloc,l, respec-
tively. For experiments with HMC, we use the No-U-Turn sampler, the number
of warm-up samples is set to 500, and the number of samples is set to 1000.
For experiments with HSBNN [Ghosh et al., 2019], the learning rate is set to
0.001 and the number of iterations to 10000. For experiments with mfVI, we
use Adam optimizer with a learning rate set to 0.001 and a maximum number
of iterations varying from 5000 to 20000, depending on the dataset and depth of
the network. Additionally, we consider the Bayes by Backprop model of [Blundell
et al., 2015] and adapt its Pytorch implementation from the publicly available
repository [Javier, 2019]. For all experiments with BBB, we set the learning rate
to 0.01, and the maximum number of epochs varies from 500 to 1000.

In all examples, we normalize the input but do not re-scale the output. Sup-
pose that the data on which we evaluate the predictive performance consists of
N points and the true target is y∗, then recorded evaluation metrics are RMSE,
NLL and EC and are computed as follows:

RMSE =

√√√√ 1

N

N∑
n

[(y∗n − E[yon])2],

NLL =
1

N

N∑
n

logN (y∗n | E[yon],Var(yon)),

EC =
#{y∗ ∈ [qo0.025, q

o
0.975]}

N
.

where the predicted observations are yo and the corresponding quantiles are de-
noted as qo. When computing quantiles to obtain empirical coverage and illus-
trating the uncertainty in Section 4.4 and below in Appendix B.4.3, we rely on
the Gaussian approximation.
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Algorithm 8 Initialization scheme for VBNN.
Require: Training inputs xn, n = 1, . . . , N ; choice of mode laplace or spike-slab

zn,0 = xn
for l = 1 . . . L, do

set ∆ = 0.05 ∗ (max(zn,l−1)−min(zn,l−1))
for d = 1 . . . Dl do

if laplace then

mW
l,d,d′ ∼ Laplace

(
0,

√
2

Dl−1

)
,

end if
if spike-slab then

mW
l,d,d′ ∼ πN

(
0,

2√
Dl−1

)
+ (1− π)δ0, where π =

1

1 +
√
Dl−1

,

end if

s = (s1, . . . , sDl−1
), where sd′ ∼ Unif([min(zn,l−1,d′)−∆d′ ,max(zn,l−1,d′) + ∆d′ ]),

mb
l,d = −mW

l,ds, ml,d =
(
mb
l,d,m

W
l,d

)
,

end for

ρn,l,d = σ

(
mb
l,d +m

W
l,dzn,l−1

T

)
d = 1, . . . , Dl,

Mn,l =m
W
l ⊙ ρn,l1TDl

, where by 1 we denote a vector of ones,
tn,l = mb

l ⊙ ρn,l,
zn,l =Mn,lzn,l−1 + tn,l,

end for
Ensure: Mn,l, tn,l,ml,d for l = 1, . . . , L, d = 1, . . . , Dl and zL.

147



Appendix B. Supplementary to the Variational Bow Tie Neural Network

B.4.3 Supplementary material to the diabetes example

Figure B.1 supplements Table 4.3 and the diabetes example in Section 4.4.2.
Here, in the case of VBNN, BBB, GVBNN, HSBNN, HMC and mfVI models,
we provide the uncertainty of the observations, and in the case of the LassoCV,
we provide residual standard deviation. Additionally, we illustrate the sparse
prediction and the uncertainty obtained from sparse weights of the VBNN, which
largely coincide with the original prediction and uncertainty estimates. Whilst the
coverage estimates for observations of VBNN, BBB, and GVBNN are comparable,
the mfVI and less HSBNN underestimate the uncertainty and provide a lower
coverage for observations.

Figure B.1: Predictive mean and the uncertainty estimates for the observations
for three of the predictors with considerable contribution.

B.4.4 Supplementary information on the datasets

Boston housing [Harrison and Rubinfeld, 1978]: n = 506, p = 13, the predic-
tors are per capita crime rate by town, the proportion of residential land zoned
for lots over 25,000 sq.ft., the proportion of non-retail business acres per town,
Charles River dummy variable, nitrite oxides concentration, average number of
rooms per dwelling, the proportion of owner-occupied, units built before 1940,
weighted distances to five Boston employment centres, index of accessibility to
radial highways, full-value property-tax rate, the pupil-teacher ratio by town, the
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quantitative measure of systemic racism as a factor in house pricing, lower status
of the population; the response of interest is the median value of owner-occupied
homes. The Boston housing dataset is among the most popular pip available
datasets, and with respect to variable selection, it was considered in e.g. [Schäfer
and Chopin, 2013].

Energy [Tsanas and Xifara, 2012]: n = 768, p = 8, the predictors are relative
compactness, surface area, wall area, roof area, overall height, orientation, glazing
area, and glazing area distribution, and the task is to predict the heating load of
residential buildings.

Yacht dynamics [J. et al., 2013]: n = 308, p = 6, the predictors are long posi-
tion, prismatic coefficient, length-displacement ratio, bean-draught ratio, length-
bean ratio and froude number, and the task is to model the residuary resistance
per unit weight of displacement for a yacht hull.

Concrete compressive strength [Yeh, 2007]: n = 1030, p = 8, the predictors are
cement, furnace slag, fly ash, water, superplasticizer, coarse aggregate, fine aggre-
gate and the age of testing, and the response variable is the compressive strength
of concrete. This is also considered from the variable selection perspective in
several works including [Griffin, 2024, Schäfer and Chopin, 2013].

Concrete slump test [Yeh, 2009]: n = 103, p = 7, the predictors are concrete
ingredients, namely cement, furnace slag, fly ash, water, superplasticizer, coarse
aggregate, and fine aggregate and the task is to predict slump of concrete.

B.4.5 Supplementary material to the UCI datasets exper-
iments

Table B.1 supplements Figure 4.12, Figure 4.13 and the experiments described in
Section 4.4.3.

B.5 Review of relevant distributions

B.5.1 Generalized Inverse Gaussian

The Generalized Inverse Gaussian has density:

p(x|ν, δ, λ) = (λ/δ)ν

2Kν(λδ)
xν−1 exp

(
−1

2
(δ2/x+ λ2x)

)
,

where Kν() is the modified Bessel function of the second kind. The GIG prior
requires ν > 0 if δ = 0 and ν < 0 if λ = 0 for a proper prior. Then the
expectations arising in computations throughout Chapter 4 are:

E [x] =
δKν+1(λδ)

λKν(λδ)
,

E
[
1

x

]
=
λKν+1(λδ)

δKν(λδ)
− 2ν

δ2
.

Often, it is sensible to consider special cases of the GIG, which include:
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Table B.1: RMSE, NLL and Coverage for UCI datasets.

Dataset
Metric Method Slump Yacht Boston Energy Concrete

RMSE

4SVIBNN 7.15± 1.5 3.57± .8 3.38± .9 1.62± .2 7.15± .6
4VBNN 7.01± 1.2 1.23± .3 3.21± .6 1.1± .2 6.71± .6
SVBNN 7.36± 1.62 5.57± 1.14 3.76± .92 2.41± .49 8.43± .75
VBNN 7.37± 1.4 2.47± 1.1 3.47± .8 1.37± .3 7.67± .9

GVBNN 7.64± 1.21 4.88± 2.66 4.02± .88 2.5± .42 7.84± .68
mfVI 7.9± 1.7 1.61± .36 3.29± .6 2.27± .25 6.11± .5
BBB 7.33± 1.94 1.45± .6 3.46± .96 2.65± .26 6.48± .61
HMC 7.± 1.24 .56± .13 2.42± .47 .3± .07 4.01± .78

HSBNN 6.41± 1.28 1.2± .23 2.92± .55 .6± .09 5.21± .56

NLL

4SVBNN 3.42± 0.2 2.74± .2 2.61± .2 1.94± .1 3.38± .07
4VBNN 3.39± .2 1.97± .2 2.57± .13 1.63± .16 3.33± .06
SVBNN 3.47± .29 3.13± .27 2.78± .31 2.31± .22 3.56± 0.11
VBNN 3.46± 0.2 2.25± 0.4 2.69± .26 1.75± .21 3.5± .12

GVBNN 3.47± 0.17 2.86± .59 2.82± .22 2.35± .15 3.48± .09
mfVI 3.77± .5 1.96± .09 2.61± .22 2.28± .09 3.57± .2
BBB 6.23± 2.76 1.69± .14 2.47± .16 2.08± .15 3.21± 0.13
HMC 3.41± .24 .87± .1 2.28± .18 .23± .44 2.74± .27

HSBNN 5.02± 1.79 1.31± .18 5.01± 1.24 1.08± .2 4.32± .69

Coverage

4SVBNN .95± .06 .98± .03 .97± .03 .98± .01 .97± .01
4VBNN .94± .04 .99± .02 .97± .02 .99± .0 .97± .02
SVBNN .91± .08 .93± .02 .94± .03 .91± .04 .93± .03
VBNN .92± .06 .96± .01 .95± .03 .98± .02 .94± .02

GVBNN .96± .04 .95± .04 .96± .02 .93± .04 .95± .02
mfVI .78± .1 .96± .03 .96± .01 .95± .03 .8± .04
BBB .75± .12 1.± .0 .97± .02 .99± .0 .97± .02
HMC .9± .08 .98± .02 .96± .02 .95± .03 .94± .03

HSBNN .67± .14 .94± .05 0.62± .08 .89± .04 .71± .06

1. Inverse Gamma: when λ = 0, the GIG reduces to the IG with density:

p(x|ν, δ) = 2ν

δ2νΓ(−ν)
(1/x)−ν+1 exp

(
− δ2

2x

)
,

where ν < 0 and δ > 0. This can also be re-written in terms of the more
standard parametrization of the IG:

p(x|α, β) = βα

Γ(α)
(1/x)α+1 exp

(
−β
x

)
,

where α = −ν > 0 and β = δ2/2 > 0. Note that if w ∼ N (0, τ) and
τ ∼ IG(α, β), this implies a marginal student t-prior on w with degrees of
freedom dof = 2α = −2ν and scale s =

√
β/α = δ/

√
−2ν. For example,

setting ν = −1.5 would correspond to dof = 3 and ν = −2.5 is equivalent
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to dof = 5.

The relevant expectations for the VI updates and ELBO computation in-
clude:

E [x] =
β

α− 1
=

−δ2

2ν + 2
,

E
[
1

x

]
=
α

β
=

−2ν

δ2
,

where ψ is the logarithmic derivative of the gamma function (a.k.a.
digamma function).

2. Gamma: when δ2 = 0, the GIG reduces to the Gamma with density:

p(x|ν, λ) = λ2ν

2νΓ(ν)
xν−1 exp(−λ

2

2
x),

where ν > 0, rewriting in the standard parametrization with α = ν and
β = λ2/2:

p(x|α, β) = βα
1

Γ(α)
xα−1 exp(−βx),

where α = ν > 0 and β = λ2/2 > 0. Similarly, the relevant expectations
are:

E [x] =
α

β
=

2ν

λ2
,

E
[
1

x

]
=

β

α− 1
=

λ2

2 (ν − 1)
.

Note that if w ∼ N (0, τ) and τ ∼ Gam(1, β), this implies a marginal
Laplace prior on w (i.e. Bayesian Lasso [Park and Casella, 2008]) with
scale s = 1/

√
2β = 1/λ.

3. Inverse Gaussian (IGaus): when ν = −1/2, the GIG reduces to the Inverse
Gaussian with density:

p(x|δ, λ) = δ√
2πx3

exp

(
−(λx− δ)2

2x

)
,

where setting α = δ/λ > 0 and β = δ2 > 0 we derive

p(x|α, β) =
(

β

2πx3

) 1
2

exp

(
−β(x− α)2

2α2x

)
.

The relevant expectations for the VI updates and ELBO computation in-
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clude:

E [x] = α =
δ

λ
,

E
[
1

x

]
=

1

α
+

1

β
=
λ

δ
+

1

δ2
.

Note that if w ∼ N (0, τ) and τ ∼ IGaus(α, β), the marginal distribution is
of the form [Caron and Doucet, 2008]:

p(wk) =
1

πα

(
β

β + w2
k

) 1
2

exp

(
β

1
2

α

)
K1

(
(β + w2

k)
1
2

α

)

=
λ

π
exp(λ)

(
δ2 + w2

k

)− 1
2 K1

(
λ

δ

(
δ2 + w2

k

) 1
2

)
.

B.5.2 EM update for different cases of global-local priors

As discussed above, the special cases of the GIG include Inverse Gamma, Gamma
and Inverse Gaussian distributions, we derive the EM updates in each of the
special cases of priors:

1. Inverse Gamma: when the global shrinkage parameter has an Inverse
Gamma distribution, then

δglob = argmax

(
δ2glob

L+1∑
l=1

νglob,l

δ2glob,l
− 2(L+ 1)νglob log(δglob)

)
,

δglob = ((L+ 1)νglob)
1
2

(
L+1∑
l=1

νglob,l

δ2glob,l

)− 1
2

.

2. Gamma: similarly, when the global shrinkage parameter is Gamma:

λglob = argmax

(
4(L+ 1)νglob log(λglob)− λ2glob

L+1∑
l=1

δglob,lKνglob,l+1(λglob,lδglob,l)

λglob,lKνglob,l
(λglob,lδglob,l)

)
,

λglob = (2(L+ 1)νglob)
1
2

(
L+1∑
l=1

δglob,lKνglob,l+1(λglob,lδglob,l)

λglob,lKνglob,l
(λglob,lδglob,l)

)− 1
2

.

3. Inverse Gaussian: if the global shrinkage parameter is Inverse Gaussian,
then

λglob = argmax

(
2(L+ 1)λglobδglob − λ2glob

L+1∑
l=1

δglob,lKνglob,l+1(λglob,lδglob,l)

νglob,lKνglob,l
(λglob,lδglob,l)

)
,

λglob = 2(L+ 1)δglob

(
L+1∑
l=1

δglob,lKνglob,l+1(λglob,lδglob,l)

νglob,lKνglob,l
(λglob,lδglob,l)

)−1

.
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B.6 Improving and adapting VBNN

B.6.1 Horseshoe.

Variational bow tie neural network has N-GIG priors on the weights (see Sec-
tion 4.2.2), alternatively, one could employ horseshoe priors, known to be ef-
fective for sparse Bayesian estimation [Carvalho et al., 2009, Polson and Scott,
2010]. Similar to N-GIG priors, the horseshoe priors on the weights are rep-
resented by a scale mixture of normals with global and local parameters, so
that the global parameter shrinks all the weights towards zero and the local pa-
rameter compensates for the effect of shrinking for large enough weights. For
l = 1, . . . , L, d = 1, . . . , Dl, d

′ = 1, . . . , Dl−1 the horseshoe priors are defined as

Wl,d,d′|ψl,d, τl ∼ N
(
0, τ 2l ψ

2
l,d

)
,

τl ∼ C+ (0, δglob) ,

ψl,d ∼ C+ (0, δloc) ,

where τl is the global shrinkage parameter for layer l with scale δglob, ψl,d,d′ is
the local shrinkage parameter with with scale δloc and C+ denotes a half-Cauchy
distribution defined by

C+(x|0, δ) = 2

πδ(1 + x2/δ2)
.

The model with horseshoe priors is suitable for the coordinate ascent algorithm
as long as one introduces auxiliary variables to replace each half-Cauchy random
variable with the product of two Inverse-Gamma variables [Wand et al., 2011].
Namely, the half-Cauchy prior is equivalent to

ψ2
l,d | Ψl,d ∼ IG

(
0.5,Ψ−1

l,d

)
, Ψl,d ∼ IG

(
0.5, δ−2

loc

)
,

τ 2l | Tl ∼ IG
(
0.5,T−1

l

)
, Tl ∼ IG

(
0.5, δ−2

glob

)
.

Additionally, it is worth investigating whether we could employ the CAVI al-
gorithm with the regularized version of horseshoe priors ("ponyshoe"), which
is known for better performance than the classical horseshoe, especially when
the larger coefficients are weakly identified by the data [Piironen and Vehtari,
2017a,b]; e.g. in the context of variational inference, the regularized horseshoe
has been considered in [Ghosh et al., 2018, 2019].

B.6.2 Different classes of models.

We briefly address two of the popular deep learning tasks: classification and
data generation [Barber, 2012] in the context of the bow tie neural network.
While the original VBNN models have continuous output y ∈ RDL+1 , it can be
easily adapted to classification tasks by using the softmax transformation, which
is a generalization of the logistic (sigmoid) function for problems with multiple
classes. The use of softmax in classical deep neural networks is associated with
miscalibrated uncertainties; however, the problem is mitigated when Bayesian
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inference is employed [Kristiadi et al., 2020]. Assume the settings of Section 4.2.1
and VBNN with continuous input xn ∈ RD0 and yn ∈ 1, . . . , K, then

P(yn = k, |a,γ,W , b,Σ) =
exp (WL+1,kzn,L + bL,k)∑K
i=1 exp (WL+1,izn,L + bL,i)

,

which is amenable to the Polya-Gamma data augmentation trick [Chen et al.,
2013, Durante and Rigon, 2019, Polson et al., 2013] and thus, the CAVI algorithm
can be employed to obtain the variational approximation.

Deep latent variable models represent another class of widely used models
aimed at generating data. These models are used in a variety of tasks, includ-
ing image [Zhang et al., 2019], text [Bowman et al., 2016], audio [Oord et al.,
2016] and molecule [Liu et al., 2018] generation. Recall that in Section 2.4.4
we encountered variational auto-encoders, which are an example of such models
[Kingma and Welling, 2014, Rezende et al., 2014]. On a similar line, given the data
D = {yn}Nn , one could generate y from VBNN by assuming that x ∼ N (µx,Σx)
and considering the corresponding variational posterior.
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