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Abstract

Neutron scattering is an important research technique that has furnished a
wealth of information about condensed matter systems ever since Ernest O.
Wollan and Clifford G. Shull first demonstrated its ability to probe the struc-
ture of polycrystalline samples, such as NaCl, on the Clinton Pile—a graphite
moderated nuclear reactor built for research purposes at Oak Ridge, Tennessee.
Since those early successful demonstrations, the experimental technique has
been continuously improved such that it is now regularly used as a research
tool by scientists in a plethora of different fields to glean information about
the structure or dynamics of their samples. An example of these advances in
the use of neutron scattering came when Bertram N. Brockhouse invented the
triple-axis spectrometer, which was an instrument that facilitated the study of
lattice dynamical behaviour within condensed matter systems. Without this
innovation it would be much more challenging to study phonons—the quasi-
particles representing the collective vibrations of atoms—within the perovskites
and iron chalcogenides that were researched for this thesis.

This thesis details how neutron scattering has been used as a tool to
study the structure and lattice dynamical behaviour of the relaxor ferroelec-
tric, PbMg1/3Nb2/3O3, and the iron-based chalcogenide, Fe1+yTe. The study of
PbMg1/3Nb2/3O3 was to investigate the structure of the higher energy phonon
modes, complementing previous research that successfully characteristed the
lower energy acoustic and optical phonons of this crystal, and to use informa-
tion obtained from neutron spectroscopy data to compare the lattice dynamical
behaviour of this crystal with ordered perovskites, such as SrTiO3. An interest
in studying the higher energy phonons has been aroused because the disorder
within PbMg1/3Nb2/3O3, such as the presence of short-range polar nano-regions
between the ferroelectric Curie temperature and the so-called Burns temper-
ature (the temperature at which the short-range polar order emerges), leads
to the energy broadening and dampening of the transverse optical phonons
and triggers their precipitous collapse into the acoustic phonon branch. Pre-
vious neutron scattering studies suggested that the band of phonon scattering
located at energy scales where the higher energy longitudinal and transverse
optical phonons were predicted to be present were due to the occupancy disor-
der on the B-site of the perovskite between the Mg and Nb atoms. However, in
this thesis investigations of the longitudinal and transverse scattering channels
revealed lattice dynamical behaviour similar to those expected in SrTiO3, which
has no occupancy disorder on the B-site. The hypothesis of disorder within the
higher energy modes is further negated by studying the structure factors at
various reciprocal lattice vectors that reveals a close agreement with a model
for the lattice dynamics that involves the motion of the oxygen and B-site ions.
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The second study within this thesis investigates the softening of the trans-
verse acoustic phonons within the Fe1+yTe system using time-of-flight neutron
spectroscopy. This iron-based system has a complex structural, magnetic and
electronic order that depends on the concentration of interstitial Fe atoms within
the crystal structure and is often compared with other iron-based systems that
share similar physical properties, such as FeSe, underdoped Ba(Fe0.94Co0.03)2As2

and optimally doped Ba(Fe0.94Co0.06)2As2. Studies of these systems revealed
softening of the acoustic phonons close to the Brillouin zone centre (q∼ 0) that
is indicative of the role that nematic order of the electronic charge has on the
lattice dynamics within their crystal structures. However, investigations into
the softening of the transverse acoustic phonon within low-y Fe1+yTe reveal
that the softening within this system is mostly contained to the Brillouin zone
edge and that the entire phonon branch is being driven to lower energies by
scattering channels that open up as the tetragonal–monoclinic phase transition
temperature is approached. The origin of the scattering channels is unknown,
but the electronic nematic order could still be playing a role, albeit one that
differs in effect to that observed in the other iron-based systems.

The final study is a theoretical investigation into the origin of the bicollinear
double stripe antiferromagnetic order that is observed in Fe1+yTe with a low
interstitial iron concentration. The hypothesis is that this complicated magnetic
ground state comes about due to the interplay between the spin and orbital
degrees of freedom within the crystal due to the Jahn-Teller effect and the
small energy scale associated with the splitting of the dXz and dY z orbitals in
the magnetic (S=1) Fe atoms. This builds on previous theoretical studies which
proposed models of the magnetic interactions within the FeTe single crystals
that negated the possibility of an interplay between the spin and orbital degrees
of freedom and hoped to explain the double stripe magnetic order by a model
that included either the spin or orbital physics but not both. A Rayleigh-
Schrödinger perturbative model has been developed that includes the second
and fourth order virtual hopping of the electrons on neighbouring magnetic Fe
atoms surrounded by tetrahedra of non-magnetic Te atoms. A domain space for
each of the Fe atoms in the S=1 spin state has 3 degrees of freedom for the spin
projection and 2 degrees of freedom for the orbital projection meaning that the
resultant Hamiltonian that couples two neighbouring magnetic Fe atoms has a
36×36 matrix structure. This effective Hamiltonian leads to interactions that
include spin-only terms, orbital pseudo-spin only terms and terms that describe
the interaction between both the spin and orbital physics. The spin operators
include single-ion anisotropy, an Ising term that correlates spin projections, an
Ising-like term that correlates “mid-planeness” and a spin exchange term. The
orbital pseudo-spin operators include a single-site “orbital transverse field” term
and a two-site “orbital transverse field” term. The interplay between the spin
and orbital degrees of freedom is produced by the multiplication of the spin-only
and orbital pseudo-spin only terms in the effective Hamiltonian.
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Lay Summary

This thesis aims to study the properties of materials using neutron scattering.
In this technique, a beam of neutrons is directed towards and scatters from
a sample made from the material to be studied and the scattered neutrons
are detected. Information about the scattered neutrons, viz., the position of
detection with respect to the sample, their energy and momentum, can be used
to study the material and reveal information about its structure and the way
in which atoms move within it. For this thesis, neutron scattering data was
analysed in order to understand the collective motion of atoms within lead
magnesium niobate crystals (PMN) and whether their motion is dominated by
the irregular structure inherent in the crystal. This irregular structure comes
from the fact that one of the sites in the lattice structure is irregularly occupied
by different atoms—it is occupied by Mg and Nb atoms with probabilities of
one-third and two-thirds respectively. This is an important research question
since the collective vibrations of atoms over a long length scale would indicate
that certain properties of these crystals can transcend the short length scales
more commonly associated with disordered structures.

Neutron scattering data has also been analysed to investigate the properties
of iron telluride, Fe1+yTe. 1 + y in the chemical formula of Fe1+yTe indicates
that the crystal has a ratio of Fe to Te atoms of 1+y:1, and therefore increasing
y increases the number of Te atoms relative to the number of Fe atoms in the
crystal. This iron-based system has been studied close to a critical temperature
at which it transitions from a higher temperature structure to a lower tempera-
ture structure. This structural change can be summarised as the atoms within
the crystal changing positions to lower the overall energy of the crystal. The
neutron scattering data revealed that the collective vibration of the constituent
atoms within the crystal responded to the instabilities triggered by the approach
of this critical transition temperature. With reference to previous studies on
similar iron-based systems an attempt was made to see if the neutron scatter-
ing data, and specifically the observed energies associated with the vibrations of
the crystal, could be explained by the emergence of a difference in the physical
properties of the system along two perpendicular directions in the plane of iron
atoms in the crystal. This hypothesis, at least to the extent described by pre-
vious studies, could not be supported by the neutron scattering data meaning
that the exact behaviour of the crystal continues to allude us. Nonetheless,
there were enough qualitative similarities in the neutron scattering data with
the previous studies to suggest that the basic idea behind the hypothesis was
approaching the true cause of the observed behaviour of the crystal.
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The final substantive chapter of the thesis contains the work carried out
for a collaborative theory project. This had the objective of investigating the
magnetism and electronic structure of Fe1+yTe by developing a model derived
from first principles classical and quantum mechanical forces and seeing whether
the results of this model produces the experimentally observed properties of the
crystal. An implicit assumption within the model is that the magnetism and
electronic structure of the crystal is believed to derive from the geometrical
distortion of the crystal structure and the relative displacement of the Fe-Te
bonds, including both their re-orientation and extension or contraction.
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Chapter 1

General Introduction

1.1 What is the neutron?
The objective of this thesis is to study the structural and dynamical proper-
ties of condensed matter using neutrons as the probe. However, before delving
deeper into the theoretical and experimental studies undertaken for completion
of this thesis, it would be conducive for the reader to have a basic understanding
of the neutron. It should be appreciated that without understanding the par-
ticle used as a probe it is impossible to understand how it interacts with other
materials. It will also help the reader to understand the differences between the
neutron and other particles used for probing materials, e.g., X-rays, and why
an experimentalist might want to choose one over the other and vice versa. As
with all fields of research it also helps to understand the historical developments
and achievements because without their effort there would not be the means for
carrying out the work that we do today.

1.1.1 A composite particle with no net charge?

Before the discovery of the neutron by James Chadwick in 1932, it had long been
suggested that there existed a small particle with no net electrical charge, but
the question as to its composition perplexed scientists for a long time [1]. For
example, Walther Nernst suggested that a proton and electron could combine to
form a particle with no net charge and that it would have the properties of the
so-called æther- the fifth element that was believed to be the medium through
which light travelled. It was also erroneously suggested by Louis de Broglie
that the γ-radiation that emanated from radioactive substances was composed
of small electrically neutral particles and that these particles would break up and
give off electrons. Our knowledge about the existence of a neutral subatomic
particle, which was later to be called the “neutron”, was brought much closer
when Ernest Rutherford, a New Zealander whose work in Montreal, Manchester
and Cambridge, culminated in his theorising that under certain conditions the
electron and proton in an hydrogen atom might combine to form a particle
which possesses an external field that is practically zero, except for very close
to the particle, and that this particle would be difficult to contain in a sealed
vessel. His theorising was especially prescient in his remarks about the difficulty
with which these particles with no net charge would be able to enter deep into
the bulk of materials:
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“Its presence would probably be difficult to detect by the spectroscope,
and it may be impossible to contain it in a sealed vessel. On the other
hand, it should enter readily the structure of atoms, and may either
unite with the nucleus or be disintegrated by its intense field”

In this quotation it is already possible to appreciate the advantages and
disadvantages of using these electrically neutral subatomic particles for probing
materials: owing to the low cross section of neutrons for interactions via the
Coulombic force they are able to penetrate deep into the bulk of materials, and
therefore permit the study of bulk properties of materials, but, on the other
hand, it makes detecting them, after they have interacted with materials, much
more challenging. It was further prescient of Ernest Rutherford to surmise that
the particle’s external field would not be exactly zero, and non-negligible at
very small distances from the centre, as this preceded the discovery of quarks
by many decades. He clearly understood that this particle with net neutral
charge must be composed of other particles whose electrical charges cancel each
other out. In fact, this is exactly the case with the neutron: it is composed
of one up quark and two down quarks with their charges being 2

3
e and −1

3
e

respectively, thus combining to produce no net charge.
As mentioned in James Chadwick’s Nobel Prize lecture [1], he began to

think about the experiments carried out, amongst many others, by Frédéric and
Irène Joliot-Curie. They experimented with radiation from a beryllium sample
that passed through a thin window into an ionisation chamber composed of
air. When paraffin wax, a material containing a lot of hydrogen, was placed
in front of the window the ionisation within the chamber increased, which the
Joliot-Curies proved to be protons being ejected from the wax. James Chad-
wick experimented with other materials placed in front of the thin window to
the ionisation chamber (e.g., lithium, beryllium and boron etc.) and observed
that the ejected particles had varying ranges. The differences in the ranges of
the ejected particles indicated to him that these were recoiling from a collision
with a massive particle emanating from the beryllium source. By comparing
the ranges of recoiling particles from the paraffin wax and when the ionisa-
tion chamber was filled with nitrogen, he found that the radiation coming from
the beryllium source must have a mass that is approximately the same as the
proton’s mass. Furthermore, since this radiation penetrated deeply into materi-
als—as opposed to protons which only penetrated into the surface of materials
owing to its electric charge—this particle must be electrically neutral. This
discovery culminated in his being awarded the Nobel Prize in Physics in 1935
and started a chain of research into how this particle might be used for other
research purposes.

1.1.2 Properties of the neutron

In the previous section the reader was introduced to the history of the search for
the neutron by scientists such as Ernest Rutherford and James Chadwick. Some
of the properties of the neutron, such as it being electrically neutral but being
composed of charged quarks, have already been broached. In this section the
reader will be introduced to some other fundamental properties of the neutron
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and it will be explained why these properties make the neutron appropriate as
a probe for studying the properties of materials and, in a lot of cases, better for
studying the structure and dynamics of materials than when using X-rays (i.e.,
photons).

Up till now we have been implicitly discussing the properties of the neutron
in terms of the classical physical picture, but as quantum theory teaches us
particles can also be represented as spatially localised waves travelling through
space, i.e., the wave-particle duality in physics. As a wave the neutron’s wave-
function is represented by a wave packet, as illustrated in figure 1.1, with the
wavelength being approximately equal to the distance between two wave crests
or troughs. As described by Louis de Broglie in 1924 [2], the energy, E, and
momentum, p, of particles, in the wave description of quantum mechanics is
related to the wavelength, λ, and frequency, ν, through the following equations:

E = ~ν =
h2

2m
λ2; (1.1)

p = ~k =
h

λ
; (1.2)

where h and ~ are Planck’s constant and the reduced Planck’s constant
respectively, k is the wavevector given by k = 2π

λ
, and m is the particle’s

mass—which, in the case of the neutron, will be represented as mn forthwith.
Supposing that we have neutrons that have reached thermal equilibrium at
room temperature, i.e., T=300K, then the average energy of these neutrons will
be E=300KB, and, using the relation above in eq. 1.1, their average de Broglie
wavelength will be approximately 1.8 × 10−10m. The de Broglie wavelength of
neutrons at thermal temperatures is therefore approximately the same as the
lattice spacing in condensed matter, i.e., the spacing between atoms on adja-
cent sites of crystalline materials. The consequence of this is that neutrons with
thermal energies can be used to probe the structure of materials in condensed
mater physics—this is highly convenient for experimentalists because it means
that facilities can work at normal temperature ranges and do not need to expend
a lot of energy in changing the temperature of a moderator substance.

What about some other properties of the neutron? One property of the
neutron, which prima facie could be slightly perplexing, is that the particle
has a magnetic moment and an intrinsic spin. This would appear to contra-
dict the electrical neutrality of the particle since both a magnetic moment and
spin come from a particle with an electrical charge. However, this is premised
on the neutron having no internal structure but, as has been aforementioned,
the neutron is composed of three quarks which have either a charge of 2

3
e or

−1
3
e. The non-homogeneous electrical structure of the neutron means that on

spinning these quarks can produce both magnetic moments and intrinsic spins
that combine to produce a non-zero magnetic moment and spin of the neutron.
These have been calculated as µn=-1.913µN and sn = 1

2
respectively [3] where

µN is the nuclear magneton.
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Figure 1.1: The quantum description of the neutron is an oscil-
latory wavefunction that is localised about a point in space where
it is most probable to be located after measuring its position.
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One might ask the question why does the neutron have a spin of 1
2
when

the three quarks, which are fermions, could combine to form a spin of 1
2
or 3

2
.

The quarks, like electrons in an atom, have bound states in the nucleus and
have to obey Pauli’s exclusion principle, which states that no two particles can
have the same quantum state. As each state of the quark has a degeneracy of
two—the quark can have up or down spin—the ground state is formed by two
down quarks being in the same quantum state with opposite spin, which leads
to the total spin of the particle being 1

2
. It is possible that a particle is formed

in a higher energy state in which case the spin of this particle could be 3
2
(a

so-called delta particle) but the energy scales between the ground and excited
state of nucleons is much greater than the energy scales within an atomic nucleus
meaning that this is only possible on earth within large particle accelerators.

Since the neutron has a magnetic moment and intrinsic spin, it is able to
interact with other particles with moments and spins meaning that it can probe
both the structure and dynamics of magnetic materials in a similar way as its
nuclear interaction with nuclei enables the determination of structure and dy-
namics of lattices in condensed matter. The interaction mechanism is rather
complicated because there are many contributions to the magnetisation of ma-
terials, i.e., the intrinsic spin of electrons and electron currents, but it should
at least be appreciated by the reader that having a moment and spin leads to
the neutron being an excellent experimental probe for condensed matter physics
and, in fact, it was only because of magnetic neutron scattering that the antifer-
romagnetic state was proven to exist in 1951 by Clifford Shull [4]—experiments
for which he was awarded the Nobel Prize in Physics in 1994 [5].

Some of the properties of the neutron discussed here give an explanation as
to why it might be preferable to use neutrons as a probe for studying the struc-
ture and dynamics of condensed matter. For instance, having no net nuclear
charge means that neutrons can penetrate much more deeply into the bulk of
materials as opposed to X-rays, which probe the surface layer of crystals. Fur-
thermore, the magnetic moment and intrinsic spin of the neutron means that it
has a large magnetic scattering cross section and is able to be used for studying
physical phenomena such as antiferromagnetism, chiral magnetic structure and
spin waves. As a technique, the use of neutrons in inelastic neutron scattering
also provides access to a larger range of energy and momentum compared with
techniques that rely on the use of photons to probe condensed matter systems.
This is clearly demonstrated in Fig. 1.2 that shows the energies and momenta
that are able to be accessed in inelastic neutron scattering and other popular
experimental techniques, including Raman scattering and inelastic X-ray scat-
tering. There are some overlapping energy and momentum ranges for different
techniques (e.g., there is the overlap between inelastic neutron and X-ray scat-
tering), which means that for those wanting to probe within this range it is
possible to choose between the techniques. In this case, the choice of which
technique to use might be decided by comparing the cross sections of neutrons
and X-rays with the sample. Note that in Fig. 1.2 the energy scale is in units
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Figure 1.2: One of the several advantages of inelastic neutron
scattering experiments is that it is possible to access a large range
of both energy and momentum compared with some of the other
techniques that are regularly used for probing condensed matter
systems, such as Raman scattering and inelastic X-ray scattering

[6].

of meV, which is a natural energy scale to use for studying phonons and spin
waves in condensed matter systems. However, it is possible to also see the unit
THz being used in the scientific literature, which has the conversion of 1THz =
4.1meV.

1.2 Neutron scattering
In this section, the reader will be introduced to some of the basics of neutron
scattering. It will cover enough material for the general physicist to be able
to understand the experimental techniques practised in this thesis for studying
the structure and dynamics of condensed matter. If the reader would like to
understand a certain topic herein discussed, it would be recommended that
they read some of the seminal general purpose and applied textbooks in the
field of neutron scattering- these have been heavily relied upon to produce this
introductory summary [3, 7, 8].

The best approach for understanding neutron scattering is to first compre-
hend how a neutron might interact with an isolated bound nucleus that is fixed
to a point in empty space (meaning that no energy transfer can take place dur-
ing the interaction of the neutron with the isolated nucleus). It was shown in
the preceding section that a neutron’s wavelength at thermal energies is of the
order of 10−10m, but the strong nuclear force, one of the fundamental forces
that a neutron experiences, with the other being electromagnetic forces, only
acts on length scales up to roughly 10−15m. Hence, when a neutron impinges on
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an isolated bound nucleus, in a quantum mechanical picture of particle inter-
actions, it would appear that the incoming neutron is a plane wave interacting
with a point particle in space. Since the probability of interaction between the
neutron and the nucleus is so small (a corollary of the penetration depth of
the neutron being so large) the outgoing neutron can be represented by the
unaffected plane wave and a spherical wave centred at the nucleus resulting
from the interaction between the two particles. The wavefunctions of the plane
wave that impinges on the isolated bound nucleus, ψi, and the spherical wave
created by the interaction between the incoming neutron and the nucleus, ψsph,
are given by the following:

ψi = exp (ik · r), (1.3)

ψsph = − b
r

exp (ik · r), (1.4)

where k is the wavevector of the plane wave and b is the nuclear scattering
length parameter representing the strength of interaction between the incoming
neutron and the isolated nucleus. The minus sign is arbitrary and simply means
that the scattering potential is repulsive rather than attractive. The outgoing
wave is a sum of the initial plane wave and the spherical wave in the asymp-
totic limit, i.e., ~r → ∞. This explains the breakdown of the conservation of
probability close to the centre of the scattering potential.

To physically interpret a real nuclear scattering length it is conducive for
the reader’s understanding to first determine the cross section for scattering
using the ratio of scattered neutron flux to the ratio of incoming flux at a
constant distance from the isolated bound nucleus, i.e., the neutron scattering
cross section, σscat. If the speed of the neutrons is v then the incoming flux is v
and the scattered flux through the same sphere of radius r is 4πr2×b2 v

r2
, giving

a scattering cross section of the following:

σscat = 4πb2. (1.5)

The real part of the nuclear scattering length thus contributes to the nuclear
scattering cross section. Without proving it in this thesis (the reader may wish
to consult one of the aforementioned texts on neutron scattering) the nuclear
absorption cross section is proportional to the imaginary part of the nuclear
scattering length, i.e., σabs =

4πb2imag
k

, and is greater when the neutron is travel-
ling at a slower speed (when ignoring the absorption resonance peaks). Hence,
by looking up nuclear scattering lengths of isotopes it is possible to know which
ones strongly scatter or absorb neutrons. It should be noted that there are
often large differences between isotopes of the same element- an example being
between the most abundant isotope of He with an absorption cross section of
0.00747(1) barn (for neutrons travelling at 2,200m/s) and 3He with an absorp-
tion cross section of 5333.(7.) barn for the same speed of neutrons [9]. The
difference in absorption cross sections can be explained by the stability of the
nucleus and whether absorbing the neutron will increase its stability.
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1.2.1 Neutron scattering for condensed matter

The field of condensed matter is much more interested in how neutrons scat-
ter from structured materials rather than from isolated bound nuclei. It will
therefore be much more useful to give a brief description of some of the types of
interactions that can occur when neutrons interact with structured materials,
which can be categorised into elastic and inelastic scattering and coherent and
incoherent scattering and by the force that mediates the interaction (e.g., strong
nuclear force or magnetic interactions).

For the benefit of the reader the concepts of coherent and incoherent scat-
tering will be explained in the case of elastic scattering. Elastic scattering, as
the name suggests, refers to an interaction process in which there is no net gain
or loss of energy of the neutron. In inelastic scattering processes, on the other
hand, energy is transferred between the incoming neutron and the particle with
which the neutron is interacting with the force being mediated by a strong nu-
clear force or electromagnetic forces due to the magnetic moment and intrinsic
spin of the neutron. For an elastic scattering process in which neutrons scatter
from an ordered condensed matter sample with atoms at positions rj, the dif-
ferential cross section (i.e., the ratio of the scattered flux of neutrons into a solid
angle to the incident flux per unit solid angle) can be written in the following
form:

dσ

dΩ
= |
∑
j

bj exp (iQ · rj)|2, (1.6)

where Q is the scattering vector given by Q = ki − kf , the incoming and
scattered neutron wavevectors respectively, and bj is the scattering length of the
atom positioned at site rj. This expression comes from the constructive and
destructive interference between scattered waveforms from neutrons interacting
with the plurality of atomic sites—the same as for Bragg X-ray diffraction within
a crystal. The plane formed by the scattering triangle, which is formed by this
relationship and shown in Fig. 1.3, is called the scattering plane. In general,
ki and kf do not have to be the same magnitude (i.e., if it is not restricted to
the case of elastic scattering) and the plane formed by the scattering triangle,
which is formed by the aforementioned relationship and shown in Fig. 1.3, is
called the scattering plane.

To explain the concept of coherent and incoherent scattering it is necessary
to remind the reader of the isotopic dependence of the scattering lengths, b. In
condensed matter physics there is often a high degree of order within crystalline
compounds and at any atomic site the element situated at that site could be in
its isotopic form i with a probability of pi. Assuming that there is no correlation
between there being one isotope on one site and another isotope on another site,
the entire crystal can be assumed to have a random distribution of isotopes at
each atomic site. For a large flux of neutrons targeting a large sample, the
scattering described in eq. 1.6 can be simplified as the statistical average of the
scattering lengths at sites j:
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dσ

dΩ
∼
∑
j,j′

bjbj′ exp (iQ · (rj − rj′)), (1.7)

where bjbj′ is the statistical average of the scattering lengths of isotopes at
the two indexed sites. Splitting this expression into one part containing the
same site and another part containing different sites:

dσ

dΩ
∼
∑
j 6=j′

bjbj′ exp (iQ · (rj − rj′)) +
∑
j

b2
j , (1.8)

and since there is no correlation between the isotopes on different sites this
can be reformulated as:

dσ

dΩ
∼
∑
j 6=j′

b̄j b̄j′ exp (iQ · (rj − rj′)) +
∑
j

b2
j

=
∑
j,j′

b̄j b̄j′ exp (iQ · (rj − rj′)) +
∑
j

(b2
j − b̄j

2
),

(1.9)

where the coherent and incoherent scattering are the first and second part
of the second line of eq. 1.9 respectively. As can be seen the coherent scattering
relates to the relative position of the atoms within the structured material
and can therefore give the experimentalist information about the structural
composition of the sample being investigated. On the other hand, the incoherent
scattering does not contain information about the structure of the sample but
does give some information relating to its isotopic composition.

From the coherent scattering formula it is possible to derive Bragg’s law for
the constructive interference of scattered waves. This constructive interference
occurs in periodic crystals (i.e., crystals that possess translational symmetry)
when the scattering vector, Q, is equal to one of the reciprocal lattice vectors,
τ , as is the case in Fig. 1.3. Since τ must be equal to an integer number of 2π
multiplied by an inter-planar distance, d, the Bragg law equation, nλ = 2d sin θ,
can be recovered.

This can also be applied to inelastic neutron scattering with the coherent
scattering depending on the product of the statistical averages of the scattering
lengths on two sites and the incoherent scattering depending on the variance of
the scattering lengths on one site. The incoherent inelastic scattering is often
seen as the background to the coherent inelastic scattering events but there is
still some information that is able to be extracted about the dynamics of the
system: in phonon scattering, for instance, it is possible to extract information
about the density of phonon states from this incoherent inelastic background
scattering.

Before proceeding to inform the reader about phonon and magnetic scat-
tering by neutrons, it would be remiss to finally add that there is another
dependence of the scattering length on the total spin of the interacting neutron
and nucleus. These have spins of sn = 1

2
and sI = I respectively meaning that

the total spin of the combined system can be either I − 1
2
or I + 1

2
. The prob-

ability of the system being in each of these spin configurations is proportional
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Figure 1.3: The scattering triangle formed by the scattering
vector, Q, and its relationship with the momentum vectors of
the incoming and scattered neutron. The scattering plane is con-
structed such that its normal vector is perpendicular to both the
incoming and scattered momentum vectors (denoted as k0 and
k in this schematic diagram [10]). Bragg’s law occurs when the
scattering vector is equal to one of the reciprocal lattice vectors.
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to the number of spin projections meaning that the system has a probability of
I

2I+1
of being in the lower spin state and I+1

2I+1
of being in the higher spin state.

These probabilities can be used to calculate the cross sections for coherent and
incoherent neutron scattering using the formulae disclosed in eq. 1.9.

How are inelastic scattering processes dealt with in the quantum mechanical
picture of particle interactions? The assumption in the previous section that the
scattered wave is small compared to the incident plane wave can be viewed as
that the interaction potential, V , is a small perturbation to the physical system
composed of the travelling neutron and the particle. Being a small perturbation
this interaction can be treated using standard quantum perturbation theory
with the rate of transition, Ti→f , of the neutron from an initial state, i, to a
final state, f , given by Fermi’s golden rule:

Ti→f =
2π

~
|〈f |V |i〉|2dΩ

4π
(1.10)

if the scattering process obeys energy and momentum conservation and zero
otherwise. It is superfluous for the reader’s understanding of this thesis to
know the derivation of the complete double differential cross section for inelastic
neutron scattering from this transition rate, instead it would suffice to simply
know that this can be written as:

d2σ

dΩdEf
=
kf
ki

( mn

2π~2

)2
∑
λi

pλi
∑
λf

| 〈σfλf |V (Q) |σiλi〉 |2δ(Eλf − Eλi − ~ω),

(1.11)
where the |σλ〉 are the quantum states of the neutron including its spin,

momentum and wavelength; pλi is the probability of being in the initial neutron
state and V (Q) is the Fourier transform of the interaction potential:

V (Q) = 〈kf |V (r) |ki〉 =

∫
V (r) exp (iQ · r). (1.12)

The interaction potential depends on the force mediating the interaction
between the incoming neutron and the particle participating in the scattering
event. In the case of nuclear scattering and magnetic scattering these will be
described to the reader in the following two sections with enough detail being
disclosed so that the reader can fully comprehend the experiments that have
been done for completion of this thesis.

1.2.2 Principle of detailed balance

One of the important results in scattering theory, which is often used in the
analysis of experimental neutron scattering data, is the principle of detailed
balance. This relates the scattering of the neutron in energy gain mode to
the scattering in energy loss mode and is due to the different occupancies of
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the energy levels of a system when the system is in thermal equilibrium. The
relationship between the two types of scattering can be derived starting from
the expression for the double differential scattering in eq. 1.11, which can be
reformulated as the following:

d2σ

dΩdEf
=
kf
ki
S(Q, ω), (1.13)

where S(Q, ω) is called the scattering function and measures the probability
that a neutron imparts an energy of ~ω and a momentum change of ~Q to the
system whilst maintaining the conservation of energy and momentum. This
is a conditional probability equal to the probability that the neutron gains
or loses both energy and momentum by making a transition from an initial
state to a final state whilst the system does the reverse, i.e., whatever the
neutron gains or loses in energy the system does the reverse change. Since
the transition probability of the neutron going into a lower energy state or a
higher energy state (where the difference in energy is equal to ~ω) is assumed
to be the same, the only differences in the scattering function must come from
the difference in the probability of the system starting from a higher or lower
energy state. Assuming that the crystal’s symmetry means that the probability
the creation or annihilation of a phonon mode with momentum of either ±~Q is
the same, then the only difference in the scattering function must come from the
different occupancies of the energy levels of the crystal when it is at thermal
equilibrium. These occupancy probabilities are governed by the Boltzmann
distribution (phonons have no spin and are therefore Bosonic particles) meaning
that the ratio of the probabilities of the crystal being in one state or a higher
state where the difference in energy between the two states is ~ω is exp (−β~ω),
i.e., the probability that the excited state is occupied is this factor smaller than
the probability that the lower energy state within the system is occupied. This
leads to the following relation between the scattering functions with the system
losing or gain energy:

S(Q,−ω) = exp (−β~ω)S(Q, ω), (1.14)

where the left and right hand side of the equation represent the system losing
energy and gaining energy respectively. The result of this is that in inelastic
neutron scattering experiments the broadened peaks appearing in a constant-Q
scan at ±~ω will differ in their peak height by the factor in eq 1.14. This relation
will be used in this thesis when analysing the inelastic neutron scattering data
collected from the constant-Q scans when investigating Fe1+yTe single crystals.

1.2.3 Phonon scattering by neutrons

This thesis focuses a lot on the lattice dynamical behaviour of condensed matter
and therefore it would be remiss to not explain how neutrons interact with
phonons within these systems and what information about their dynamics can
be extracted from the different types of neutron scattering that have already
been discussed.
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What are phonons? They are quantised particles representing the collective
excitation of atoms which are arranged in a periodic structure. The name
phonon comes from the Greek word phone for sound or voice, which is apt
because long-wavelength longitudinal acoustic phonons are responsible for the
mediation of sound. Depending on the collective motion of the atoms within a
lattice the phonons can be either longitudinal or transverse (or a combination
of the two as will be discussed in due course) and acoustic or optical. The
difference between longitudinal and transverse phonons is that the displacement
of atoms from their equilibrium positions within the lattice is along the direction
of propagation of the wave or perpendicular to the direction of propagation. The
direction of propagation is given by the direction of the wavevector, k, of the
collective motion with its magnitude being equal to 2π

λ
. Acoustic phonons are

when all the atoms are moving in phase with one another whilst optical phonons
label the collective motion described by atoms moving out of phase with each
other.

Neutrons interact with phonons principally through the strong nuclear force
with the moving nuclei within the excited periodic structure. It is possible
for neutrons to extract information about the lattice dynamical behaviour by
measuring the magnetic inelastic scattering due to the coupling between the
phonons and local magnetic moments or electron spin densities; however, it is
often much more simple and effective to directly measure the inelastic neutron
scattering due to the strong nuclear interaction. This section will therefore
give a brief outline of the strong nuclear force interaction potential and any
formula that will be useful for understanding the inelastic neutron scattering
experiments looking at phonons.

As was mentioned in passing in Sec. 1.2, due to the short range of the strong
nuclear force (on the order of 1fm) compared to the typical wavelengths of neu-
trons in thermal neutron scattering experiments, which are on the order of 1Å,
the nucleus appears to the incident neutron as a point particle. Without loss of
understanding, it is therefore possible to ignore the fact that the exact behaviour
of the strong nuclear force is currently unknown and make the assumption that
the interaction potential for these interactions is proportional to a Dirac delta
function centred at the nucleus:

V (r) =
2π~2

mn

bδ(r), (1.15)

where the pre-factor ensures agreement with the known elastic scattering
cross section for an isolated bound nucleus (i.e., dσ

dΩ
= b2).

For a periodic arrangement of atoms within condensed matter, the interac-
tion potential will be a sum over all the atoms within the sample—this would
be a sum over all the atoms in the basis and all directions within the lattice.
When dealing with phonons the atoms are being displaced meaning that the
position vectors within eq. 1.15 are time-dependent. When a neutron interacts
with the lattice that is undergoing collective motion it can interact inelastically
and either create or annihilate one or more phonon modes. Due to the lower-
ing of the degrees of freedom when more phonons are created or destroyed in
the scattering event (see the diagram in Fig.1.4 that shows the creation of two
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Figure 1.4: Diagram of neutrons scattering and producing a
phonon with the constraint that the energy and momentum im-
parted to the phonon balances the loss of both the energy and

momentum of the incident neutron.

phonons) one-phonon events are much more likely to happen. Without proving
the result, since it is not a prerequisite for understanding the experimental neu-
tron scattering data within this thesis, suffice it to know that the one-phonon
coherent and incoherent scattering have the following double differential cross
sections:

( d2σ

dΩdEf

)
1ph,coh

=
kf
ki

(2π)3

v0

∑
G

∑
s

|
∑
d

b̄d√
md

Q · eds exp (−Wd) exp (iQ · d)|2

1

2ωs

(
n(ωs)δ(Q + Q−G)δ(ω + ωs)

+ {n(ωs) + 1}δ(Q−Q−G)δ(ω − ωs)
)
;

(1.16)

( d2σ

dΩdEf

)
1ph,inc

=
kf
ki

∑
s

∑
d

(σinc)d
4π

1

md

|Q · eds|2 exp (−2Wd)

1

2ωs

(
n(ωs)δ(ω + ωs)

+ {n(ωs) + 1}δ(ω − ωs)
)
;

(1.17)
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where v0 is the volume of the unit cell of the lattice, G are the reciprocal
lattice vectors, s are the phonon modes, d are the equilibrium positions of the
atoms within each unit cell, esd are the atomic displacement vectors for atom d
of mode s (the atomic displacements will differ for longitudinal and transverse
phonon modes and whether they are acoustic or optical phonon modes), n(ωs)
is the Bose-Einstein distribution for bosonic particles with an energy of ωs (i.e.,
particles not obeying the Pauli exclusion principle), andWd is the Debye-Waller
exponent that accounts for thermal motion of the particles. More informa-
tion about the Debye-Waller factor and how it might affect the magnitude and
isotropy of the neutron scattering can be realised by writing its exponent as an
expansion of creation and annihilation operators and independently averaging
over vibration modes, as is done by [8]:

2W =
~

2MN

∑
s

(Q · eds)2

ωs

coth (
1

2
~ωsβ). (1.18)

It ought to be noted that even at absolute zero temperature the Debye-
Waller factor is finite due to the zero point energy fluctuations owing to the
Heisenberg uncertainty principle. This states that the position and velocity of
the particle can never be simultaneously known to absolute precision and there-
fore it is possible to have random fluctuations of the kinetic and potential energy
of the crystal even at absolute zero. At very high temperatures, the average
magnitude of the vibrational displacements of the atoms increases. This results
in a much larger exponent that makes the Debye-Waller factor, exp (−2W ),
tend towards one. This means that even if the crystal creates an anisotropy
in the scattering due to the Debye-Waller factor its effect reduces at greater
temperatures. This anisotropy comes from the fact that modes along different
directions in the crystal may have different atomic displacements owing to the
symmetries of crystal structure. This would not be the case, for instance, in a
cubic crystal structure because distortions of the crystal in all three directions
of the lattice are symmetric. This is the case for ordered perovskites such as
SrTiO3.

The Dirac delta functions relate to the conservation requirements in the
one-phonon scattering including both physical constraints that the energy and
momentum of the system are conserved during the interaction. Both the coher-
ent and incoherent one-phonon scattering include the possibility for the creation
of destruction of a phonon as indicated by the change of signs in the two for-
mulae. In a real inelastic neutron scattering experiment the intensity peaks are
broadened around a central peak value. Why might this be happening? There
are a several reasons for this broadening with an in-exhaustive list of possible
causes being the resolution function of the neutron scattering instrument (which
is a function of both E and Q), the mosaicity of the crystal, which indicates
that there is a spread of the axes around a mean orientation, and most inter-
estingly that the interatomic forces between the atoms are anharmonic. The
anharmonic forces might be due to the scattering of the phonons by localised
or conduction electrons or phonon-phonon scattering to name but a few.
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The reader should be aware that inelastic neutron scattering is only sensi-
tive to phonons when there is a component of the scattering vector, Q, along
the displacement vectors of the atoms within the lattice, eds, which is due to
the dot product in the two equations. Hence, neutron scattering cannot probe
phonon modes with displacements that are only perpendicular to the scattering
vector. It should also be recognised that more information about the phonons
can be obtained from the coherent inelastic scattering due to the presence of
the phonon scattering structure factor in eq. 1.16 (this is the summation over
d), which is why the incoherent scattering is often seen as the background to
the coherent scattering intensities in neutron scattering experiments. However,
there is some information about the phonons that can still be extracted from
the incoherent inelastic scattering: it can be shown that eq. 1.17 is proportional
to the density of state of phonon modes, g(ω), which is helpful for determin-
ing the phonon energies and degree of phonon damping, which can be due to
a multitude of reasons such as phonon-phonon interactions due to the anhar-
monicity of the lattice potential energies, electron-phonon coupling in metallic
compounds, and scattering from magnetic excitations. Phonon dampening is
a critical phenomenon that can tell you lots of information about condensed
matter and the reader should be aware of this when reading, later in this thesis,
about the softening of phonon modes in one of the studied compounds, Fe1+yTe.

1.2.4 Transverse and longitudinal phonon modes

It has already been stated that phonon modes can be categorised depending on
how those atoms within the crystal that are involved in the collective excitation
are displaced, and specifically the direction that they are displaced in compared
with the direction of the wave propagation. In summary, in the case of longitu-
dinal modes the atoms are displaced perpendicular to the plane of propagation
whereas in transverse modes they are displaced parallel to the plane of propaga-
tion (parallel and perpendicular to the wavevector respectively). In reality, the
propagation of these collective waves is not so simple and waves cannot often
be entirely classified as one or the other type meaning that a phonon mode has
atomic displacements with components parallel and perpendicular to the plane
of propagation of the wave. The classification of phonon modes, like linear
elastic waves in continuous media, needs to be split into further sub-categories
such that waves are either pure or quasi-longitudinal or transverse. In the case
of a pure longitudinal or transverse mode, as the name suggests, the atomic
displacements have components solely perpendicular or parallel to the plane of
wave propagation. Quasi-longitudinal or quasi-transverse modes mean that the
components of the atomic displacements are to a large extent either perpendic-
ular or parallel to the plane of wave propagation. In most materials, phonon
modes will not be pure modes due to the anisotropy of the crystal and in par-
ticular along the direction of the propagation of the measured wave. However,
there are a few exceptions to this when one pure longitudinal and two pure (and
degenerate) transverse modes are observed: this is when the crystal is isotropic
in general or the phonon modes are being measured along one of the so-called
high symmetry directions of the crystal, which are directions along which the
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propagation of the wave is isotropic. Certain labels are often used in the field
to denote the pure and quasi-transverse modes: T1 is used to denote a pure
transverse mode and T2 is used to denote a quasi-transverse mode. In general,
there are always three normal modes in any direction but observing a splitting
of the degenerate transverse modes gives information about the symmetry of
the crystal.

If there are N atoms in the unit cell of a crystal, then there will be a total
of 3N phonon modes. Hence, along one of the high symmetry directions of
the crystal there will be a total of 2N degenerate phonon modes because N of
these will be pure longitudinal modes and 2N will be doubly degenerate pure
transverse modes. In this thesis, the PbMg1/3Nb2/3O3 and Fe1+yTe crystals are
studied. PbMg1/3Nb2/3O3 has a cubic lattice and therefore has three equivalent
[100] symmetry directions, four equivalent [111] symmetry directions and six
equivalent [11̄0] symmetry directions. On the other hand, since Fe1+yTe has
a tetragonal lattice, it has one [100] symmetry direction, two equivalent [100]
symmetry directions and two equivalent [11̄0] symmetry directions [11]. Hence,
in order to measure the pure longitudinal and pure transverse phonon modes
within these two systems it is necessary to choose the appropriate axis along
which to measure the dispersion curves.

1.3 Inelastic neutron scattering instruments
In the previous section, the theory of neutron scattering was considered with an
eye to the application of neutrons for studying lattice dynamics and magnetism
within condensed matter. In particular, the reader should now have a basic
understanding of how neutrons can be used to investigate phonons in condensed
matter and how the coherent inelastic scattering can be used to characterise the
phonon dispersion curves for either longitudinal or transverse and acoustic or
optical modes. In this section, the reader will be introduced to the practical
implementation of neutron scattering experiments such as the production of
neutrons, the experimental apparatus and the detection of scattered neutrons
in a phase space volume element defined by the points (E, Q) and (E + δE,
Q + Q + ~δQ). A short, but more detailed, description of the MERLIN and
EIGER instruments at ISIS and the Paul Scherrer Institut (PSI) will then be
given since the experimental neutron scattering data contained within this thesis
was obtained here.

1.3.1 Production of neutrons

The production of a sufficient flux of neutrons is critical for carrying out neutron
scattering experiments. Historically, the method for generating neutrons for
experimental purposes was by inducing nuclear fission in a nuclear reactor. In
this process heavy nuclei are bombarded with neutrons and split into lighter
nuclei with more neutrons given off as a product to the reaction. The reason
why these neutrons are released is that lighter nuclei require a smaller fraction
of their nucleons to be neutrons for stability and so in producing lighter nuclei
more neutrons must be emitted. To be a self-sustaining chain reaction the
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facilities are designed such that on average one of these neutrons causes the
fission of another nuclei. The neutrons that do not contribute to further fission
reactions are allowed to escape from the nuclear reactor for use in neutron
scattering experiments. An example of a nuclear fission reaction with 235

92U as
the fissile material is shown below:

1
0n + 235

92U→ 141
56Ba + 92

36Kr + 31
0n, (1.19)

which would mean that on average (assuming that this is the only allowed
nuclear decay path for 235

92U) two of these neutrons would be allowed to escape
from the nuclear reactor and be used for neutron scattering experiments.

Unfortunately, the neutrons produced as products to the nuclear fission re-
action have energies that are far in excess of those required for studying con-
densed matter. They have energies of approximately 1MeV rather than the
energy scales seen in condensed matter, i.e., 1meV to 1eV. To obtain the latter
energies these neutrons need to be cooled down, or moderated, by repeated col-
lisions with particles within another medium. After several collisions within the
so-called moderator the neutrons will have a Maxwellian distribution of energies
equal to that of the moderator. The principle choices for nuclear moderators
are light and heavy water (H20 and D20 respectively) and solid graphite rods.
For this thesis, it is unnecessary to understand the reasons for choosing one
over the other, but it is salient to understand that the temperature of the mod-
erator is critical for selecting neutrons with energies on the scale of phenomena
within a material that an experimentalist wishes to study. Neutrons are often
categorised into three broad temperature ranges: thermal, epithermal and fast
neutrons (see Fig. 1.5). Since phonon modes in condensed matter have energies
less than 100meV, moderators that produce thermal neutrons are chosen for
neutron scattering experiments.

An alternative source of neutrons that is increasingly replacing the nuclear
reactor sources is a spallation source. The spallation of neutrons works by first
accelerating protons to energies in the range of a few GeVs in synchrotrons,
cyclotrons or linear accelerators and using them to bombard a heavy element
target to cause the ejection of several neutrons. The noun spall comes from the
mining industry and is used to describe the chips that flake off minerals when
they are put under pressure or crushed. The similarity between this process
in the mining sector and the use of protons to cause the ejection of neutrons
is why the reaction is called neutron spallation. The accelerated protons cause
the heavy nuclei to go into an energetically unstable excited state which quickly
decays into lighter nuclei along with the ejection of several neutrons. These
neutrons can be transported to the neutron scattering experimental instrumen-
tation using beam tubes and guides.

What are the benefits of using nuclear fission or neutron spallation as a
source? One of the reasons to choose nuclear fission as a source for neutrons is
that the flux achieved by nuclear reactors is often higher than the flux that can
be obtained from spallation sources. Higher neutron fluxes have the advantage
that the neutron scattering scans of a sample can be achieved in less time and
the statistics are much improved with coherent scattering peaks more clearly
defined and statistically significant. The neutron flux from spallation sources
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Figure 1.5: An illustrative guide to the terminology used for
particular incident neutron energies within the field of neutron
scattering. The neutron moderators allow the instrument to have
an incident flux of neutrons within a particular energy range
because of the thermal equilibrium reached within the moderator

medium.
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is commonly pulsed (e.g., the ISIS Neutron and Muon Spallation Source has a
pulse frequency of 50Hz [12]) which helps in determining the incident neutrons’
energies and wavelengths and therefore in carrying out time-of-flight measure-
ments. The benefit of being able to do time-of-flight measurements can reduce
the time needed to carry out experiments and mitigate the difference in neutron
flux with nuclear reactor sources.

1.3.2 General features of neutron scattering instruments

The reader has now been introduced to the common types of neutron sources,
i.e., the nuclear reactor and spallation sources. In this section there will follow
a discussion of how the neutrons are used in practice for carrying out neutron
scattering experiments and how instruments are set up to measure the inten-
sities of scattered neutrons at specific energies and scattering vectors. There
will be a review of the general features of both time-of-flight (ToF) and triple-
axis spectrometers (TAS) because not only are these techniques used in this
thesis but they are also the most common techniques used in all neutron scat-
tering experiments. It is therefore critical for understanding the studies within
this thesis that the reader has a sufficient degree of knowledge on these two
innovative techniques.

In time-of-flight spectroscopy, the source of neutrons is trains of pulses and
the neutron detectors form pixellated arrays in order to detect a large range
of energies, ~ω, and momentum transfers, Q, of incoming neutrons. As such
ToF spectrometers can survey large regions of (~ω, Q) space and do so quickly.
The time from when the neutrons are ejected from the heavy nuclei target to
being detected by the pixellated array is used to determine the energy and
momentum of either the incident (direct geometry ToF) or scattered (indirect
geometry ToF) neutrons depending on the set up of the ToF apparatus. In
either the direct or indirect geometry ToF there are two length scales measur-
ing the distances between the neutron source and sample and the sample to
the detector respectively. The time to traverse one of these distances is fixed
by setting either the incident or scattered neutron energy using choppers or
monochromator crystals. In common to both geometries a background chopper
(often called a t0 chopper) that is made from materials with high absorption
properties is placed in front of a beam aperture at the moment of proton impact
(this is the reason why it is named a t0 chopper) to block out fast neutrons and
gamma rays that would otherwise spoil the experiment by contributing to back-
ground radiation [13]. This is necessary because fast neutrons and gamma rays
do not obey Bragg’s law and will interact with the nuclei in the sample forming
resonance peaks in the neutron cross section. The resonances occur because
fast neutrons have enough energy for them to combine with target nuclei and
form composite nuclei in an excited state. The resonance peaks in the neutron
cross section occur above ∼eV meaning that it is essential for the t0 choppers
to be designed such that they block out neutrons with energies greater than
this lower threshold [14]. In some designs of time-of-flight instruments a disc
chopper is also used after the t0 choppers to block out neutrons with energies
higher than ∼100meV.
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Figure 1.6: A schematic diagram of the indirect geometry in-
elastic neutron scattering instruments. Each pulse contains neu-
trons of varying wavelengths that scatter from the sample to-
wards the analyser crystal, which selects neutrons of a particular
wavelength from the Bragg reflections. Higher order Bragg re-
flections can be filtered out of the scattered beam using neutron

filters.

As has already been mentioned, in direct geometry ToF the incident neutron
momentum, ki, and thus energy, is fixed. This is done using a Fermi chopper
that rotates at integer multiples (the integer is called the repetition rate) of the
source frequency so that only neutrons of particular energies can pass through
to the sample and not be blocked from the neutron beam (see Fig. 1.6) [3].
The multi-repetition mode can also be achieved with disc choppers rather than
Fermi choppers. The difference between these two types of choppers being that
the former is a large, thick cylinder made from a material with a high neutron
absorption cross section and has slits along the outer edges in order to allow neu-
trons to pass through it. This is in contrast to a Fermi chopper that has curved
slits that run through the chopper from one side to the other. The repetition
rate gives the number of different incident neutron energies that are permitted
to pass through to the sample and scatter into the pixellated array of detectors.
These incident energies need to be chosen in order to avoid neutrons from one
pulse overlapping with neutrons in another pulse within the instrument, which
would make time-of-flight measurements impossible. An alternative method
for reducing the constraints on the energy choices for avoiding any overlapping
pulses of neutrons is to further the distance between the source and sample
with respect to the other distance between the sample and the detector array,
which is thought about in the designing of ToF instruments before construction.
For the experimentalist who is constrained by the instrument they are using,
they must consider what combination of neutron energies will be allowed. A
considerable advantage in using a higher repetition rate is that more data can
be collected in less time as multiple experiments are in essence being carried
out at the same time.
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For an indirect geometry ToF (i.e., the configuration of a ToF neutron scat-
tering instrument that fixes the final energy of the scattered neutrons using
an analyser crystal) a neutron filter is placed colinear with the axis pointing
from the analyser crystal, which Bragg diffracts the scattered neutrons from
the sample, and the detectors. When the scattered neutrons Bragg diffract in
the analyser crystal this selects neutrons with a wavelength of λ, but as has
been stated previously, higher order Bragg scattering happens at λ/2, λ/3, λ/4,
etc. An ideal neutron filter would therefore be constructed from materials with
a high transmissibility of neutrons at a wavelength of λ but a low transmis-
sibility, and therefore a high absorption and scattering cross section, at the
higher order Bragg scattering. Depending on the cut-off requirements to sup-
press these higher energy neutrons various materials can be used as filters. For
instance, on EIGER at the Paul Scherrer Institut (PSI), which is discussed in
further detail in Sec. 1.3.4, the (002) Bragg reflection of pyrolytic graphite is
used to filter higher energy neutrons out of the beam (see Fig. 1.9) [15]. Py-
rolytic graphite is a material in which all the crystallites (also called the grains
of a quasi-ordered crystal that meet at grain boundaries) have a high degree of
orientation preference. Since it is a hexagonal crystal system it can be described
in that the basal axes (a1, a2 and a3) are all aligned but the hexagonal c-axis
have a random orientation but preferentially along one direction. This means
that there is a spread about a preferred axis with a mosaicity that is defined by
the distribution of the angular spread of the c-axes. Pyrolytic graphite is chosen
as a neutron filter because a single crystal attenuates both the lower order and
higher order Bragg scattered neutrons whereas pyrolytic graphite provides a
sufficient degree of higher order filtration without a large reduction in the lower
order neutrons.

As described in Sec. 1.2, in order to calculate the scattering probabilities
it is necessary to normalise the scattered intensities by the incident neutron
flux. To do this in neutron scattering experiments a monitor is placed before
the neutrons scatter from the sample. This monitor is a detector that can
measure the time-integrated neutron intensities because the signal that it gives
is linearly proportional to the incident flux. The monitor will have its own
resolution function because the probability that the neutrons will interact with
the atoms within the monitor will be dependent on the incident energy of the
neutrons. Correcting for the resolution of the monitor and the detectors placed
after the sample (along with the other elements of the time-of-flight instrument)
allows the user to determine the scattering function as a function of both the
energy and momentum transfer and use this information to help understand
the condensed matter system being studied.

In neutron scattering experiments the important information is contained
within the scattering function, S(~ω,Q), which is related to the double differen-
tial scattering cross section presented in Sec. 1.2.3 using the following relation:

d2σ

dΩd~ω
=
kf
ki
S(~ω,Q). (1.20)
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However, in ToF spectroscopy the intensity is measured in the time domain
(i.e., it is measuring the differential cross section per unit time) rather than
directly being able to access the differential cross section per unit energy as
shown in eq. 1.20. It can be demonstrated that for direct geometry ToF (a
similar approach can be applied to indirect geometry ToF) the two differential
cross sections can be related by the total time it takes for the neutrons to
traverse from the target to the detector array, tT , the time for the neutron to
reach the sample from the source, ts, the distance from the source to the sample,
Ls, and the distance from the sample to the detectors, Ld:

d2σ

dΩd~ω
=

(tT − ts)3

mnL2
d

d2σ

dΩdtT
. (1.21)

Removing the kf
ki

factor from the above expression, it can be demonstrated
that the scattering function, S(Q, ω), is proportional to the fourth power of the
difference in the two times, tT and ts:

S(~ω,Q) =
Ls(tT − ts)4

tsmnL3
d

d2σ

dΩdtT
. (1.22)

The same analysis can be done for the indirect ToF geometry, which gives
a similar expression for converting the double differential cross section in the
time domain to the scattering function:

S(~ω,Q) =
td(tT − td)2

mnLsLd

d2σ

dΩdtT
. (1.23)

ToF instruments at neutron scattering facilities, such as on EIGER at the
PSI, often have software for the conversion of the double differential cross section
in the time domain to the energy transfer domain or the scattering function.
This will have to be done for each pixel of the neutron detectors because the
length from the sample to the detector will be different for each scattering
vector, Q.

In a direct geometry ToF instrument the maximum neutron energy loss that
can be observed (due to the energy-momentum conservation laws) is equal to
the incident energy, whereas the maximum energy gain in an indirect geometry
ToF instrument is equal to the final selected energy by an analyser crystal.

What are the advantages and disadvantages of having a direct or indirect
geometry ToF instrumental set-up? One aspect to consider for the direct geom-
etry ToF instruments is that the energy resolution of the instrument increases
with increasing incident neutron energy. This is, however, not necessarily a
problem because the incident energy can be chosen so that the resolution suits
the excitations that one is observing. For instance, if there is an experiment
measuring both low and high energy phonons, it is possible to have a repetition
rate of p = 2 selecting one incident neutron energy for measuring the lower
energy modes and another energy for measuring the higher energy modes. In
this way the higher resolution when using the lower incident neutron energy
allows for better characterisation of the lower energy phonon modes whilst still
enabling the determination of the higher phonon modes with the higher inci-
dent neutron energy. In this thesis, this technique (using a repetition rate of
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Figure 1.7: The energies and momenta of the incident and
scattered neutrons are constrained by the conservation of energy

and momentum for the scattering process.

p = 2 with incident neutron energies of Ei=75meV and Ei=150meV) could
have been utilised in order to characterise the lower and higher energy phonon
modes in PbMg1/3Nb2/3O3, but, in the end, these experiments were undertaken
separately. An issue with using the indirect geometry ToF instrument is that
in selecting the final neutron energy after being scattered by a sample with
an analyser crystal there will be spurious peaks associated with higher order
Bragg scattering, i.e., λ

2
, λ

3
etc. For this reason, a direct geometry ToF in-

strumental set-up is often preferred when weak scattering signals are present
owing to the improved background scattering. The weak signal observed for
the highest energy phonon modes, which is due to the inverse proportionality
of the differential nuclear scattering cross section with phonon frequency, is one
example of a phenomenon that would benefit from the use of a direct geometry
ToF instrument.
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The other fundamentally useful neutron scattering instrument is the triple-
axis spectrometer (TAS). This is different from the ToF instrument because both
the incident and final neutron energies are selected using a monochromator and
analyser crystal, which is often made from a pyrolytic graphite crystal using
the (002) Bragg reflection. The sample is placed on a goniometer which can
rotate about an horizontal and vertical axis meaning that, along with the ability
to independently set the two angles that select the incident and final neutron
energies, the TAS can access any trajectory in the Brillouin zone and energy gain
or loss by carefully setting these angles (see Fig. 1.7). The ability of the TAS to
perform constant-energy or constant-Q scans (whereby the energy transfer or Q-
vector is fixed) is also very useful because scans can, for instance, be performed
along high-symmetry directions to compare with theoretical calculations, e.g.,
density functional perturbation theory for phonon modes, that are often carried
out along these directions.

Having introduced the reader to the practical implementation of neutron
scattering for studying condensed matter, in the following sections there will
be an explanation of the instruments used to carry out the studies within this
thesis, namely the MERLIN and EIGER instruments at ISIS in Oxfordshire
and the Paul Scherrer Institut (PSI) in Switzerland respectively.

1.3.3 MERLIN

The MERLIN instrument at ISIS is based on the time-of-flight direct geome-
try spectroscopy technique that was addressed in the previous section. It was
utilised in this thesis for characterising the longitudinal and transverse higher
energy phonon modes in PbMg1/3Nb2/3O3 and for studying the displacement
disorder of atoms within the perovskite structure; hence, it will be conducive
for the reader to have some basic understanding about the MERLIN instrument
before proceeding to the sections pertaining to the experiment and the inelastic
neutron scattering data. The information that will be described here can be
complemented by externally cited material [16].

The ISIS Neutron and Muon Source currently has two target stations (target
station 1 and 2) that are separately providing neutrons and muons to several
neutron scattering and muon spectroscopy instruments. The neutrons are pro-
duced when bunches of protons, which have been accelerated around a fixed-
loop path within a magnetic field of a synchrotron, collide with a heavy tungsten
target. The highly energetic collisions induce neutron spallation reactions pro-
viding a pulsed source of neutrons to the neutron scattering instruments within
a particular target station. Before being channelled into the neutron scatter-
ing instruments these fast neutrons are moderated by one of four moderators
depending on the neutron energies required by an experiment: one uses liq-
uid hydrogen at 20K, two comprise water at room temperature and the other
utilises methane at 100K [17]. To reduce the neutron flux loss through the
walls of the moderators, a beryllium reflector is placed around the moderators
to reflect neutrons back into the moderator so that they can continue scattering
with the molecules within the moderator medium in order to achieve thermal
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Figure 1.8: The MERLIN time-of-flight instrument on the ISIS
Neutron and Muon Source with the sample environment seen
with respect to other principle component parts of the direct

geometry neutron scattering instrumental set-up [16].

equilibrium while maintaining sufficient neutron flux for neutron scattering ex-
periments. The reflection of neutrons back into the moderator has the same
theoretical principles as optical reflectivity but with different refractive indices
for the incident neutrons that depend on their de Broglie wavelength and the
real part of the neutron scattering length of the material used as the reflector.
Beryllium is thus chosen as a reflector for the moderators due to its favourable
neutron refractive index.

Using a combination of beam guides and neutron super-mirrors, which are
multi-layered neutron mirrors with varying layer thicknesses to produce maxi-
mal neutron reflectance, the moderated neutrons are guided to one of the in-
struments on the target stations. MERLIN is located on target station 1 and
was constructed to complement another spectrometer called MAPS—which is
also located on the same target station in the ISIS Neutron and Muon Source.
Being a direct geometry time-of-flight neutron scattering instrument, MERLIN
fixes the incident neutron energies using a Fermi chopper that can be set to
multi-repetition mode as was broached in the previous section (see Fig. 1.8). It
has a detector array beyond the sample mount that spaces a scattering angle
range of between -35° and 145° in the horizontal plane and ±30° in the verti-
cal plane. The detector array comprises 3m long position sensitive detectors
(PSDs) that are able to tag scattered neutrons by their position and time of de-
tection (this enables the time-of-flight instrument to be in event mode whereby
the experimentalist can choose the bin sizes rather than being pre-set for the
instrument). The ability to access a large range of (ω, Q) space is one of the rea-
sons for why the MERLIN instrument is chosen for studying complex condensed
matter phenomena.
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Figure 1.9: The EIGER triple-axis spectrometer on SINQ at
the PSI has a sapphire filter, pyrolytic graphite monochromator

and analyser crystals and 3He-tube detectors [18].

1.3.4 EIGER

In contrast to the MERLIN instrument, the EIGER instrument at the PSI is
a thermal neutron triple-axis spectrometer. It is located on the Swiss Spal-
lation Neutron Source (SINQ) at the PSI that provides a steady-state source
of neutrons from a neutron spallation reaction- the only one of its kind in the
world. It has been used for this thesis for studying soft phonons in Fe1+yTe
and for understanding the lattice dynamical behaviour close to the structural
and magnetic phase transitions of the single crystal. In SINQ, a 1.5mA current
of fast protons in a 600MeV beam is used to spall neutrons from a heavy lead
target releasing on average about 10 neutrons from each collision event. In this
way a total flux of 1017/s neutrons is produced by the cyclotron accelerator
putting the SINQ in the category of a medium neutron flux source. If the de-
sire is to have thermal neutrons or liquid deuterium for cold neutron scattering
experiments, the neutrons produced by the spallation reactions are moderated
by heavy water (D20). In a similar manner to the MERLIN instrument these
moderated neutrons are channelled to the neutron scattering instruments using
a system of neutron guides, which are glass conduits coated in a material with
a high neutron reflectance (these neutron guides can be observed in Fig. 1.10
which shows the neutron guide to the EIGER instrument).
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Figure 1.10: A panoramic view of the neutron guide hall in
the Spallation Neutron Source, SINQ, from the viewing platform

[19].

Once the thermal or cold neutrons have been transported along the neutron
guides to the triple-axis spectrometer instrument, these pass through a fast
neutron filter, which is made from sapphire crystals, i.e., Al2O3, as shown in
Fig. 1.9. These fast neutron filters work because the crystals have a wavelength-
dependent transparency to neutrons such that fast neutrons have a much greater
probability of being absorbed or scattered out of the beam than neutrons with
slower neutrons. Since there is a conflict between the desire to reduce the back-
ground to the scattering intensities and to maintain a high incident neutron flux,
a balance is needed when introducing fast neutron filters to a neutron scatter-
ing instrument. After passing through the fast neutron filter, the neutron beam
Bragg reflects from the monochromator crystal that selects the incident neutron
momentum, ki. Higher-order Bragg reflections also mean that faster neutrons
with wavelengths of λ

n
∀ n ≥ 2 scatter in the same direction towards the sample,

which is positioned in the goniometer, thus contributing to the background. The
neutrons scatter from the sample and those with a final momentum of kf are
selected by an analyser crystal (both monochromator crystals in the EIGER
triple-axis spectrometer are made from pyrolytic graphite and use the (002)
Bragg reflection) and diffract towards neutron detectors made from tubes filled
with 3He.

How do these 3He-tube detectors function? 3He has a high neutron absorp-
tion cross section with this nuclear reaction producing the charged by-products
of a proton, 1H, and a tritium ion, 3H:

1
0n + 3He→ 3H + 1H + 0.764MeV, (1.24)

with the nuclear energy released in this reaction being shared between the
reaction products. A voltage is applied across the 3He-tube detector and the
charged particles move towards a stopping gas in proportional counters with a
charged cloud inducing a current that is proportional to the number of detected
neutrons (assuming that the counter is in the linear proportionality regime of
the 3He-tube detector).
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1.4 What has been studied?
In this section, the reader will be introduced to the solid-state crystals studied
for this thesis, namely PbMg1/3Nb2/3O3 and Fe1+xTe. Their structure, and in
the case of Fe1+xTe, magnetic phases will be presented from previous scientific
studies and review articles in order for the reader to have an appreciation for the
context with which these crystals are to be studied for this thesis. Although this
is not a thesis studying their industrial applicability (for instance in the solid-
state electronic sector) it will nonetheless be mentioned for the general interest.
This is because the objective of condensed matter research is ultimately to
understand how solid-state compounds can be used to produce better and more
efficient devices and improve the total factor productivity of society.

1.4.1 Brief introduction to PbMg1/3Nb2/3O3

PbMg1/3Nb2/3O3 (PMN)—and the related compound PbZn1/3Nb2/3O3 (PZN)—is
a prototypical relaxor ferroelectric (the unit cell in the cubic phase is shown in
Fig. 1.11) that displays temperature and frequency broadened peaks in the di-
electric response [20, 21]. Relaxor ferroelectrics are a type of ferroelectric (ma-
terials that display a spontaneous polarisation that can be reversed in direction
by the application of an external electric field) that possesses the property of
high dielectric constants and large electrostriction. Having large electrostriction
means that these materials can change shape on the application of an external
field, which, since they are ferroelectrics, can also simultaneously act to change
their polarisation. Electrostriction is different to piezoelectricity in that the
strains of the crystal lattice in the former phenomenon change with the square
of the applied electric field as opposed to linear changes with the latter. PMN
is specifically a lead-based relaxor ferroelectric with a simple perovskite struc-
ture—it has a general chemical formula, PbBO3, where the B site is occupied
by two different cations with differing valences [22–25].

Why might a relaxor ferroelectric be an interesting material to study? These
materials display exceptional dielectric and electromechanical properties [26]
making them of particular interest for industrial applications. Some unusual
opportunities exist in piezoelectric devices made from relaxor ferroelectrics such
as the possibility to switch the device on and off by the application of a bias
voltage. In general, the large response of the crystal to the applied electric
fields means that devices made from relaxor ferroelectrics can have a large de-
gree of electromechanical control. The electromechanical properties can further
be enhanced by adding small amounts of other compounds to a pure relaxor
ceramic. For instance, when lead titanate, PT, is added to PMN making the
PMN-PT system it produces a large degree of electrostrictive strains close to
room temperature, which is not observed for pure perovskite ceramics [27].

In the absence of an applied electric field [29], PMN and PZN do not un-
dergo spatially long-range structural transitions [30–32] and instead only show
short-range polar [33, 34] order characterized by momentum broadened diffuse
scattering [35] near the Bragg peaks at low temperatures [36–39]. Unlike typ-
ical ferroelectric transitions that exhibit a single critical temperature in the
dielectric response, the temperature dependence is governed by two distinct
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Figure 1.11: Proposed [28] crystal structure of
PbMg1/3Nb2/3O3 (Pm-3m, space group number 221) showing
the Mg2+/Nb5+ cations at the centre of the cubic unit cell
(a=b=c=4.04Å, α, β, γ=90°), the Pb+ cation positioned
on each of the corners and the O2− anions located on the

face-centres.

temperature scales. A high temperature Td (referred to as as the Burns tem-
perature [40, 41]) defines where the diffuse scattering is onset and where polar
nano-regions are formed resulting in an elastic diffuse neutron cross section.
A second lower temperature Tc defines where a ferroelectric phase can be in-
duced with an electric field and where the diffuse scattering cross section can
develop a corresponding anisotropy. These two temperature scales are reflected
in the lattice dynamics and are particularly clear in high resolution neutron
spin-echo measurements [42, 43] probing the dynamics associated with the dif-
fuse scattering cross section. At high temperatures, where a transverse optic
mode softens [44, 45], diffuse scattering appears with timescales on the scale of
∼GHz. At a lower temperature Tc, where ferroelectric order can be induced
with an electric field, the dynamics become static on the GHz frequency scale,
while lower frequency measurements still observe some dynamics. The two tem-
perature scales have been heuristically understood in terms of a random field
model in analogy to model magnets [46–48].

Indeed, it may represent an experimental case of the Heisenberg model in
the presence of a random field [49]. Over this region between Td and Tc, the
transverse optic phonon becomes energy broadened and overdamped with the
optic mode appearing to precipitously collapse into the acoustic mode with en-
ergy [50–52]. The origin of this has been a matter of debate with it originally
being suggested that dampening due to spatially localised polar nano-regions
being the cause [53]. Indeed, these spatially localised polar nano-regions have
a measurable response on the acoustic phonon linewidths and lifetimes [54, 55].
However, work on PMN doped with 60% PT [56] found nearly an identical
lineshape for the low energy transverse optic mode despite PMN-60PT being a
ferroelectric. This indicated that spatially localised regions of polar order was
not the cause of the unusual energy broadening of the transverse optic mode near
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the Brillouin zone centre. Further work implicated symmetry allowed mode cou-
pling [57, 58] as reported in other perovskites such as KTaO3 [59], BaTiO3 [60],
and SrTiO3 [61]. However, investigation of the temperature dependence of the
acoustic phonon structure factor reported no evidence of strong phonon cou-
pling [62] in PMN. It has been recently proposed that the unusual phonon life-
time effects originates from a kinematically allowed phonon decay mechanism
analogous to that reported in low dimensional quantum magnets [63].

The phonon dynamics are further complicated by the observation of new
modes in Raman spectroscopy (see Ref. [64] for complete of discussion and ori-
gin). This combined with the unusual phonon response discussed above has led
to an investigation of the higher energy lattice dynamics. Initial work applying
neutron spectroscopy with a triple-axis found a complete lack of underdamped
phonons in PMN above ∼25–30 meV [65]. This is in contrast to expectations
based on measurements in SrTiO3 and PbTiO3. Raman scattering has since
been applied to PMN and has observed a higher energy response analogous to
PbTiO3 [66–68], but no new modes were observed at low energies.

1.4.2 Brief introduction to Fe1+yTe

In this section, the reader will be introduced to another solid-state compound
that was studied for this thesis, namely the iron-based chalcogenide and parent-
phase of iron-based superconductors, Fe1+yTe. The structural and magnetic
phase diagram is complicated by the fact that the interstitial iron concentration,
y, which is thought to populate the vacuum space within the lattice structure,
can alter the physics of the crystal and engender a change of either structural
or magnetic phase at a specific temperature. Fig. 1.12, which have been based
on neutron scattering, x-ray diffraction and electronic resistivity data [69, 70],
shows the structural, magnetic and electronic phases of Fe1+yTe plotted in the
y− T plane, i.e., interstitial iron concentration vs temperature. At higher tem-
peratures, e.g., around room temperature and pressure, Fe1+yTe has a para-
magnetic state and is a layered material belonging to the tetragonal (space
group P4/nmm) crystal system. Fig. 1.13 shows the high temperature phase of
Fe1+yTe when its structure belongs to this tetragonal crystal system. On the
other hand, as the temperature of the crystal is reduced there are structural,
magnetic and electronic phase transitions that are closely related with the fi-
nal phase depending on the interstitial iron concentration. If the interstitial
iron concentration is below a critical concentration, y∼0.12, Fe1+yTe under-
goes a phase transition to a monoclinic (space group P21/m) crystal system
with a double striped bicollinear antiferromagnetic structure where the mag-
netic moments are aligned along the b-axis. Conversely, if the interstitial iron
concentration is above this critical concentration, the crystal has a transition to
an orthorhombic (space group Pmmn) crystal system with a helical magnetic
structure. Furthermore, the low temperature phases differ in their electronic
states because the former is metallic whereas the latter is a semiconductor as
revealed by resistivity data.
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Figure 1.12: The structural, magnetic and electronic phase
diagram of Fe1+yTe based on neutron scattering, x-ray diffrac-
tion and electronic resistivity data. A schematic of the magnetic
structures is also shown for the antiferromagnetic and helical
magnetic phases as well as the phase found in the region of phase

space separating low-y and high-y [69, 70].

It is not known exactly how the interstitial iron atoms are positioned within
the lattice and it is often assumed, when studying non-stoichiometric iron tel-
luride, that these interstitial atoms are disorderly located throughout the space
not occupied by the lattice formed by stoichiometric FeTe, i.e., when y = 0. In
the tetragonal phase, a tetrahedron formed by the four nearest Te atoms form
around each Fe atom in stoichiometric iron telluride such that the layers of Fe
atoms form a plane parallel to both the a- and b-axes, as shown in Fig. 1.13.

Previous studies in the literature have tried to understand what is causing
the emergence of the bicollinear double stripe antiferromagnetic order for the
low-y configuration of Fe1+yTe. For instance, one study has investigated whether
the magnetic exchange between the Fe atoms in the layers of Fe1+yTe are be-
ing driven by the spin degrees of freedom [72]. The magnetic exchanges that
are included within the Heisenberg spin model are those depicted in Fig. 1.14.
There are two nearest neighbour exchange terms (J1a and J1b), two next near-
est exchange terms (J2a and J2b) and one next-next nearest exchange term (J3).
Furthermore, there is an inter-layer coupling term (Jz) for the magnetic ex-
change between layers of Fe1+yTe with their normal axis parallel to the c-axis
of the single crystal.

This spin-only model of Fe1+yTe below the critical interstitial iron concentra-
tion was tested on a sample of Fe1.05Te with an experiment involving the use of
inelastic neutron scattering [73]. A Holstein-Primakoff transformation was per-
formed of the Heisenberg coupling terms on the Hamiltonian to obtain a model
of the spin wave dispersion. The model of the spin waves was then fitted to
the neutron scattering data and the exchange parameters were optimised such
that J1a = −17.5 ± 5.7eV , J1b = −51.0 ± 3.4eV , J2a = J2b = 21.7 ± 3.5eV
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Figure 1.13: Fe1+yTe in the higher temperature tetragonal
phase viewed in the a-b plane and in an orientation such that
the layers of Fe atoms are easily visible. The atomic positions and
lattice parameters associated with this crystal structure were de-
termined experimentally by refining X-ray diffraction data [71].



34 Chapter 1. General Introduction

Figure 1.14: The Heisenberg model of spins in Fe1+yTe have
been modelled with nearest-neighbour, next-nearest neighbour
and next-next-nearest neighbour exchange coupling terms for the

intra-layer magnetic interactions [72].

and Jz = 6.8 ± 2.8eV (assuming S=1). By comparing their findings with
a related iron pnictide, CaFe2As2, they observe that although their nearest-
neighbour exchange couplings are very different their next-nearest neighbour
exchange couplings are remarkably similar. They suggest that the iron pnic-
tides and chalcogenides’ superconductivity has a magnetic origin that is very
much connected to the next-nearest neighbour exchange couplings between the
iron moments.

A further theoretical work focused on the alternative source of the magnetic
order in that the magnetic interactions could be driven by the orbital degrees of
freedom in the 3d atomic orbitals of the Fe atoms [74] and the interplay between
structural distortions in the tetragonal crystal structure and the emergence of
the magnetic order. It can explain the commensurate, i.e., that the periodicity
of the spin orientations matches the lattice sites, (π

2
, π

2
) magnetic order of

the Fe1+yTe layers by making several assumptions about the crystal. Firstly,
the model assumes that FeTe is a correlated insulator with localised electronic
charge around the Fe atoms such that their spin has a state of S=1. The model
starts from the FeTe lattice having a perfect tetragonal structure such that, if
it is visualised from above or below the plane of each Fe layer, the Te atoms are
at the centre of four Fe atoms if projected onto that plane but alternate above
and below the plane. If the basis vectors of the Fe atoms are x̂ ± ŷ, and the
d-orbitals are defined by dXz/dY z = 1√

2
(dxz ± dyz), then the tetragonal crystal

field formed by the Te tetrahedron lifts the d-orbital degeneracy such that only
the dXz/dY z remain degenerate (they have the highest energy followed by, in
order of descending energy, the dxy, dz2 and dx2−y2 orbitals). The S=1 state
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Figure 1.15: The d-orbital degeneracy is lifted by the tetrago-
nal crystal field around each Fe atom in FeTe. The S=1 state is
due to the dominance of Hund’s coupling over the crystal field
splitting between the dxy and the degenerate dXz and dY z or-

bitals. [74].

arises because there are six electrons to fill the d-orbitals in each Fe atom and
Hund’s coupling dominates over the crystal field splitting between the dxy and
dXz/dY z, which leads to the dz2 and dx2−y2 being fully occupied and the dxy and
either one of dXz/dY z being partially occupied (see Fig. 1.15).

The single Fe spin state is frustrated due to the degeneracy of the dXz/dY z
orbitals. However, this degeneracy is lifted by a Jahn-Teller distortion that
reduces the symmetry and therefore splits these d-orbitals, hence making one of
the orbitals energetically favourable. The exact geometric distortion resulting
from the Jahn-Teller effect is challenging to predict, but the model assumes
that the distortion is such as to realise the configuration that was observed
experimentally, i.e., the Te atoms are alternatively displaced toward and away
from Fe atoms along one axis and the Fe atoms along the other axis both move
toward it forming a rhombus shape (the latter distortion is shown in Fig. 1.16).

But why does this orbital order lead to the bicollinear commensurate an-
tiferromagnetic order in Fe1+yTe? The theoretical explanation is that this is
due to both the orbital ordering and the excess, i.e., y, of Fe atoms, and thus
the presence of these electrons in the lattice. This is also what is believed to
be the cause of the semi-metallic electronic order in Fe1+yTe [74]. The virtual
electron hopping between orbitals is anisotropic, and due to the dXz orbital
having a lower energy, it is energetically favourable to form one-dimensional
chains of electronic charge along the projection of the dXz’s lobes. The next-
nearest neighbour coupling favours an antiferromagnetic order of spins along
each of these one-dimensional chains in the x-direction, whilst excess electrons



36 Chapter 1. General Introduction

Figure 1.16: A Janh-Teller distortion lifts the degeneracy of
the dXz and dY z making the former energetically favoured for a

single Fe atom. [74].

donated from interstitial Fe atoms in the lattice dope the dY z and form one-
dimensional metals that favours ferromagnetic ordering. The combination of
these two effects produces the (π

2
, π

2
) magnetic order of the Fe1+yTe. The pre-

dicted anisotropy in the next-nearest neighbour magnetic interactions does not
agree with the experimental findings which instead found the nearest neighbour
couplings to be anisotropic between orbitals [73].

Another interesting experimental finding is that there is competition be-
tween two configurations of magnetic order with the same magnetic order vec-
tor, i.e., (π

2
, π

2
) [75]. These two magnetic orders are the plaquette magnetic

order and the bicollinear antiferromagnetic order with both having an overall
C2 rotational symmetry but the former has short range C4 rotational symme-
try owing to the ferromagnetic ordering within the plaquettes. At low inelastic
neutron scattering energies, it was found that the magnetic spectrum has C2

symmetry, but as it approaches an energy of E=26meV C4 symmetry emerges.
This can be explained by the possible frustration between the plaquette and
the bicollinear antiferromagnetic order with the former winning out at ener-
gies above the aforementioned critical energy. It is interesting to note that
this energy is suspiciously close to the assumed energy scale of the Jahn-Teller
distortion in Fe1+yTe. Unfortunately, there have not been any experimental
studies investigating the energy scales associated with the Jahn-Teller distor-
tion in Fe1+yTe, but there has been a study that evaluated this energy to be
E∼22meV in a similar iron-based compound called magnetite, Fe2+Fe3+

2 O4 [76].
In this thesis, it is therefore assumed that the Jahn-Teller distortion is the

critical driver of the magnetic interactions within Fe1+yTe. At low energies
(much below E∼26meV), the Jahn-Teller effect dominates leading to the occu-
pation of the dXz orbital in the Fe atoms with S=1 spin state. This is believed
to be the source of the anisotropy in the magnetic interactions and as the energy
increases more virtual exchange pathways are opened up owing to the greater
occupation of the dY z orbitals. This orbital degree of freedom, along with the
inclusion of the spin projection degrees of freedom in our model, is assumed to
drive the magnetic ordering as will be explained in more detail in Sec. 5.



1.4. What has been studied? 37

The phase transitions within Fe1+xTe can also be observed by neutron scat-
tering because of the “softening” of phonon modes, which means that a phonon
mode’s energy within a small or broad range of Q values has been reduced.
This happens because a change in real space alters the lattice structure or elec-
tronic charge order, which induces a change in the potentials around the atoms
within a lattice. This leads to a different dynamical matrix and therefore to a
different phonon dispersion for one or more modes depending on the symmetry
changes. The softening of phonon modes can be categorised into those that
cause the reduction in energy of the branch close to the zone centre (called zone
centre soft phonons) and that which causes softening close to the zone bound-
ary (called zone boundary soft phonons). As is self-evident in this terminology,
the origin of the zone centre and zone boundary soft phonons differs and it is
often difficult to understand precisely what is causing the softening, especially
in complex solid-state compounds like Fe1+yTe.

The acoustic transverse phonon in Fe1+yTe softens across a range of wavevec-
tors close to the coincidental structural and magnetic phase transitions [77, 78].
Phonon softening in another iron-based system, Ba(Fe1−yCoy)2As2, has already
been studied [79]. It looked at the anomalous softening of the transverse acous-
tic phonons in this solid-state system close to the zone centre and determined
that nematic correlation lengths due to the electronic order within the crystal
can account for the phonon softening rather than other possible explanations
such as lattice instability or density waves. Lowering of the symmetry from
four-fold to two-fold due to the electronic order can further induce the crystal
to undergo a lattice distortion, hence why the two can be interlinked and often
occur at the same or at close temperatures. The phonons within the system
can couple to the electronic order and lead to decay pathways that dampen
the phonons and concomitantly increase their lifetimes. The phonon-electron
coupling can also be seen as introducing anharmonicity to the atomic poten-
tials and thus leading to the phonon softening. This thesis provides some new
experimental results from inelastic neutron scattering experiments that look to
verify or refute the possibility that the phonon softening in this other iron-based
system is being driven by the nematicity resulting from the orbital disorder.

1.4.3 Soft phonons and phase transitions

In Sec. 1.4.2, it was stated that phonon mode softening has been observed
in iron-based systems close to phase transitions and that the latter induces
the former because of changes in the potentials that go into the dynamical
matrix that governs the physical equations for phonon dispersion. The origin of
the phonon softening can come from many different phenomena such as lattice
instabilities, changes to the electronic or even magnetic order. In effect any
change to the internal forces between atoms within the crystal can change the
lattice dynamics and collective excitations of the crystal, thus either softening
or hardening the phonon modes and producing different phonon dispersions.
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Phonons can also soften due to scattering interactions since pathways allowing
for phonon decay lead to finite phonon lifetimes (this is measured as the inverse
of the phonon linewidth, τ ∼ 1

Γ
) and a shift in the energy of the phonon peak

from E = ~ω to E = ~ω − Γ.
What theoretical framework is there to include the phenomenon of soften-

ing in more simplistic treatments of phonons? There are two frameworks for
treating softening with one relying on a Landau phenomenological treatment
of phase transitions and the other treating the phonons quantum mechanically
and including higher order terms within a second quantisation approach. The
mathematical beauty of the former approach is that all the fiendishly compli-
cated physics of this many-body problem can be reduced to the fundamental
symmetries of the system with the physics being condensed to the study of a free
energy functional (called the Landau free energy) that is a function of so-called
order parameters. This phenomenological theory is not therefore a microscopic
theory and can only be applied to phase transitions associated with symmetry
changes. The beauty is also in the fact that distant branches of physics can be
governed by the same functional form due to similar symmetries in their free
energies, which introduces the idea of universality.

The Landau phenomenological theory is governed by the observation that
the stable state of a system is the order parameter(s) that minimise(s) the
Landau free energy functional, F(φi), i ∈ {φ1, φ2, ..., φn}. In the high-symmetry
phase, which is usually the high temperature phase, the order parameter(s)
is/are zero and the free energy can be decomposed into two parts:

F(φ) = F ′ + ∆F(φ), (1.25)

where F ′ is a a constant that is not dependent on the order parameter and
∆F(φ) is a small perturbation of the free energy around the phase transition.
Since the perturbation to the Landau free energy is small close to the phase
transition, it can be Taylor expanded in powers of the order parameter around
the point in phase space represented by φ = 0:

∆F(φ) = −φH +
a

2
φ2 +

b

3
φ3 +

c

4
φ4 +O(φ), (1.26)

where H is an external field that interacts with the system. ∆F(φ) is
invariant to all symmetry elements in the symmetry group of the high-symmetry
phase, which often results in some of the powers in the order parameter not
appearing in this functional.

The choice of a free energy in Landau’s theory depends on which natural
variables are specified. All thermodynamic potentials, ψ, are constructed from
Legendre transformations of the internal energy:

ψ = U −
∑
i

∂U

∂xi
xi, (1.27)
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where xi ∈ {V, P, T,N}, i.e., the volume, pressure, temperature and particle
number of the system. If natural variables are specified, then the thermody-
namic potential is a minimum when the system reaches equilibrium. If the
pressure and temperature is specified, then the Landau free energy is of the
form:

F = U − TS, (1.28)

and the equilibrium state is found by minimising this thermodynamic po-
tential (the entropy, S, is given by the partial derivative of the internal energy
with respect to the temperature, T, ∂U

∂T
). The internal energy of a crystal is the

sum of the kinetic energies and potential energies, hence, for a non-magnetic
crystal, this is the sum of the electrostatic potential between the ions within
the lattice and the energy of the vibrational modes, i.e., the internal energy of
the phonons in a second quantisation :

U = Ueq +
∑
k

3Ncell∑
s=1

~ωk,s(
1

exp
~ωk,s
KBT
− 1

+
1

2
) (1.29)

where Ueq is the potential energy of the crystal when it is at equilibrium, the
sum includes the wavevector, k, and the normal modes, s, and the parenthesis
includes a contribution to the internal energy of the crystal owing to thermal ex-
citations and another from the zero point energy. There are 3Ncell independent
normal modes where Ncell is the number of atoms per unit cell. Moreover, there
are N permitted k’s where N is the number of unit cells in the lattice—this
comes from the periodic boundary conditions imposed by the finite extent of
the crystal.

The energy of the phonon modes, ~ωk,s, will depend on the forces intrinsic to
the lattice structure, electronic and magnetic order of the crystal. For instance,
the Coulombic forces on an ion will differ if there is a tetrahedron or octahedron
of other ions surrounding it. It will also change if the valence electrons are filling
one orbital rather than another, e.g., filling the dXz instead of the dY z orbitals,
and therefore creating a nematic order within the crystal that favours a certain
electronic charge density. In order to include the possibility of changes to the
order, be it a lattice distortion or an electronic order change, the energy of the
phonon mode can be parameterised with order parameters. Taylor expanding
the free energy about the point at which these are zero will allow for finding
the ground state at a specific temperature and to predict any phase transition
temperatures. As an example, if there is an arbitrary order parameter, φ, e.g.,
for the lattice distortion from a tetragonal to monoclinic phase, then both the
the fixed atom potential energy, Ueq, and the internal energy of the phonons,
ωk,s, would depend on this parameter. The internal energy could then be written
as:

U(φ) = Ueq(φ) +
N∑
k

3Ncell∑
s=1

~ωk,s(φ)(
1

exp
~ωk,s(φ)

KBT
− 1

+
1

2
). (1.30)
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The free energy functional in eq. 1.28 can then be Taylor expanded about φ =
0 and minimised for a given temperature to find the phase with the minimum
energy.

Eq. 1.29 assumes that the lattice vibrations are harmonic but in reality most
crystals have non-negligible anharmonic forces that ought to be included. This
is evident from inelastic neutron scattering because the linewidth of phonon
modes is larger than the energy resolution of the instrument, which indicates the
presence of scattering pathways for the phonons, i.e., phonon-phonon coupling,
phonon-electron coupling, etc.

Doing this kind of theoretical analysis is beyond the scope of this thesis,
but it is certainly useful to note that the softening of phonon modes could be
induced by one or a combination of lattice distortions of a crystal, the emergence
of electronic order or magnetic phase changes—all of which change the forces
acting on the ions within the lattice and, hence, inducing changes to the lattice
dynamical behaviour of the crystal.
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Chapter 2

Crystal Synthesis

2.1 Introduction to single crystal and polycrys-
talline samples

In this chapter, the reader will be introduced to the process for synthesising
polycrystalline and single crystal samples, which is essential for carrying out
any inelastic neutron scattering experiment. This thesis comprises experimen-
tal studies of the phonon modes in PbMg1/3Nb2/3O3 and non-stoichiometric
Fe1+yTe meaning that sufficiently large single crystals were required for observ-
ing well-defined features in the neutron scattering intensities carried out on the
TAS and ToF instruments respectively. Having grain boundaries in the sam-
ple (i.e., having lots of small crystallites form a polycrystalline sample) would
have meant that the same phonons would propagate along different directions
owing to the crystallite axes not being collinear. This would create difficul-
ties in carrying out post-experiment analysis of the inelastic neutron scattering
data, which would have made it difficult to associate parts of the Brillouin zone
with features of the lattice dynamical behaviour, i.e., the collective excitation
of the crystal that is quantised as phonons. The scattering length of nuclear
scattering and magnetic scattering are approximately the same magnitude so
in both cases there needs to be consideration for the size of single crystal that
is synthesised if the purpose is to use them to study either of these two types of
phenomena. For studying the lattice dynamical behaviour of PbMg1/3Nb2/3O3,
a single crystal sample with a mass of ∼192g was used in the inelastic neutron
scattering experiments undertaken on MERLIN at ISIS (see Sec. 1.3.3 for an
introduction to this neutron scattering instrument). This ceramic single crystal
had previously been synthesised for use in other inelastic neutron scattering
experiments and was of sufficient quality to be used for studying higher energy
phonon modes (E&40meV) that have weaker scattering intensities owing to the
reduced scattering cross sections at higher energies (the double differential cross
section for one-phonon scattering drops off in proportion to 1/ω as shown in
Sec. 1.2.3).

For the studies that focused on the softening of the transverse acoustic
phonon modes in Fe1+yTe, single crystals were synthesised such that the amount,
or concentration, of interstitial iron put the crystal in the monoclinic phase at
low temperatures (the phase diagram for Fe1+yTe is shown in Fig. 1.12). As with
PbMg1/3Nb2/3O3, there is a requirement that the single crystal be sufficiently
large in dimensions to make sure the scattering of phonons by neutrons is not
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weak. However, there is a greater level of difficulty owing to the requirements to
be precise in the stoichiometry and to understand the difference between pow-
der weights of the constituent reactants and the final interstitial concentration
in the single crystal samples.

Although the single crystal samples were used for the inelastic neutron scat-
tering experiments, both polycrystalline and single crystal samples play a crit-
ical role in the study of condensed matter. One of the advantages of polycrys-
talline samples is that they are much easier to produce in larger quantities,
which is especially useful if the flux of the probe is low, and at higher phase
purities. The crystallites within the polycrystalline sample all form from sepa-
rate nucleation sites and grow into grains with crystal axes that are randomly
oriented. The random orientation means that any scattering (e.g., from X-rays
or neutrons) from an experimental probe is an average over all the possible
orientations of the individual grains or crystallites. This is called “powder aver-
aging”, which, amongst other effects, such as grain boundary scattering, prevent
the probe from studying the complex and emergent behaviour of the system if
it were a whole single crystal formed from a single nucleation site. An example
of emergent behaviour is the collective excitations in crystals that are studied
in this thesis, i.e., phonons. If the grain size of the crystallites is reduced, the
effect of grain boundaries on the phonons becomes non-negligible and it disrupts
the collective motion of the normal modes of vibration of the crystal. This is
the reason why studies of phonons using inelastic neutron or X-ray scattering
require the use of large single crystal samples. Nonetheless, a lot of information
can be obtained by using polycrystalline samples, such as the crystal structure,
and they are often still used for checking the phase and purity of the samples
before embarking on the more difficult task of synthesising a large single crystal
sample.

Within the following sections of this chapter, a rudimentary introduction to
the growth of single crystal samples will be presented. Furthermore, it will also
detail the specific growing method for the synthesis of both polycrystalline and
single crystal samples of Fe1+yTe (it will also mention how another perovskite,
CsPbBr3, that is similar to PbMg1/3Nb2/3O3 was synthesised) and some X-ray
diffraction data produced for verifying the quality of the samples that were
produced.

2.1.1 Basic theory of crystal growth

This section will provide a short introduction to the theory of crystal synthesis.
It will help the reader to understand the procedure involved in the synthesis
process and how different parameters affect the growth and quality of the sam-
ples produced. As discussed in Sec. 2.1, this is critically important because
growing sufficiently large and pure single crystal samples is critical for being
able to study the collective behaviour of complex systems that would other-
wise be significantly affected by grain boundaries, impurities and other types of
crystal defects.
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The growth of single crystals starts from the embryonic emergence of nuclei
formed when atoms or molecules stochastically self-assemble to form a larger
structure. In a melt the constituent atoms and molecules have a large amount of
kinetic energy. They undergo Brownian motion and thus regularly collide with
other atoms and molecules. In this stochastic collision process, the atoms and
molecules may form incipient crystal structures that either re-dissolve into the
melt or even continue to grow via the accumulation of other colliding particles.
Whether these nuclei re-dissolve or continue to grow in size depends on whether
the gradient in the free energy favours the disintegration of the crystal structure
or its growth. A very simple, but helpful, theoretical explanation for the physics
involved in the stability of the incipient crystal structure can be explained by
including the difference in free energy per unit volume when a liquid becomes
a solid, ∆Gl−s, and the difference in free energy per unit area associated with
the creation of an interface between the solid material and the surrounding
liquid melt, ∆Gi. Assuming for simplicity that the incipient crystal structure
is spherical the difference in free energy (whereby a positive value defines an
increase with respect to the disaggregation of the structure) is:

∆G =
4

3
πr3∆Gl−s + 4πr2∆Gi, (2.1)

where r is the radius of the incipient crystal structure. ∆Gl−s < 0 because
liquids release latent heat when they change phase to solids, whereas ∆Gi > 0
since the surface tension is always a positive value. ∆G is plotted against r in
Fig. 2.1. It shows that there is a critical value of the radius, rc, beyond which it
is energetically favourable for the incipient crystal to continue to grow in size.
Below this critical value it is instead energetically favourable for the crystal to
re-dissolve into the surrounding melt.

The critical radius, rc, can be determined by finding the maximum value of
∆G and is shown to be the following:

rc = − 2∆Gi

∆Gl−s
. (2.2)

∆Gl−s depends on the temperature of the surrounding melt: at the temper-
ature of phase coexistence, i.e., the melting point, Tm, this is zero, but below
this temperature it becomes negative. Although it is negative the melt will not
immediately solidify if there is no “seed crystal” or a strong probability of nucle-
ation. Slowly cooling the melt below Tm without causing it to solidify is called
supercooling or undercooling and it is this effect that reduces (making it become
more negative) the value of ∆Gl−s, and consequently reduces the critical radius
for which an incipient nuclei is stable to re-desolving. For small amounts of
undercooling, it can be shown that ∆Gl−s ∼ −∆T∆Hf

Tm
, where ∆T = (Tm−T ) is

the magnitude of the undercooling, ∆Hf is the latent heat of fusion and Tm is
the equilibrium phase transition temperature for melting assuming that there
are no surfaces. Substituting this into both eq. 2.1 and eq. 2.2, their values at
the maximal point become:

∆Gc =
16π∆GiT

2
m

3∆Hf∆T 2
, (2.3)
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Figure 2.1: A plot of the difference in free energy, ∆G, be-
tween an emergent crystal structure and a melt composed of a
stoichiometric mixture of atoms and molecules constituting the

target single crystal.
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rc =
2∆GiTm
∆Hf∆T

. (2.4)

This means that the more the melt is undercooled the smaller the critical
radius, rc, and the smaller the potential free energy barrier for the stochastic
emergence of a stable incipient nuclei from which a crystal can grow. With a
simple potential barrier assumption, the probability that nucleation will hap-
pen should be proportional to the Boltzmann distribution, exp (− 16π∆GiT

2
m

3KB∆Hf∆T 2T ),
which emphasises the role played by the undercooling in the formation of nuclei
within the melt.

The difference between the synthesis of single crystals and polycrystalline
samples is that in the former it is desired that the concentration of nuclei that
are formed is low and the growth rate of these into crystals is large. If the con-
centration of nuclei is large, then they will have little to grow before meeting
other crystallites to form a plurality of grain boundaries within a polycrys-
talline sample. To reduce the rate of nucleation and encourage the formation
of large single crystal samples, it is therefore preferential to reduce the degree
of undercooling. This is achieved in the synthesis of Fe1+yTe by reducing the
temperature in the furnace slowly as will be explained in more detail in the
following sections.

The nucleation process is often aided by the presence of impurities within
the melt, e.g., suspended dust particles, or by having other solids in contact
with the liquid phase. It can further be helped by there being cracks and
dislocations on those solid surfaces, for instance, on the surface of the ampoules
being used to hold the melt. The desired result is that an irregularity of the
surface at the base of the ampoule (e.g., through re-moulding the bottom using
a hot flame) will increase the nucleation rate at this point in space and the
growth rate of the crystal will be such that this single site of nucleation would
produce a single crystal sample that grows linearly along the ampoule. This
is the hoped for result, but it is often difficult to achieve owing to multiple
real world experimental factors that influence the nucleation rate and induce
the formation of polycrystalline samples with a plurality of individual grains
or crystallites with boundaries between them. The reason why the nucleation
rate is increased by introducing exogenous surfaces is that the potential barrier
for the incipient nuclei to overcome and become stable to dissolution is reduced
owing to a reduction in the peak free energy, ∆Gc.

How can the crystal growth be encouraged along the linear axis of the am-
poule to achieve large single crystals? Since the interface between the solid
incipient crystal and the melt is constantly changing, to achieve a constant
growth of the crystal the temperature profile in the ampoule needs to move
to keep apace with that boundary moving. On the melt side of that bound-
ary undercooling of the melt ought to be maintained to ensure the continual
favourability of the crystal to enlarge. This can be achieved by having a tem-
perature gradient within the ampoule created by a source of heat and as the
temperature is reduced the point along the ampoule where crystal growth is
stimulated moves. The difficulty of this operation is that the temperature pro-
file must not change too rapidly beyond the actual growing rates of the incipient
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crystal otherwise it would induce other nuclei to form and create polycrystalline
samples with grain boundaries. In simple terms, however, a temperature gra-
dient is an essential feature of the procedure for growing single crystal ingots.
Some of the most common techniques include the Bridgman, Stockbarger and
Czochralski methods. The first two have subtle differences in how the temper-
ature gradient is maintained with the former achieving the temperature profile
using the gradient present at the exit of a furnace, whilst the latter uses two
coupled furnaces that maintain the temperature below the melting point on the
side of the ampoule with the growing ingot and above the melting point on the
other side of the ampoule closest to the melt. The advantage of the Bridgman
technique is that it is much easier to set up, but at the same time because of this
feature it is more difficult to control the temperature gradient and can achieve
worse results for single crystal growth. The Czochralski method instead dips a
mounted seed crystal into a melt with the seed crystal slowly being extracted
vertically from the melt and simultaneously rotated about the vertical axis. A
single crystal ingot grows from this seed crystal if the temperature gradient,
angular velocity of rotation and extraction speed are carefully adjusted to en-
courage single crystal growth (Jan Czochralski, who serendipitously discovered
the method when he dipped a pen into molten tin in a crucible rather than
an inkwell and saw the formation of a solidified thin strip of metal attached
to the nip, noted that the rate of withdrawal must be equal to the velocity of
crystallisation which was different for different metallic substances [80]).

In this thesis, the horizontal Bridgman technique was used for growing the
Fe1+yTe single crystals indicating that the temperature gradient, ∇T , was hor-
izontal to the floor of the furnace. As was mentioned in the preceding short
description, the temperature gradient was achieved by having a heating unit
within the furnace acting as a source of heat and the door of the furnace acting
as a sink of heat. In the following sections, the specific procedure for growing
the Fe1+yTe single crystal and polycrystalline samples will be described with
reference to specific instrumentation that was used in preparation of the sam-
ples to enable an experimentalist to repeat the procedure and grow their own
samples for experimentation.

2.2 Preparation of the pre-melt stoichiometric
mixture of Fe1+yTe

The objective of the crystal synthesis was to prepare single crystal samples
of non-stoichiometric Fe1+yTe with interstitial concentrations of Fe atoms, y,
such that the low temperature phase of the crystal was monoclinic rather than
orthorhombic. There is a critical interstitial concentration of Fe atoms be-
low which the phase is monoclinic, which can be seen from Fig. 1.12 found
in Sec. 1.4.2 of this thesis. Below y ∼ 0.12 the phase is monoclinic at low
temperatures meaning that to grow a single crystal of Fe1+yTe for studying
the tetragonal–monoclinic phase transition the target interstitial concentration
must be less than this amount. Hence, to ensure the growth of low-interstitial
single crystals of Fe1+yTe a non-stoichiometric mixture of Fe and Te powders
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needs to be prepared. One issue is that the dry weight ratios may not exactly
correspond to the final stoichiometry of the single crystals owing to a multitude
of factors during the preparation and growing stages (e.g., the growth of phases
other than Fe1+yTe, such as Fe2Te3 etc.). The presence of other phases and the
interstitial iron concentration can be determined with X-ray diffraction data,
which will be discussed in subsequent sections.

The stoichiometric mixture of iron and tellurium powder was prepared in
batches of up to 5g based on the assumption that the ratio of iron to tellurium
in the dry powder was a reasonably close indicator of their final stoichiometries
in the resultant single crystals of Fe1+yTe. Depending on the target interstitial
iron concentration, y∗, this meant that the mixture contained the following
masses of iron, mFe, and tellurium, mTe, powder given that their molar masses
are 55.85u and 127.60u respectively:

mFe =
55.85× (1 + y)

55.85× (1 + y) + 127.60
× 5g, (2.5)

mTe =
126.70

55.85× (1 + y) + 127.60
× 5g. (2.6)

The stoichiometric mixture was then poured into a mortar and fastidiously
ground into a fine, homogeneous powder using a pestle. As with all subse-
quent instruments and surfaces that must come into contact with the samples,
the mortar and pestle were rigorously cleaned with appropriate chemicals (hy-
drochloric acid that was heavily diluted with distilled water was used for clean-
ing the mortar and pestle) to substantially reduce the likelihood that impurities
are introduced into the sample. For instance, any dust particles introduced into
the sample at this early stage would provide for ideal sites of nucleation when it
is placed in the furnace leading to polycrystalline samples with small individual
single crystals.

Once the stoichiometric mixture had been prepared the batch would be
subdivided between a plurality of pre-cleaned ampoules and placed on a vacuum
sealing line, as shown in Fig. 2.2. The powder mixture was carefully placed in
the ampoules through a conical funnel to ensure that little of the powder stuck
to the side of the quartz. The reason for this was to ensure that when the
ampoules were sealed with the flame no powder obstructed the open end of the
ampoule creating leaks to the ambient environment and to ensure that only one
homogeneous melt was present at the bottom of the ampoule, thus providing a
single starting point for crystallisation to occur.

After the powder was placed in the quartz ampoules, they were connected
to the vacuum sealing line. To prevent any leaks occurring during the sealing
process, the o-rings were pre-greased and the correct diameters for the connec-
tions were established. The atmospheric pressure was driven down to a pressure
of ∼1Torr using a mechanical vacuum pump (this is depicted in Fig. 2.2). All
vacuum pumps work on the basic principle of creating a pressure differential
between an input and output inlet (with one of those connecting to the am-
poule in this specific case) such that a force displaces the fluid from the input
to the output inlet, thus driving the pressure in the vessel connected to the



48 Chapter 2. Crystal Synthesis

Figure 2.2: The vacuum sealing line is shown with its con-
nections to the mechanical and turbo-pumps on the right of the
image. The pressure gauge used to measure the pressure within
the system is on the left and there is space for three ampoules,
which allows for the evacuation of multiple quartz ampoules at

the same time.

input inlet down and eventually creating an imperfect vacuum. Once a pres-
sure of ∼1Torr inside the ampoule had been achieved it was checked for leaks.
This was carried out by dispensing ethanol on the outside of the ampoule and
verifying that there was not a rapid increase in the pressure as measured by
a pressure gauge. Having checked that the quartz ampoules did not have any
leaks, the vacuum pumping was switched from a mechanical to a turbo-pump
system. The turbo-pump was able to drop the pressure inside the quartz am-
poules below ∼1mTorr, but this procedure was carried out gingerly to ensure
that the rate of de-pressurisation inside the vessel was not so large and would
lead to the powder being sucked up into the vacuum sealing line. The rate of
de-pressurisation could be controlled with the degree that the valve connecting
the quartz ampoule to the vacuum sealing line was opened. There is sometimes
remnant gas stuck within the powder mixture at the bottom of the ampoule
that can be displaced with a simple tap of the side of the vessel. If the measured
pressure using the gauge is still not declining, then it could imply that there is
a leak within the system that ought to be searched for and rectified so as to
continue the vacuuming process. A large proportion of the vacuuming can be
carried out within ∼15 minutes, but to achieve the optimal vacuum pressures
the sealing line is often left to run for several more hours or ideally overnight.
The final reading on the pressure gauge is 0.0mTorr indicating that the pressure
inside the quartz ampoule was below the sensitivity of the gauge, i.e., 1mTorr.

The next stage in the procedure was to flame seal the quartz ampoule. To
ensure that the powder did not immediately vaporise on contact with the heat
provided by the flame, an aerosol can was turned upside down and used to
spray fluid on the ampoule that quickly solidified into ice, thus providing some
buffer of protection for the powder. The valve connecting to the quartz ampoule
was closed which allowed for the ampoule to be taken off the vacuum sealing
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Figure 2.3: The three-zone furnace used for growing the single
crystal samples. It had a temperature gradient due to the leakage
of heat through the furnace door, which allowed for the horizontal
Bridgman technique to be used for the synthesis. The heating
run could be automatically controlled using the interface on the

bottom right of the furnace.

line without the vacuum being lost. The combustion of propane gas is used
to produce a flame and the flow rate of both the propane gas and oxygen is
used for controlling the flame’s strength. The tips of the flame torch can be
changed to suit the operator’s desired degree of concentration of the flame. The
quartz ampoule is gripped such that it lies in an almost horizontal position
but with a slight tilt for gravity to keep the powder from being displaced from
the position at the closed end of the ampoule. At this stage of the procedure
the objective is not to completely seal the ampoule but indent it somewhere
along the cylindrical axis and far enough away from the powder so it is not
disturbed by either the heat or the change to the morphology of the ampoule.
The ampoule is indented at the centre so that a disc shaped piece of quartz
can be placed inside the ampoule and supported by the indentation. Since
it is necessary to open up the valve that is connected to the ampoule, and
thus re-pressurising the vacuum held therein, the ampoule needs to be re-sealed
and vacuumed using the aforementioned procedure for the vacuum sealing line.
When the ampoule has been re-sealed and a vacuum has been created within
it, the ampoule is completely sealed at the point of the indentation where the
quartz disc is located. Each ampoule that is sealed is checked for any holes that
may have formed during the flame sealing process. If none are found, then that
ampoule, with the powder mixture intact inside the vessel, can be used in the
next stage of the crystal growth procedure.

The next stage includes the first heating regime to grow single crystals using
the Bridgman technique, which was broached before in this section and as men-
tioned uses the relatively uncontrolled temperature gradient created by the door
of the furnace to grow crystals along ∇T . A picture of the three-zone furnace
used for this crystal synthesis and the measured temperature profile therein are
shown in Fig. 2.3-2.4. The temperature was measured using a thermocouple
that uses the Seebeck effect to gauge the temperature: this is the electromotive
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Figure 2.4: The temperature at specific points within the
three-zone furnace that was used for the growth of single crys-
tals of Fe1+yTe. The distance is measured from the end of the
three-zone furnace and the temperature was determined using a

thermocouple.
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force generated between two points of an electrically conducting material be-
cause of the temperature difference between them. An ideal temperature profile
is a large temperature gradient from the door of the furnace to the heat source,
which is conducive for more localised undercooling of the powder mixture and
the growth of larger single crystal samples.

Having verified that the temperature gradients within the three-zone furnace
suffice for use in the Bridgman technique of single crystal growth, it was nec-
essary to construct a heating regime for the stoichiometric powders contained
within the quartz ampoules. These ampoules were placed horizontally along the
floor of the three-zone furnace but raised slightly at the end closest to the door
using some fire-proof mineral wool (aluminium oxide, Al2O3). A substantial
quantity of further mineral wool was placed around each ampoule to reduce the
risks associated with an ampoule exploding (the pressure difference between the
inside of the ampoule and the environment was a hazard) and potentially creat-
ing a fire. A guide to the required heating regime for the Fe1+yTe1−xSex system
had been written by [81]. It provided a lot of instructive information about
the temperature regimes that successfully produced large single crystal samples
and was therefore a valuable starting point for the synthesis of single crystals
of Fe1+yTe for this thesis. It suggests a two-stage heating regime with a pre-
melting stage and a final stage for single crystal growth. The pre-melting stage
is not essential, but it is suggested that following it would lead to improved
success rates for the production of large single crystals. It involves melting
the stoichiometric powder and solidifying the resultant melt by cooling it, re-
grinding the ingot, which might contain multiple phases with constituent Fe
and Te atoms, until it is an homogeneous powder, before proceeding to another
heating phase for the growth of Fe1+yTe single crystal samples. Furthermore,
the quartz ampoules can often crack in the furnace and to prevent this being an
issue it was decided to doubly seal them with another evacuated tube for extra
preventative measures- this reduces the risk of contaminating the melt with the
ambient gases inside the furnace, which would hinder the growth of large single
crystal ingots.

The pre-set pre-melting heat regime for the non-stoichiometric Fe1+yTe pow-
der was as follows: the temperature was ramped up to 900◦C at a rate of
∼50◦C/hr; it was held at this temperature for 12hrs; the temperature was then
reduced to 300◦C at a rate of ∼1◦C/hr. Once the temperature within the three-
zone furnace had cooled below ∼300◦C it is not completely necessary to wait
for the temperature to further fall to room temperature, instead it is possible
to turn off the heating element and allow it to cool down on its own. The same
heating regime was used for the second heating schedule after the pre-melting
had been completed. A schematic of the temperature-time plots for the heating
regime are shown in Fig. 2.5.

The quartz ampoules, which were assumed to contain ingots of polycrys-
talline, rather than single crystal, Fe1+yTe, were taken out of the three-zone
furnace once they had fully cooled down. The doubly sealed quartz ampoules
were broken into, taking care to not split up the ingots, using a heavy instru-
ment, such as a mallet or hammer. Often the ingot will cleave naturally into
smaller parts along the faces of constituent grains. These smaller pieces can be
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Figure 2.5: The heating regime (used for both the pre-melting
and the final stages of the synthesis process) for producing the
Fe1+yTe single crystal samples using the horizontal Bridgman
technique. The natural gradient of the three-zone furnace pro-
vided necessary undercooling close to the interface between the

melt and the growing crystal.

checked for single crystals using the natural eye (i.e., if there are any faces that
have a particular shine indicative of the face of a single crystal of Fe1+yTe) or
through the lens of a microscope and using an optical polariser. The polariser
lens produces a different hue for different grains within a polycrystalline sam-
ple because the optical properties of the crystallites depend on the direction of
electromagnetic wave propagation through them relative to the crystallite axes.

2.3 X-ray powder and Laue diffraction of Fe1+yTe
In the preceding section, the methodology for growing polycrystalline and single
crystal samples of Fe1+yTe was discussed in depth. Our understanding of the
physics and chemistry behind the growth of these crystals is well developed but
due to the relative uncontrolled nature of the crystal synthesis in the laboratory,
and especially the relative uncontrollability of the temperature profile within the
three-zone furnace, it is difficult to predict with certainty whether a sample will
be prepared that suffices for use in an inelastic neutron scattering experiment.
There are a few experimental tools that can be utilised to verify the quality
of the samples produced. One of those tools is to use X-ray diffraction of a
powder sample to check for the phases present in the samples and other such
useful information: Rietveld refinement of the X-ray diffraction pattern is used
to refine a theoretical powder diffraction pattern against the experimentally
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Figure 2.6: An X-ray powder diffraction pattern of the Fe1+yTe
sample produced using the horizontal Bridgman technique. The
experimentally observed data has been fitted to a theoretical
diffraction pattern of the crystal using Rietveld refinement and
shows the expected Bragg reflections (green lines). The refine-
ment analysis reveals the interstitial iron concentration to be
y = 0.146(7) (i.e., in the orthorhombic phase in the low tem-
perature regime), which is greater than the expected concentra-
tion based on the ratios of powder used in the recipe, namely

y = 0.095.

observed pattern and use that to optimise several parameters that describe the
sample. Since it is a powder diffraction instrument, a part of the sample needs
to be re-ground in a mortar with a pestle and the measured diffraction pattern
uses the “powder averaging” as described in Sec. 2.1.

The X-ray powder diffractometer used for this experiment, which was sourced
from Oxford Diffraction Ltd., produces a collimated, monochromatic beam of
X-rays from the filtered emission spectra of a target material in a cathode ray
tube. The geometry of the X-ray powder diffractometer is such that the pow-
der sample is placed on top of a goniometer that rotates by an angle of θ while
at the same time an X-ray detector rotates at double this angle, i.e., 2θ. The
powder sample is spread on top of a plate with the aid of some drops of ethanol
from a pipette (the ethanol diffuses the powder sample across the diameter of
the plate and quickly evaporates) which helps to cover the entire plate with a
thin layer of the sample. The diffraction pattern was then measured for the
sample covering detector angles ranging from 10◦ to 70◦. The X-ray powder
diffraction pattern observed for the Fe1+yTe samples is shown in Fig. 2.6 (which
also plots the theoretical diffraction pattern fitted after Rietveld refinement was
performed using FullProf [82]).
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The Rietveld refinement analysis optimised several parameters related to the
lattice, such as the positions of the Fe and Te ions, the occupancy of the con-
stituent atoms (which gives an estimate of the interstitial iron concentration),
the Debye-Waller factor (also called the B-factor), the lengths of the lattice
axes and the angles between them using the tetragonal phase symmetry. The
analysis minimises the following metric:

M =
∑
i

Wi{yexpi − cycalci }2, (2.7)

where Wi is the weight applied to the ith value in the sum of intensities, yexpi

is the experimentally determined intensity, ycalci is the theoretically calculated
intensity given a particular crystal model, and c is a scale factor. There are
several metrics used to gauge how well the crystal model fits to the X-ray powder
diffraction pattern including Rp, Rwp, Rexp, RB and χ2, each with their own
formula. The one that is most commonly used as a metric for the goodness of
the fit to the data is χ2 with a value of one equating to a perfect fit to the model.
Tab. 2.1 shows the refined parameters for the Fe1+yTe sample produced using
the horizontal Bridgman technique. The overall fit had a χ2 = 2.99 indicating
that the crystal model was a reasonably good fit for the X-ray powder diffraction
data. The refinement did give a higher RB value, but this could be ignored given
that the Bragg reflections of the calculated crystal model would depend on the
structure of the interstitial Fe ions, which is hitherto a scientific question with
an unknown answer (it is not known whether the interstitial Fe atoms form
their own structure or whether they are randomly dispersed throughout the
stoichiometric FeTe structure). For similar reasons, the Rietveld refinement
analysis should not be assumed to provide a highly accurate determination of
the occupancy (i.e., the interstitial concentration) of the second Fe atom. The
analysis gives an interstitial iron concentration above the critical concentration,
y ∼ 0.12, even though the dry powder ratios should give a value below this
threshold. It is accepted that the chemistry involved in the crystal growth is
highly complex and the final interstitial iron concentration could be different to
what would be expected from the dry weight ratios of the Fe and Te powder,
but it is more likely that the analysis is overestimating the parameter in this
case and that the low temperature regime would be in the monoclinic phase
rather than the orthorhombic phase.

The Debye-Waller factors (or B-factors) were also determined in the Rietveld
refinement analysis. However, they are often very inaccurate and should not
be a taken to be a reliable guide to the thermal motion of the atoms within
the crystal. The fact that some are negative further reinforces this argument
and explains why this parameter is often simply a collective term for other
corrections to the calculated diffraction pattern.

In summary, the Rietveld refinement analysis demonstrated that the crys-
tal growth using the horizontal Bridgman technique had successfully produced
Fe1+yTe samples with little evidence of the presence of phases such as FeTe2 or
other combinations of the Fe and Te species.
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Lattice Parameter Values
Lattice lengths (Å) a=3.82544(0) b=3.82544(0) c=6.28949(0)

Lattice angles 90.0◦ 90.0◦ 90.0◦

Species x (a) y (a) z (c) B-factor occupancy
Fe 1 0.75000(0) 0.25000(0) 0.00000(0) 0.706(0) 1.000(0)
Fe 2 0.25000(0) 0.25000(0) 0.69801(0) -4.693(0) 0.146(7)
Te 0.25000(0) 0.25000(0) 0.28396(0) -0.327(0) 1.000(0)

χ2 2.99

Table 2.1: Tabulated data from the Rietveld refinement of the
X-ray powder diffraction pattern of the Fe1+yTe sample produced

using the horizontal Bridgman technique.

Having confirmed that the growth method produced Fe1+yTe using the X-ray
powder diffraction data, the samples were placed under a microscope with the
optical polariser lens in order to locate candidates of potential single crystals.
The ingots of Fe1+yTe were mostly polycrystalline samples, but some surfaces
looked at under the microscope gave hope that there were some larger single
crystals amongst them. Some of the potential larger single crystal samples
were collected so that X-ray Laue single crystal diffraction experiments could
be carried out.

A Laue diffraction experiment was carried out on samples of Fe1+yTe that
were believed to contain large enough single crystals within their polycrystalline
structure. They were placed on a sample mount in front of the X-ray beam as
indicated by a red laser point. Since the samples were multi-grained it was
critically important that the X-ray beam targeted a point on the sample where
it was believed the larger single crystal was located. The samples were then
exposed to a polychromatic X-ray beam for a period of 15 minutes in order to
increase the contrast in the Laue diffraction patterns. Notwithstanding the lack
of resolution of the instrument—which has recently been upgraded and used for
the Laue experiment on the CsPbBr3 samples, as shown in Fig. 2.9—some of the
Laue diffraction patterns indicated the presence of small grains of pure Fe1+yTe
single crystals. This could be seen by the fact that the symmetry of the Laue
patterns fitted with the tetragonal structure of Fe1+yTe. However, owing to the
fact that the size of these single crystals was smaller than previously synthesised
single crystal samples by Dr Chris Stock, it was decided that for the experiments
it would be better to use those samples.

2.4 Miscellaneous: growth of CsPbBr3 single crys-
tals

This chapter has principally focused on the growth of Fe1+yTe polycrystalline
samples and single crystals using the horizontal Bridgman technique. This is
due to it being the condensed matter system that was to be studied for its
lattice dynamical behaviour, especially the softening of the transverse acoustic
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phonons. However, there was also time to carry out another crystal synthe-
sis using the same horizontal Bridgman technique: this was the growth of a
perovskite crystal called caesium lead bromide, CsPbBr3. Being a perovskite
crystal it has the same crystal structure as PbMg1/3Nb2/3, thus it is interesting
in itself for being in the same category of solid state system as the one studied
for this thesis.

The stages of the crystal growth began in a similar way to that described for
the growth of Fe1+yTe with a stoichiometric mixture of CsBr and PbBr2 (both
from Alfa Aesar with their crystalline purities being reported as 99% and 98%
respectively) powders being ground in the same mortar with a pestle until they
formed an homogeneous mixture. The molar masses of the CsBr and PbBr2

were 212.809g/mol and 367.01g/mol respectively meaning that to prepare a 5g
stoichiometric powder ready for the synthesis of CsPbBr3 samples the following
masses of these constituent crystalline powders were required:

mCsBr =
212.809

212.809 + 367.01
× 5g, (2.8)

mPbBr2 =
367.01

212.809 + 367.01
× 5g. (2.9)

An aid to the mixing process was that when the two substances were ground
together they underwent a solid state reaction and produced a powder with a
pale orange hue, which is very different from their original pale cream or beige
colour. When the entire mixture had this hue it was known that the grinding
process had been completed and the two substances were combined into one
homogeneous mixture.

The next stage in the process was to doubly seal the samples in quartz
ampoules using the methodology described in Sec. 2.2. To summarise, the
samples were divided between several quartz ampoules that were evacuated on
a vacuum sealing line using a mechanical and turbo-pump. These were then
sealed closed using the flame from a torch and the process was repeated again
to enclose the samples within two quartz ampoules, i.e., a smaller one within a
larger one like a Matryoshka doll. The evacuated quartz ampoules were then
placed in an Elite Thermal Systems box furnace and heated according to the
following pre-programmed heating regime: the furnace was heated to 650◦C/hr
at a ramping rate of 50◦C and then held at this temperature for a period of 24
hours before being cooled to room temperature at a rate of 1◦C/hr (see Fig. 2.7).
Once the temperature had been cooled to below 300◦C there was also the option
of shutting down the furnace and allowing the ampoules to cool more rapidly
because it was unlikely at this stage that the crystals would undergo another
solid state reaction. This heating regime was used for both the pre-melting stage
and the final heating regime after the polycrystalline samples were re-ground
into an homogeneous powder and re-sealed inside two quartz ampoules apiece.
Fig. 2.8 shows the ingots of CsPbBr3 produced by this crystal synthesis with
the bright orange hues indicative of the successful growth of, at a minimum,
polycrystalline samples of CsPbBr3. There were also sections of the ingots that
had darker hues, with some brown and black sections clearly visible, meaning
that some other phases were present in the samples.
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Figure 2.7: The pre-programmed heating regime (used for both
the pre-melting and the final heating schedule) for producing the
CsPbBr3 single crystal samples using the horizontal Bridgman
technique. The temperature gradient for localised undercooling
of the melt of CsPbBr3 was given by the gradient within the

furnace due to natural heat sinks.
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Figure 2.8: The CsPbBr3 samples produced via the horizontal
Bridgman technique that used the relatively uncontrolled envi-
ronment of the furnace to generate a sufficient temperature gradi-
ent in order to cause localised undercooling of the stoichiometric

melt in a crucible.
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Figure 2.9: The Laue pattern for one of the CsPbBr3 samples
produced via the horizontal Bridgman technique. There was
a good fit between the experimental data produced using the
polychromatic X-ray beam and the theoretical diffraction pattern
that was expected given the crystal symmetry and positions of

the atoms within the perovskite unit cell of CsPbBr3.

In order to verify the presence of single crystals of CsPbBr3, samples of
potential single crystals were collected (these were chosen based on their visual
appearance when viewed under a microscope using an optical polariser lens) and
probed using a Laue single crystal X-ray diffraction instrument. The samples
were exposed to the polychromatic X-ray beam and the resultant diffraction
spots produced by the diffraction of the X-rays from the parallel arrays of atoms
in the crystal structure of CsPbBr3 are shown in Fig. 2.9. The regular pattern of
spots and their symmetry about the central spot were indicative of the presence
of single crystals of CsPbBr3 meaning that the horizontal Bridgman technique
was successful in growing this compound. The growth of these crystals could
be improved so as to remove the likely impurities present in the ingots (as
shown by the dark hues) by more rigorous grinding of the constituent crystalline
substances going into the stoichiometric mixture. An inhomogeneous mixture
is likely to have caused the nucleation of different phases at different locations
within the ampoules and leading to various species growing and forming grain
boundaries with one another. This human error could be improved by the use of
an automated mortar and pestle that would have the ability to both exert more
pressure when grinding the powders and operate for much longer, thus ensuring
the production of more homogeneous stoichiometric mixtures in future crystal
syntheses.
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Chapter 3

Phonon softening of transverse
acoustic phonons in Fe1+yTe

This chapter will detail the inelastic neutron scattering experiment carried
out on the EIGER triple-axis spectrometer at PSI, Switzerland, which focused
on the softening of the transverse acoustic phonons within a single crystal of
Fe1+yTe during a structural phase transition that brought the crystal from the
tetragonal phase to the monoclinic phase (from space group P4/nmm to P21/m).
As has been stated in Sec. 1.4.2, the physics of the Fe1+yTe system is highly
complicated owing to the coincidental structural, magnetic and electronic phase
changes whose origins are quite likely to be related to some degree. It is very
possible that one of these phase changes is driving the other through a coupling
mechanism, which is something that has already been researched in other iron-
based systems, including FeSe, underdoped Ba(Fe0.94Co0.03)2As2 and optimally
doped Ba(Fe0.94Co0.06)2As2 [83]. In these systems, the acoustic phonon soften-
ing pointed towards the nematic-elastic coupling (the coupling mechanism that
acts between the nematic electronic order, which is generated by the double
striped spin structure, and the elastic constants due to the electrostatic poten-
tials) being responsible for the softening at long wavelengths. Specifically, the
anomalous softening that created a kink in the acoustic phonon dispersion curve
close to the centre of the Brillouin zone (q < 0.1) could be used to determine
the nematic correlation length scale within the electronic order of the iron-
based system, thus revealing the interconnectedness of the crystal’s structural,
magnetic and electronic order.

The objective of this inelastic neutron scattering experiment is likewise to
study the lattice dynamical behaviour of the Fe1+yTe system as a function of
temperature and understand whether the system undergoes anomalous phonon
softening of the transverse acoustic modes. It would be useful to observe
whether this system undergoes the same anomalous softening of the modes for
q < 0.1, and if so, to determine the corresponding nematic correlation lengths
within the system’s electronic order. If this type of anomalous softening is not
seen in the experimental data, then the task is to observe how the transverse
acoustic phonons soften and what might be causing it to do so in that way. For
instance, a critical difference would be to observe anomalous phonon softening
close to the Brillouin zone edge rather than at the Brillouin zone centre, which
might be an indication that the physical mechanism behind the softening during
the phase transition is different in the Fe1+yTe system than the other iron-based
systems that have been mentioned.
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It is evident from this short introduction to the acoustic phonon softening
within the iron-based systems that a lot of information about them can be
extracted by studying the dispersion curves (i.e., the energy of the phonon
modes as a function of the position in reciprocal space within the Brillouin
zone). It would thus be useful to give the reader a basic introduction to the link
between the features of an acoustic phonon’s dispersion curve and the inherent
order of a crystal.

3.1 Elastic constants and long-wavelength acous-
tic phonon softening

Long wavelength acoustic phonon modes can be used to determine the elastic
constants of a crystal. By understanding the relation between the dynamical
matrix and the elastic tensor, it is possible to use the dispersion curves along
various high symmetry directions of the crystal to calculate the elements of this
tensor- the so-called elastic constants. In an experiment, sometimes only one of
these elastic constants is required meaning that an inelastic neutron scattering
study can restrict its search in momentum space to specific high symmetry
directions. As an example, for a crystal with cubic symmetry the C44 elastic
constant can be ascertained by finding the gradient of the acoustic phonon mode
along q ‖ [010]. The relationships between the other elastic constants and the
gradients of phonon dispersion curves along different high symmetry directions
is rather complex, but in the following it is shown how this can be done for
any periodic solid state system, including both the low and high temperature
phases in Fe1+yTe.

The important starting point, as demonstrated in reference guides to linear
elastic theory (including both the discrete and continuous cases), is to appreciate
that the elastic constants are related to the dynamical matrix through the strain
components:

eij =
∂ui
∂rj

, (3.1)

where u = (ux, uy, uz) is the displacement of a volume element in the crystal
and r = (x, y, z) is the displacement of this element from the origin of the sys-
tem. However, this is usually rewritten as the classical pure strain components,
εij:

εij =
1

2
(eij + eji). (3.2)

Distortions from an equilibrium volume bring about a change with respect
to its energy such that the potential energy per unit volume, U , is given by the
following formula in terms of these classical strain coordinates:

U =
1

2
ΣijklCijklεijε

∗
kl, (3.3)
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which is a generalised extension of Hooke’s law to include both the normal
and shear strains. The former is when the strain is perpendicular to the face
of the volume element, whereas shear strain is defined as when it is parallel to
the face of the element. This formula for the potential energy of the system
when undergoing strain can be used to form a system of Newtonian equations
of motion which is likewise simply an extension of the one-dimensional Hooke’s
law equation of motion for a spring (or any linearly elastic object). First, we
note that a conservative force is associated with the energy of a system by taking
the gradient in vector calculus form:

F = −∇U, (3.4)

and applying this to the form of the potential energy in eq. 4.2 we get the
following form for the classical equations of motion:

ρ
∂2ui
∂t2

dV = −∂U
∂ui

dV. (3.5)

Treating the volume elements as having motion associated with travelling
waves (in the context of studying the lattice dynamical response of Fe1+xTe
they would be acoustic modes) the coordinates evolve in time such that:

u = ũ exp i(k · r − ωk). (3.6)

The left hand side of eq. 3.5 can then be rewritten as the following:

ρ
∂2ui
∂t2

dV = −ρω2[ũ exp i(k · r − ωk)]i = −ρω2ui. (3.7)

The right hand side becomes:

−∂U
∂ui

dV = −1

2
ΣijklCijkl

∂εij
∂ui

εkldV

= −1

2
ΣjklCijklkj(ukkl + ulkk)dV

= ΣjklCijklkjklukdV.

(3.8)

Putting eq. 3.7 and eq. 3.8 together we get the equation of motion for the
volume element:

ρω2ui = ΣjklCijklkjkluk, (3.9)

which can be rewritten in terms of the dynamical matrix thus forming a
eigenvalue problem to solve:

ρω2ũ = M · ũ. (3.10)

And the dynamical matrix, M, can be defined in the following way by com-
paring eq. 3.9 with eq. 3.10:

Mik = ΣjlCijklkjkl. (3.11)
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This can be solved using standard linear algebra techniques and demon-
strates how the eigenvalues of the equation of motion, i.e., ρω2, are linked to
the elements of the fourth rank elastic tensor, Cijkl. Solving this eigenvalue
problem can be substantially simplified by incorporating the symmetries inher-
ent in both the strain and stress tensors. The elastic tensor can be reduced to
36 independent elements meaning that it is suitable to write it as a 6×6 matrix
(a second rank tensor). This matrix is expressed below with the Voigt or Nye
notation (second matrix):

C =
C1111 C1122 C1133 C1123 C1131 C1112

C2211 C2222 C2233 C2223 C2231 C2212

C3311 C3322 C3333 C3323 C3331 C3312

C2311 C2322 C2333 C2323 C2331 C2312

C3111 C3122 C3133 C3123 C3131 C3112

C1211 C1222 C1233 C1223 C1231 C1212



=


C11 C12 C13 C14 C15 C16

C21 C22 C23 C24 C25 C26

C31 C32 C33 C34 C35 C36

C41 C42 C43 C44 C45 C46

C51 C52 C53 C54 C55 C56

C61 C62 C63 C64 C65 C66



(3.12)

This matrix can be simplified even further by studying the symmetries of
the crystal systems. In the case of Fe1+yTe, it has a tetragonal phase at higher
temperatures and undergoes a structural phase transition to an orthorhombic
phase at approximately 70K [84]. Depending on the class of the tetragonal
phase the matrix can be reduced to either 6 (4mm, 4̄2m, 422, 4/mmm) or
7 (4, 4̄, 4/m) independent elements. Likewise, when in the monoclinic phase
this matrix can be reduced to 13 independent elements with the structure of
the matrix differing slightly when the diad is parallel to different axes [85]. In
the high temperature regime, Fe1+xTe has a tetragonal structure and has 6
independent elastic constants:

Ctetragonal =


C11 C12 C13 0 0 0
C12 C11 C13 0 0 0
C13 C13 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C44 0
0 0 0 0 0 C66

 , (3.13)

and in the low temperature regime with low interstitial iron concentration,
after the crystal has undergone a structural transition to a monoclinic phase,
the elastic tensor has the following form:
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Cmonoclinic =


C11 C12 C13 0 C15 0
C12 C22 C23 0 C25 0
C13 C23 C33 0 C35 0
0 0 0 C44 0 C46

C15 C25 C35 0 C55 0
0 0 0 C46 0 C66

 . (3.14)

These matrices, along with eq. 3.11, can then be used to determine the
relationship between the gradients of the acoustic phonon modes in the long
wavelength limit (i.e., q→0). Hence, by using the inelastic neutron scattering
data to determine the dispersion curves of the acoustic phonon modes it is
possible to understand how strongly the atoms within the crystal are coupled
to one another, which is indicative of weaker or stronger coupled “springs” (the
three-dimensional equivalent of when Hooke’s law is used to study the dynamics
of an infinite line of masses coupled with springs).

In later sections of this chapter, more details will be given about the ex-
perimental set-up associated with the inelastic neutron scattering experiment
undertaken on EIGER at the PSI. For this section, the most relevant detail is
that the spectrometer was set to look along q ‖ [010] direction, which could be
achieved by choosing a scattering vector close to a reciprocal lattice vector but
displaced along this axis, such as Q = (2, q, 0) (the energy transfer would de-
pend on the choice of ki and kf ). Thus, for phonons along [0, ζ, 0] the dynamical
matrix in eq. 3.11 reduces to the following:

M
[0,ζ,0]
ik = Ci2k2k

2
2, (3.15)

which in matrix form can be shown (keeping only non-zero entries as revealed
in eq. 3.12) to be equivalent to the following:

M[0,ζ,0] =

C66 C62 C64

C26 C22 C24

C46 C42 C44

 k2
1, (3.16)

and applying the symmetries inherent in a tetragonal crystal structure (the
high temperature phase of the Fe1+yTe single crystals) this becomes:

M[0,ζ,0]
tetragonal =

C66 0 0
0 C11 0
0 0 C44

 k2
1. (3.17)

The acoustic phonon dispersion relation can then be determined by finding
the solution to the characteristic equation:

det(M[0,ζ,0]
tetragonal − ρω

2I) = 0 (3.18)

.
Due to the dynamical matrix being diagonal the solutions to the character-

istic equation are straight forward with ρω2
[1,0,0] = C66ζ

2, ρω2
[0,1,0] = C11ζ

2, and
ρω2

[0,0,1] = C44ζ
2. Hence, the gradient of the dispersion curve for the acoustic

phonon mode extracted from the inelastic neutron scattering experiments along
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one of those directions is equal to ~
√

C
ρ
where C is one of C11, C44 or C66. The

same derivation can be carried out to find the gradient of the acoustic phonon
dispersion curves of Fe1+yTe in the monoclinic phase, but since the degree of dis-
tortion is rather small it is possible to approximate that the equations governing
the lattice dynamics are the same after going through the tetragonal–monoclinic
temperature-dependent phase transition.

The softening of the acoustic phonons close to the Brillouin zone centre
would therefore be indicative of a weakening of the “springs” (represented by
smaller C11, C44 and C66 elastic constants) coupling the Fe and Te atoms to-
gether in the unit cell of Fe1+yTe. As we are interested in the TA mode along
q ‖ [010], we will be probing the C44 and C66 elastic constants. The smaller of
the two (meaning the lower energy TA mode) is the C44 elastic constant and is
the one that the inelastic neutron scattering experiments on the EIGER TAS
instrument will be studying.

3.2 Nematic order and anomalous phonon soft-
ening

As was mentioned in the introduction to this chapter, similar iron-based systems
have revealed acoustic phonon softening due to the nematic electronic ordering.
One question for this study on Fe1+yTe is whether the same type of phonon
softening is occurring due to the orbital degrees of freedom in this condensed
matter system, which is due to the different occupancies of the dXz and dY z
orbitals in the valence shell of the Fe atoms. How would this nematic order of
the electronic charge be observed in the transverse acoustic phonon dispersion?
Following the same analysis of the study undertaken on the FeSe, underdoped
Ba(Fe0.94Co0.03)2As2 and optimally doped Ba(Fe0.94Co0.06)2As2 systems [83], the
nematic order disturbs the long-wavelength limit (q →0) of the phonon disper-
sion curve (see Sec. 3.1) such that it depends, in the long wavelength limit,
on the nematic susceptibility at q = 0, χnem, correlation length of the nematic
ordering, ζ, the bare shear elastic constant, C0

66, and a nemato-elastic coupling
constant, λ:

E(q) = |q|

√
C0

66(1 + ζ2q2)

ρ(1 + λ2χnem/C0
66 + ζ2q2)

. (3.19)

This correction to the acoustic phonon dispersion curve close to the Brillouin
zone centre seen in these iron-based systems should likewise be observed in the
inelastic neutron scattering data for Fe1+yTe in the high interstitial iron concen-
tration regime, i.e., for the tetragonal-orthorhombic structural phase transition.
However, even if nematic electronic order is present in the Fe1+yTe single crys-
tals, there would not be a large amount of difference between the undisturbed
and disturbed phonon dispersion curves if ζq � 1 and λ2χnem � C0

66. In order
to fit this model to a wider range of the Brillouin zone, it is necessary, as it is
suggested in the referenced study [83], to modify eq. 3.19 to take into account
the periodic nature of the phonon dispersion curves:
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E(q) = |sin (Dπq)

Dπ
|

√
C0

66(1 + ζ2q2)

ρ(1 + λ2χnem/C0
66 + ζ2q2)

, (3.20)

where D is a pre-factor that ensures the correct periodicity along the chosen
high symmetry direction. The inherent challenge in this approach for finding
the nematic correlation length through the distortions of the acoustic transverse
phonon dispersion curve is the plurality of unfixed parameters which make fit-
ting to a limited amount of experimental data very difficult. The approach
taken by the study into these iron-based systems was to use previous studies
that published data for the temperature dependence of the elastic constants of
similarly doped compounds (e.g., BaFe2As2 and BaFe1.84Co0.16As2 [86]) versus
the bare elastic constant equivalent, i.e., the elastic constant without the pres-
ence of nematicity. The temperature dependence of the elastic constants for
these iron-based systems follow a Landau phenomenological form, and are thus
indicative of a phase transition to emergent nematic order, such that:

C66

C0
66

∝ (T − T0)−1/2 (3.21)

where T0 is a phase transition temperature and the pre-factor differs on
either side of the phase transition (Landau’s phenomenological theory of phase
transitions explains that this is double on the high temperature side compared
to the low temperature side).

In the FeSe, underdoped Ba(Fe0.94Co0.03)2As2 and optimally doped
Ba(Fe0.94Co0.06)2As2 systems, the nematicity in the electronic order induces the
acoustic phonon dispersion curves to soften close to the Brillouin zone centre
but to re-harden towards the middle point of the Brillouin zone such that the
dispersion approximately returns to where it would have been if there was no
nemato-elastic coupling. The effect of the nematicity on the acoustic phonons
in other single crystals, such as Fe1+yTe would depend on the relative magni-
tudes of the uniform nematic susceptibility, χnem, and the nematic correlation
length, ζ. In a continuous phase transition, both of these can be described by
their critical behaviour close to the phase transition temperature:

χnem =

{
a−(1− T

T0
)−|α

−| if T < T0

a+( T
T0
− 1)−|α

+| if T > T0

ζ =

{
b−(1− T

T0
)−|β

−| if T < T0

b+( T
T0
− 1)−|β

+| if T > T0

where the pre-factors and critical exponents may differ below and above the
phase transition temperature. Substituting these expressions into eq. 3.20, it
becomes:
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E(q) = |sin (Dπq)

Dπ
| ×


√

C0
66(1+(b−q)2(1− T

T0
)−2|β−|)

ρ(1+λ2a−(1− T
T0

)−|α−|/C0
66+(b−q)2(1− T

T0
)−2|β−|)

if T < T0√
C0

66(1+(b+q)2(1− T
T0

)−2|β+|)

ρ(1+λ2a+(1− T
T0

)−|α+|/C0
66+(b+q)2(1− T

T0
)−2|β+|)

if T < T0

Fig. 3.1 shows the temperature dependence of the acoustic phonon dispersion
using the above equation for a fixed set of parameters. This should simply be
taken to show the effect that the nematic order has on the degree of softening
on the acoustic phonons at given parts of the Brillouin zone.

The above example of how nematic electronic order can induce acoustic
phonons to soften as the temperature approaches the phase transition from
above and below the critical temperature is a useful pedagogical illustration of
the phenomenon. However, due to the complexity of the physics within Fe1+yTe
(there are two possible drivers of the structural phase transition, i.e., the mag-
netic and nematic fluctuations) and the fact that below the critical intersti-
tial iron concentration the structural distortion is from a tetragonal–monoclinic
crystal structure, the exact form of the softening of the transverse acoustic
phonons within this iron-based system might differ from those previously stud-
ied. In order to derive a more appropriate model of the phonon energies, it
would be necessary to derive the free energy of the Fe1+yTe as a function of the
relevant order parameters (e.g., the shear strain, nematic order parameter, etc.)
for this system.

3.3 Neutron scattering study of phonons
The previous sections of this chapter have explained how information from
inelastic neutron spectroscopy can be used to determine physical parameters
which describe both the structure and nematic order of a periodic crystal struc-
ture. It has shown how the gradient of the acoustic phonon dispersion curve
can be used to determine the elastic constants and phonons can soften as they
approach a continuous phase transition temperature from below and above, and
that this can be explained through a Landau phenomenological approach that
considers the symmetries in the system. The remaining sections of this chapter
will instead detail the inelastic neutron scattering study performed on single
crystals of Fe1+yTe (with y < 0.12) and the methodology for analysing the data
collected on the EIGER TAS instrument at PSI, Switzerland.

3.3.1 Methodology for analysing neutron scattering data

The inelastic neutron scattering experiments were performed using the EIGER
TAS spectrometer at the SINQ spallation source (details about this instrument
can be found in Sec. 1.3.4). The spectrometer was operated in constant mo-
mentum transfer mode, Q = (2, q, 0), with the temperature of the Fe1+yTe
single crystals being varied from 2–280K in order to measure the softening of
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Figure 3.1: An illustration of the temperature dependence
of the acoustic phonons across one half of the Brillouin zone
(0 < q < 0.5) due to nematic fluctuations in a tetragonal-
orthorhombic phase transition. The pre-factors and critical ex-
ponents for the uniform nematic susceptibility and the nematic
correlation length have been fixed such that they are equal on
either side of the phase transition temperature. The critical ex-

ponents used were α = 1 and β = 0.5.
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the TA mode on both in the vicinity of the tetragonal–monoclinic phase tran-
sition. The objective of the experiment was to use the inelastic scattering data
to understand whether the softening was similar or different to the anomalous
phonon softening described in Sec. 3.2, and if it behaves differently then ideally
to suggest possible causes of its critical behaviour.

The neutron scattering intensities measured in EIGER, d2σ
dΩdω

dΩdω, provide
access to the scattering function, S(Q, ω), which contains all the static and
dynamic physics of the system:

d2σ

dΩdω
=
(γr0

2

)2kf
ki
S(Q, ω), (3.22)

where γ is the gyromagnetic factor of the neutron, r0 is the classical radius
of the electron, and ki and kf are the incoming and outgoing momentum of the
neutrons which are related to the momentum transfer by Q = kf −ki. There is
a further link between this scattering function and the dynamic susceptibility of
the crystal, χ(Q, ω): it can be shown that the former is related to the imaginary
part of this dynamic susceptibility function:

S(Q, ω) =
~
π

1

1− exp (−β~ω)
Imχ(Q, ω). (3.23)

This can be modelled by Lorentzian peaks in both the up and down scatter-
ing regimes such that the scattering function obeys the fluctuation-dissipation
theorem, which is given below, but has also been described in Sec. 1.2.2:

S(Q, ω) = exp (β~ω)S(−Q,−ω). (3.24)

The following Lorentzian lineshape not only obeys this fundamental result in
inelastic neutron scattering theory but accurately models the lattice dynamical
response of the single crystals:

Imχ(Q, ω) =
Γ0

~2(ω − ω0(Q
))2 + Γ2

0 +
Γ0

~2(ω + ω0(Q
))2 + Γ2

0, (3.25)

where ω0(Q) is the energy of the phonon mode at momentum transfer Q
and Γ0 is its associated linewidth- a measure of the broadening of the mode
that physically signifies the finite lifetime of the phonons. An example of how
eq. 3.23 is used to fit the inelastic neutron scattering data for the transverse
acoustic phonon peaks in Fe1+yTe is shown in Fig. 3.2.

3.3.2 Analysis of the softening of the phonons close to the
phase transition

This section will present the inelastic neutron scattering data collected on the
EIGER instrument during October and November 2021. Since the same single
crystal of Fe1+yTe was used and the alignment of their crystal axes were the
same for both of these experiments, the data collected on both of these occasions
is merged in the analysis that is to follow. In order to characterise the softening
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Figure 3.2: A constant momentum scan atQ=(2, 1, 0) showing
a close fit between the inelastic neutron scattering data and the

model of the scattering as stated in eq. 3.23.
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of the transverse acoustic phonons in the single crystal of Fe1+yTe, a plurality of
constant energy and constant momentum scans were carried out on the EIGER
instrument for a range of temperatures (2K < T < 280K). The Fe1+yTe
single crystals had a low concentration of interstitial iron meaning that during
this temperature range a structural phase transition taking the crystal from a
tetragonal to monoclinic phase would be observed, and due to the symmetry
breaking having an impact on the lattice dynamical behaviour it was hoped that
this would be seen in the phonon energies. The form of the phonon softening
could also aid in determining the driver of the structural phase transition, with
one hypothesis being that the emergence of nematic electronic order is the cause
of this structural distortion. As has been mentioned in Sec. 3.2, however, due
to the complexity of the Fe1+yTe system, which has structural, electronic and
magnetic phase transitions with close transition temperatures, it is difficult to
know which one is a principle driver of the others (the classic “chicken and the
egg” dilemma). A point of reference is the softening observed for the acoustic
phonons in the FeSe, underdoped Ba(Fe0.94Co0.03)2As2 and optimally doped
Ba(Fe0.94Co0.06)2As2 [83] systems, which is why constant momentum scans were
carried out at Q = (2, 0.3, 0) and Q = (2, 1, 0), i.e., one scan close to the centre
of the Brillouin zone and another close to the edge of the Brillouin zone.

The reciprocal lattice vectors used were for Fe1+yTe in its tetragonal phase
since the lattice distortion taking the crystal from the tetragonal to the mon-
oclinic unit cell is small, hence for the purposes of this experiment it was not
necessary to renormalise the cells- Q=(2, 1, 0) using the monoclinic lattice vec-
tors would be equal to Q=(2.01, 0.99, 0) with the tetragonal lattice vectors.
These two constant Q-scans were chosen to study how the dynamics of the
crystal behaved as the structural phase transition temperature was approached
and whether any dynamical changes were being driven more by zone centre
phonons or zone boundary phonons. Furthermore, the (200) Brillouin zone
was chosen to take advantage of the Q2-dependence of the coherent neutron
scattering cross section for phonons. Although the cited study researched the
softening of the acoustic phonons across a tetragonal-orthorhombic structural
phase transition, it might be expected that the degree of phonon softening for
those systems and for Fe1+yTe with a low interstitial iron concentration would
be similar. If this turns out to not be the case, then it will not entirely rule
out the hypothesis that the nematic electronic correlations are the cause of the
acoustic transverse phonon softening in Fe1+yTe. This is because the form of
the free energy functional that is used to derive eq. 3.20 could be very differ-
ent owing to the different symmetries involved in the tetragonal-orthorhombic
and tetragonal–monoclinic structural phase transitions. It is simply that in this
analysis, without re-deriving from first principles the free energy functional and
the associated theoretical phonon dispersion curve, it is assumed that the forms
share a large degree of similarities, especially in where the softening occurs
across the Brillouin zone.

The scattering function, S(Q, E), was assumed to be dominated by a co-
herent phonon peak for the transverse acoustic phonon mode and incoherent
scattering. This incoherent phonon scattering was modelled such that it in-
cluded a constant background and a Lorentzian peak centred at the elastic line,
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E = 0.. Moreover, the resolution function of the instruments also contribute
to the broadening of the phonon peaks and in general it produces a smearing
of the entire inelastic neutron scattering data. The coherent phonon scattering
was modelled by the expression given by eq. 3.23. It was assumed to also consist
of Lorentzian peaks centred at the phonon energies in the up and down scat-
tering regimes (the pre-factor is to ensure the term obeys detailed balance, as
explained in Sec. 1.2.2 and 3.2). The lineshape is a Lorentzian since the lattice
dynamics around the equilibrium positions of the atoms are quasi-harmonic
with a damping factor producing this form of lineshape rather than a Dirac
delta function.

Combining together all the contributions to the neutron scattering the model
for the inelastic neutron scattering data for constant momentum scans was the
following:

S(Q0, E) =
~
π

1

1− exp (−β~ω)

(
Γph

~2(ω − ω0(Q0))2 + Γ2
ph

+
Γph

~2(ω + ω0(Q0))2 + Γ2
ph

)
+ exp (

1

2
βE)

Γ0

E2 + Γ2
0

+ c,

(3.26)
where β = KBT , Γph is the linewidth of the coherent phonon peaks centred

at Eph, Γ0 is the linewidth of the incoherent phonon peak centred at the elastic
line, and c is the constant addition to the background. Fig. 3.3 shows fits of
constant momentum scans at Q = (2, 0.3, 0) and Q = (2, 1, 0) for a range of
temperatures crossing the continuous phase transition that takes the Fe1+yTe
from the tetragonal (high temperature) to monoclinic (low temperature) crystal
phase. The statistics are Poissonic owing to the binning of the neutron data
at the detectors meaning that the intensity errors are given by δI ≈ 1√

I
. As

can be seen from the plots, the optimised fits are in strong agreement with the
inelastic neutron scattering data. The relevant data to extract from these op-
timised fits for understanding the degree of softening of the acoustic transverse
mode is the temperature dependence of the phonon peak energies, Eph, and the
phonon linewidths, Γph, which, assuming the broadening is mostly explained
by scattering mechanisms, i.e., phonon-phonon and phonon-electron scattering,
gives an idea about the lifetimes of these acoustic phonons through the for-
mula τph ∼ 1

Γph
. The temperature dependence of the phonon peak energies and

linewidths for the zone centre and zone boundary are shown in the subplots of
Fig. 3.4.

It is observed that both zone centre and zone boundary phonons soften as
the structural phase transition is approached; however, the magnitude of the
softening is much greater for the zone boundary phonons than the zone centre
phonons, which is significant because in FeSe, underdoped Ba(Fe0.94Co0.03)2As2

and optimally doped Ba(Fe0.94Co0.06)2As2 there was a significant degree of soft-
ening at the zone centre due to the nematic correlation lengths. In this case, the
softening appears to be caused by an increasing number of channels opening up
for zone boundary phonon scattering close to the phase transition temperature
with the scattering causing the phonon lifetime to be increased and the phonon
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Figure 3.3: The model for the coherent and incoherent scat-
tering has been fit to zone centre and zone boundary phonons
for the transverse acoustic phonons in Fe1+yTe. The tempera-
tures cover the Fe1+yTe crystal in the tetragonal and monoclinic

phases.

energy to be concomitantly reduced (a standard result for phonon dampening).
The difference in the observed acoustic phonon softening for Fe1+yTe compared
with these other iron-based systems could be due to the nematic order acting in
a different way for the tetragonal–monoclinic phase transition in this condensed
matter system as opposed to the tetragonal-orthorhombic phase transition in
the latter systems. On the other hand, the scattering could possibly be due to
the combined presence of the interstitial Fe atoms or other fluctuations (e.g.,
magnetic fluctuations) in the structure of the crystal close to the phase tran-
sition temperature. There is no statistically significant change in the phonon
lifetimes close to the zone centre meaning that the anharmonicity of the po-
tentials around the atoms does not change much close to the zone centre. The
softening of the zone centre phonons is therefore likely to be due to the entire
transverse acoustic phonon branch being pulled down by the zone boundary
softening.

3.3.3 Bragg peak emergence

In the preceding sections of this chapter it has been stated that the Fe1+yTe
system (in the low intersitial iron concentration regime) undergoes a structural
phase transition from tetragonal (at high temperatures) to monoclinic (at low
temperatures), i.e., from a high to low symmetry phase. It is possible to verify
the existence of this structural phase transition in the emergence, or disappear-
ance, of certain Bragg peaks associated with only one of the crystal structures
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Figure 3.4: (a) Softening of the zone centre and zone bound-
ary phonons. The phonon softening has characteristics of the
Landau phenomenological theory of phonon softening with the
gradient of the softening below the structural phase transition be-
ing greater than the gradient above the transition (the red dotted
line indicates the approximate tetragonal–monoclinic phase tran-
sition temperature, TS=70K, in Fe1+yTe [69]). (b) Temperature
dependence of the phonon linewidths at the zone centre (left)
and zone boundary (right). An increase in the phonon linewidth
for the zone boundary corresponds with phonon softening around

the structural phase transition.
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and its symmetries. Since this inelastic neutron scattering experiment focused
on the (210) Brillouin zone, it would be pertinent to find out whether there
exists a Bragg peak at Q = (2, 1, 0) for any of the known structural phases
of the Fe1+yTe system, which are the tetragonal, monoclinic and orthorhom-
bic crystal structures. A software package called VESTA was used to visualise
in three-dimensions the crystal structure of the Fe1+yTe single crystals in all
three structure phases and to predict which Bragg reflections are allowed by
each of their symmetries [87]. It demonstrated that a Bragg reflection is only
permitted at Q = (2, 1, 0) for the tetragonal phase and neither of the mon-
oclinic nor orthorhombic phases. The significance of this is that for both the
tetragonal–monoclinic and tetragonal-orthorhombic structural phase transitions
passing through the structural phase transition temperature should be accom-
panied by the disappearance of the (210) Bragg reflection (when the sample is
being cooled).

Since there are multiple contributions to the scattering, i.e., Bragg scatter-
ing and incoherent quasi-inelastic scattering, it is often difficult to immediately
analyse phenomena, such as a structural phase transition, using inelastic neu-
tron scattering data. Moreover, the inelastic neutron scattering data collected
on the EIGER instrument unfortunately did not cover the same energy ranges
for all temperatures in the range studied (see Fig. 3.3). Ideally, the lower ener-
gies, i.e., E<4meV, would have been included in all of the constant momentum
scans at the Brillouin zone edge in order to check whether any Bragg reflec-
tions existed and, most saliently, over which temperature range they existed.
For analysing the inelastic neutron scattering data it is only possible to use the
data that has been collected. Since the lowest energy that is included within
all of the constant momentum scans at (210) are those at E=4meV, the scat-
tering at this neutron energy transfer was used to check for the emergence of
a Bragg peak and study the symmetry of the crystal as it goes through an ex-
pected structural phase transition. Due to the energy resolution of the EIGER
instrument and other contributions to the broadening of Bragg peaks if a Bragg
reflection emergences this ought to be visible in increased inelastic neutron scat-
tering further away from the elastic line, i.e., E=0. The higher the energy the
less effect the Bragg reflection has on the inelastic neutron scattering, but it
is patently possible to see a structural phase transition at some distance from
the elastic line. In the case of this study, the scattering intensity from constant
momentum scans at the (210) Brillouin zone edge for E=4meV is plotted in
Fig. 3.5 for a range of temperatures (20K < T < 201K). It is possible to
observe some patterns within this inelastic scattering data: the higher temper-
ature scattering is greater than the lower temperature scattering and, except
for one anomalous data point, it appears that a Bragg peak emerges in the
tetragonal phase at approximately the correct temperature. One reason why
there might be the anomalous data point is that at this energy, i.e., away from
the elastic line, there are a multitude of possible contributions to the inelastic
neutron scattering, including incoherent inelastic scattering. Notwithstanding,
there is clearly a difference in the scattering at low and high temperatures,
and it is highly likely that responsibility for this difference in intensity comes
from the symmetry change of the Fe1+yTe single crystal as it goes through the
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Figure 3.5: The scattering intensity close to the elastic line,
E=4meV, for the Fe1+yTe single crystals for a range of tem-
peratures. This range of temperature is suspected to comprise
the tetragonal–monoclinic phase transition for the low interstitial

iron concentration regime.

structural phase transition. However, it is not possible, from just this data, to
conclude that the Fe1+yTe single crystal sample goes from a tetragonal crystal
structure to a monoclinic crystal structure. However, having seen that the soft-
ening of the acoustic transverse phonon in the Fe1+yTe system is very different
from that observed in the other iron-based systems with orthorhombic crystal
structures (softening at the Brillouin zone edge as opposed to the Brillouin zone
centre), it could be surmised that the difference in phonon softening due to ne-
matic correlations is due to the different structural distortions that take place
in the tetragonal–monoclinic phase transition, thus indicating that the Fe1+yTe
sample in this study was in the monoclinic phase at low temperatures.

3.3.4 Extraction of the shear stress elastic constants

To extract the elastic constants from the data it would be necessary to include
the effects of the nematic electronic order in the phonon softening. However, it
is possible to ignore this effect in order to obtain a lower order approximation for
the shear stress elastic constant. There is limited data covering the transverse
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acoustic phonon dispersion curve across the entire Brillouin zone, but this is
available for the temperatures T=80K and T=280K. A simplified form of eq.3.20
that ignores the nematic order is used for extracting the shear stress elastic
constant C44:

E(q) = |
2 sin (πq

2
)

π
|

√
C44

ρ
. (3.27)

This equation has been used to extract a zeroth order approximation for
the shear elastic constant associated with the transverse acoustic phonon mode
in the Fe1+yTe system. As can be seen in Fig. 3.6, it provides a reasonable
fit at the Brillouin zone centre (albeit a little bit under-fitting the inelastic
neutron scattering data), whilst being a very poor fit for the Brillouin zone
edge—indicative of possible nematic order causing the softening of zone edge
transverse acoustic phonons. Notwithstanding the poor fit to the model at the
zone edge, the model leads to C44 ∼30GPa for both the T=81K and T=280K
inelastic neutron scattering data.

How does this compare with theoretical predictions of the elastic constants
in Fe1+yTe in its tetragonal (high temperature) phase using density functional
perturbation theory? CASTEP, a leading software package for calculating the
properties of materials from first principles [88], was used to give an approximate
theoretical calculation for the elastic constants of stoichiometric FeTe in the
higher symmetry phase. As usual all parameters were optimised to make sure
a minimum of the free energy was found. Following this step the atoms were
perturbed a small amount in all directions and the gradients of the free energy
were used to determine all the elastic constants for the tetragonal phase—these
are tabulated in the matrix below:

Ctetragonal =

 182.7±4.6 112.4±4.5 110.2±4.2 0 0 0
112.4±4.5 182.7±4.6 110.2±4.2 0 0 0
110.2±4.2 110.2±4.2 106.7±6.1 0 0 0

0 0 0 43.7±0.6 0 0
0 0 0 0 43.7±0.6 0
0 0 0 0 0 59.9±0.7

 (3.28)

The calculated results for the C44 elastic constant are slightly higher than
those extracted from the inelastic neutron scattering data collected on the
EIGER instrument. The difference between the two could be explained by
the poor fit of the “no nematicity” model to the data or due to the presence of
the interstitial iron atoms within the crystal structure of the sample.

3.4 Concluding the study of Fe1+yTe
In summary, this chapter has set out to use the inelastic neutron scattering data
collected on the EIGER instrument at the PSI to investigate the softening of
transverse acoustic phonon modes in the Fe1+yTe system. This condensed mat-
ter system has a complicated structural, magnetic and electronic order meaning
that it was challenging to pinpoint the exact origin of the softening and which
one of these phenomena is driving the overall softening close to the phase tran-
sition temperature. The FeSe, underdoped Ba(Fe0.94Co0.03)2As2 and optimally
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Figure 3.6: A fit of the data from separate constant momen-
tum scans on Fe1+yTe using the data points q < 0.5 and ex-
trapolated towards the edge of the Brillouin zone. The model,
which assumed there to be no nematic electronic order, shows a
reasonable fit at the zone centre but a poor fit close to the zone
edge. This could indicate that nematic order in Fe1+yTe acts
to bring down the entire acoustic transverse phonon mode curve

from the Brillouin zone edge.
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doped Ba(Fe0.94Co0.06)2As2 systems have been used as a comparison in the anal-
ysis because of the assumed similarities of these iron-base systems with Fe1+yTe,
but it is clear that the softening of the acoustic transverse phonons in the latter
are being driven from the Brillouin zone edge rather than the zone centre as in
the former cases. The cause of this softening at the phase transition might still
be due to the nematic electronic order (possibly due to the occupancies of the
dXz and dY z orbitals in the Fe atoms), but another explanation is the opening
of scattering channels created by the presence of the interstitial iron within the
otherwise stoichiometric FeTe crystal structure. To verify whether the latter
is responsible for the type of softening seen in these experiments, it would be
necessary to repeat the inelastic neutron scattering experiments on different
single crystal samples with different interstitial iron concentrations—this is be-
yond the scope of this thesis but could be researched further in future neutron
experiments.
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Chapter 4

Rayleigh-Schrödinger perturbative
model of FeTe

As was stated in Section. 1.4.2, a bicollinear double stripe antiferromagnetic or-
der emerges for the low-y configuration of the Fe1+yTe system. Several research
papers have attempted to investigate the origin of this exotic magnetic structure
including modelling the Hamiltonian as a Heisenberg spin model (hypothesising
that the emergence of this magnetic order comes solely from the spin degrees
of freedom) or a model that theorises that the magnetic interactions are being
driven by orbital degrees of freedom in the Fe atoms and the interplay between
the structural distortions due to the Jahn-Teller effect. Inelastic neutron scat-
tering experiments carried out on FeTe [75] provide a strong motivation for
intuiting that the Jahn-Teller effect is important for its magnetic interactions
and concomitantly the magnetic structure and spin waves observed in the data.

In this chapter, which is the work produced via a collaboration with Dr
Chris Hooley of the St. Andrews University and Janika Reichstetter of the
University of Heidelberg, a Rayleigh-Schrödinger perturbative model for the
virtual electron hoppings between the Fe and Te atoms in FeTe single crystals
is developed in order to produce an effective Hamiltonian that includes both
the spin and orbital degrees of freedom and the interplay between them. The
magnetic interactions within the system are therefore governed by spin-only
and orbital pseudospin-only (representing the dXz and dY z orbital physics on
the Fe atoms) operators with multiplications of these two types of operators
producing the interplay between the spin and orbital physics. Since the model
is developed from first principles, lots of explanatory notes are provided within
this chapter as an aid to the reader and to increase the knowledge necessary to
comprehend how an input parameter may affect the final effective Hamiltonian.

The first section details information about the FeTe crystal structure and
the single-ion spin and orbital degrees of freedom. This is important for under-
standing how the parameters are obtained for the Rayleigh-Schrödinger pertur-
bative model and to give the reader a sense of the energy scales involved in the
problem. Following on from this section, there is a detailed explanation of how
the crystal field splitting is calculated given the symmetry of the single crystal
structure and how the Hund’s rule coupling parameters (the terms giving the
energies associated with having the electron spins up or down within valence
orbitals given a pre-existing electron configuration) are also determined. An en-
tire section is devoted to explaining the Rayleigh-Schrödinger virtual hopping
model, which is taken from the theoretical work carried out by Ingvar Lindgren
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Species x (a) y (a) z (c) Wyckoff letter Multiplicity
Fe 0.750 0.250 0.000 2a 2
Te 0.250 0.250 0.285 2c 2

Table 4.1: The refined Wyckoff positions and site symmetries of
the Fe and Te atoms within the Fe1+yTe system for the tetragonal

phase [90].

[89], and it is explained how this abstract theoretical model can be applied to
the FeTe system. Some understanding of this model is required since without a
basic understanding it is impossible to be able to replicate the effective Hamilto-
nian that has been developed for modelling the FeTe single crystals. The latter
sections of this chapter use the theoretical tools that have been described and
numerically apply them to the FeTe system using a combination of known struc-
tural data and educated guesses about parameters, such as the lattice distortion
associated with the Jahn-Teller effect and effective nuclear shielding parameters
to name only a few.

4.1 Crystal structure and single-ion spin and or-
bital physics

An important starting point to developing an effective Hamiltonian for the FeTe
system is to understand its crystal structure. The reason for this is that the
crystal structure indicates the symmetry of the crystal field around the con-
stituent ions within the crystal and how the degeneracy of a valence shell may
be lifted, thus producing a particular single-ion ground state. What does X-ray
diffraction data tell us about the crystal structure of FeTe? This system is
commonly synthesised producing non-stoichiometric Fe1+yTe, where y, as de-
scribed in Section. 1.4.2, is the interstitial concentration of Fe atoms. Taking
experimental data that analysed Fe1+yTe with a low interstitial iron concentra-
tion, and therefore one that would produce little effect on the lattice constants
and atomic positions, the crystal structure is revealed to be tetragonal at room
temperature and atmospheric pressure with a space group of P4/nmm [90]. A
refinement of the experimental X-ray diffraction data leads to lattice constants
of a=3.829Å, c=6.288Å and α=β=γ=90°. If the refined positions of the inter-
stitial Fe atoms are ignored (there is a large degree of uncertainty as to whether
they have structure or are completely disordered throughout the crystal) the po-
sitions of the atoms in the stoichiometric version of the crystal can be obtained.
The Wyckoff positions and symmetries of the Fe and Te atoms are presented in
Tab. 4.1.

As shown in Tab. 4.1, the Fe and Te atoms have the Wyckoff letters 2a and
2c respectively. What this implies is that each of these species has another
atom at position (0.250, 0.750, 0.00) and (0.750, 0.750,−0.285) respectively in
each unit cell and linearly translated throughout the crystal structure. Hence,
for stoichiometric iron telluride four Te atoms form a parallelogram around a
single Fe atom. This is demonstrated in Tab. 4.2 which shows the positions of
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Species x (a) y (a) z (c)
Fe 0.000 0.000 0.000
Te1 -0.500 0.000 0.285
Te2 0.000 0.5000 -0.285
Te3 0.500 0.000 0.285
Te4 0.000 -0.500 -0.285

Table 4.2: The parallelogram of Te atoms around a central Fe
atom within tetragonal iron telluride.

the four Te atoms in a reference frame generated by translating the unit cell
such that the Fe atom is at the origin. The tetrahedron crystal field generated
by the parallelogram of Te ions causes the valence shell of the Fe to split into two
degenerate energy levels, a lower energy eg level and a higher energy t2g level.
Using a cartesian grid that is co-linear with the crystal axes the eg subgroup
comprises the dx2−y2 and dz2 orbitals and the t2g subgroup comprise the dxy,
dxz and dyz orbitals. The relative energies of these degenerate subgroups can be
understood by visualising the fact that the orbital lobes in the eg orbitals point
along an axis that is more distant from the negative Te ions than the equivalent
dominant axes in the t2g orbitals. The electronic configuration of the crystal
leads to a geometrical frustration (an energetic frustration of the electronic
order) that can only be broken by a distortion of the lattice. This is the Jahn-
Teller effect which tells us that a crystal with a spatially degenerate ground state
will undergo a geometrical distortion in order to lower the overall energy (the
entropy of the system is important owing to the multiple configurations available
for the frustrated system). The effect of this geometrical distortion of the lattice
is to lift the degeneracy of the 3d orbitals in the two subgroups, which breaks
the frustration due to the degeneracy of different electronic configurations of
the Fe atoms. The form of the Jahn-Teller distortion is difficult to predict with
certainty but it is hypothesised that in the FeTe system one pair of Te atoms
on opposite sides of the parallelogram move towards each other along an axis
that is colinear with each of them and the other pair moves further apart. At
the same time the Fe atoms are alternately shifted (the translation is along the
same axis for each unit cell of the FeTe crystal) towards one Te atom in each
distorted tetrahedron. This composite distortion of the tetragonal structure of
FeTe is shown in Fig. 4.1, which might aid the reader’s comprehension of this
complicated three-dimensional geometrical distortion.

What effect does this geometrical distortion of the crystal structure have on
the order of the 3d orbitals in the Fe atoms? If a new basis is chosen whereby
dXz= 1√

2
(dxz+dyz) and dY z= 1√

2
(dxz-dyz), then these new orbitals would have

their lobes (the space where they are most likely to be found if measured)
facing the Fe atoms in the undistorted structure (assuming that the x and y
axes bisect the line joining neighbouring Te atoms in Fig. 4.1). Even with the
Jahn-Teller distortion both of these orbitals would have one lobe that points
substantially towards one pair of Te atoms giving them the Coulomb repulsion
energy. They will not have the same energy owing to the small translation of
the Fe atom within each tetrahedron. The other 3d orbital in the t2g subgroub,
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Figure 4.1: The tetrahedral structure formed by the Te atoms
around each Fe atom in FeTe is distorted by the Jahn-Teller
effect. The Jahn-Teller distortion lifts the degeneracy of the 3d
orbitals in the Fe atoms and leads to the S=1 spin state [72].
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(a)

(b)

Figure 4.2: (A) The relative energies of the 3d orbitals on the
Fe atoms is changed by a combination of the compression and
elongation of the tetrahedron and a Jahn-Teller distortion with
the FeTe crystal structure. (B) The crystal field around the dXz
and dY z orbitals is altered by the Jahn-Teller distortion, which

lifts the degeneracy of their respective energies [72].

dxy, has both lobes pointing between the Te atoms in the tetrahedra meaning
that it will have a lower Coulomb repulsion energy than either of the other
aforementioned orbitals. The degeneracy of the eg subgroup is also lifted with
the dx2−y2 orbital having a lower energy compared with the dz2 orbital. The
relative energies of all of the orbitals in both the t2g and eg are shown in Fig. 4.2.

In Fig. 4.2, the electronic configuration of the Fe ion produces an S=1 spin
state meaning each Fe ion has a magnetic moment that is consistent with the
∼2µB ordered magnetic moment observed in the commensurate magnetic phase
of Fe1+yTe [91]. This is due to the exchange coupling term, −JHS1 ·S2, between
the dxy and dXz orbitals (or the dY z orbital since the order of the dXz and dY z
orbitals is only an arbitrary choice of axis labelling) being dominant over the
crystal field splitting between the latter and the dxy orbital. This energy comes
from the fact that the expected value of the distance between two identical
particles, such as the electrons filling these 3d orbitals, is increased with respect
to electrons with opposite spins, which decreases the energy associated with the
Coulomb repulsion between the charged particles. It ought to be noted that
the symmetry of the crystal field, i.e., the field created by the tetrahedra of Te
ions around each of the Fe ions, leads to the quenching of the orbital angular
momentum, 〈Lz〉 = 0, which can be seen by writing the 3d orbitals in the Fe,
i.e., {dxy, dxz, dyz, dx2−y2 , dz2}, in terms of the complex hydrogenic-like orbitals
instead of these real orbitals. Using Dirac notation for the complex orbital basis,
|n, l,ml〉, where n is the principle quantum number, l is the angular momentum
number and ml is the magnetic number:
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dxy =
i√
2

(|3, 2,−1〉 − |3, 2, 1〉)

dxz =
1√
2

(|3, 2,−1〉 − |3, 2, 1〉)

dyz =
1√
2

(|3, 2,−1〉+ |3, 2, 1〉)

dx2−y2 =
1√
2

(|3, 2,−2〉+ |3, 2, 2〉)

dz2 = |3, 2, 0〉

(4.1)

Since the 3d orbitals in the Fe ions are linear combinations of orbitals with
ml=±m where m∈{0, 1, 2}, the expectation of Lz is zero. Furthermore, in
the presence of a magnetic field the orbital angular momenta are not orientable
because they are strongly coupled to the lattice by the crystal field, which
explains the quenching and the negation of the orbital angular momentum when
calculating the magnetic moment of the Fe ions, i.e., µ ∼ 2

√
S(S + 1)µB. This

explains why the electronic configuration has a magnetic moment consistent
with the experimental data [91] (µ ∼2

√
2µB being comparable with 2µB).

4.2 Crystal field splitting and Hund’s rule cou-
pling parameters

In the previous section, the symmetry of the crystal field in FeTe and its effect
on the electronic configuration and relative energies of the 3d orbitals in the
Fe atoms was described. This section will delve further into the physics and
attempt to calculate the exact crystal field splitting of the energy levels and
the Hund’s rule coupling parameters using the real basis for the hydrogenic-like
orbitals in eq. 4.1. Calculating these is critical to developing a first-principles
theoretical framework for how the spin and orbital degrees of freedom have a
role to play in the magnetic exchange physics of the FeTe crystal. Taking a first
order perturbative approach the matrix of crystal field splitting parameters,
Vαβ, is given by:

Vαβ =

∫
d3rψ†Zα(r)V (r)ψZβ(r), (4.2)

where α and β are any of the five 3d orbitals listed in eq. 4.1 and +Ze is
the core nuclear charge felt by the valence electrons in the 3d sub-shell of the
Fe ions. However, seeing that the FeTe system is metallic there will be another
contribution to the screening of the electric field due to conduction electrons
that are hypothesised to originate from the interstitial Fe atoms donating some
of their valence electrons to the solid. The effect of these conduction electrons
on the electric field observed by the valence electrons can be modelled by the so-
called Jellium model. In this model, the solid is comprised of the static electric
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charges due to the atomic nuclei in the crystal and a uniformly distributed sea of
electric charge. It can be demonstrated that the effect of the sea of conduction
electrons is to attenuate the electric field observed at a distance r from one of
the static charges producing the screened Coulomb potential:

V (r) =
q2

4πεr
exp (−r

ζ
), (4.3)

where ζ is the screening length due to the sea of conduction electrons in
the crystal. The choice of Z and ζ can be guided by our knowledge of the
structure of the system being studied, but the utility of this can only take the
calculations so far because the objective is to reproduce the S=1 spin state of
the Fe atoms with the electron orbital scheme shown in Fig. 4.2. Nonetheless,
it is appropriate to start from such a point when doing theoretical calculations
and deviations from the expected results can lead to optimisation of the variable
parameters. A good starting point for the effective core nuclear charge felt by
the valence electrons in the Fe atoms is to consult Slater’s rule, which gives
an estimate in the case of a many-electron atom. Slater’s rule associates a
different degree of shielding or screening for core electrons that differ depending
on the principal quantum number and angular momentum number of the core
and valence electrons. The effective nuclear charge is then calculated by the
formula:

Zeff = Z − s, (4.4)

where Zeff is the effective core nuclear charge, Z is the nuclear charge and s
is the sum of the contributions of all the core electrons to screening the valence
electrons. In the case of the valence electrons in the Fe2+ ions, the contribution
to s for the six valence electrons in the 3d sub-shell is 19.75 giving an effective
core nuclear charge of Zeff=6.25 (the nuclear charge of the Fe2+ ion is 26).

What would be an appropriate starting point for the screening length of
the Te2− charges due to the conduction electrons contributed to the solid by
the interstitial iron concentration? Since we are dealing with a metallic solid
at low temperatures, the sea of conduction electrons needs to be treated using
the Fermi-Thomas approximation. In this theoretical treatment the system
of electrons is maintained at a constant electron chemical potential (i.e., the
Fermi level) and at a low temperature. The former means that the system is
in dynamical equilibrium (if there is spatial variation in the chemical potential
the system would respond by diffusion of electrons from regions of higher to
lower chemical potential until the chemical potential is constant), whilst the
latter implies that the system acts as a Fermi gas. It can be shown that under
the Fermi-Thomas approximations the screening length due to the conduction
electrons in the metal is:

ζ =

√
2ε0EF
3e2n0

, (4.5)
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where n0 is the density of conduction electrons in the metallic solid. To give
a decent approximation for the Fermi-Thomas screening length in the FeTe
system it is assumed that the Fermi energy is in the order of EF ∼ 1eV and
n0 ∼ 1× 1028m−3. The latter comes from the fact that the interstitial Fe atoms
are assumed to contribute all of their valence electrons in the 4s and 3d sub-
shells and the interstitial iron concentration is low, i.e., y ∼0.10. Using the
formula in eq. 4.5, the Thomas-Fermi screening length due to the conduction
electrons in FeTe is predicted to be 0.6Å, which appears to be a reasonable
value given the bond lengths in the crystal.

Using the parameters described in this model of the crystal field splitting,
the energies of the 3d orbitals in Fe can therefore be determined. The parame-
ters are not fixed—they are just an educated guess about the system—and are
optimised in order to produce the same spin state (S=1) as has been observed
in experiments carried out on the Fe1+yTe crystals.

The crystal field splitting is, however, only one part of the calculations
for determining the single-ion ground state and the energy scale inputs to the
Rayleigh-Schrödinger model for the magnetic interactions in the FeTe system.
The obverse to this is calculating the Hund’s rule coupling parameters that
come about due to the Coulomb repulsion between electrons in the same atom.
There are two contributions to the Hund’s coupling due to the wavefunction of
the electrons being comprised of a spatial part and a spin part: it energetically
favours electrons to occupy different electronic orbitals but also favours electrons
to have their spins aligned, i.e., be parallel to each other. It is possible to
derive these two different contributions by considering the Hartree equation
(a Hamiltonian for a multi-electron atom that includes the repulsion between
orbital electrons) and taking a first order perturbation in the electronic Coulomb
repulsion between electrons in the valence orbitals:

Uαβ =

∫ ∫
d3rd3r′|ψα(r)|2 e2

4πε0|r− r′|
|ψβ(r′)|2, (4.6)

where Uαβ is the matrix of overlap integrals indexed by the same orbitals
as in eq. 4.2 and the integration is over both r and r′. This formula reveals
that if the two orbitals are the same, then the energy is larger due to the
increased overlap between the electron wavefunctions. Thus, having a pair
of electrons in different orbitals is electronically favoured compared to having
them fill one orbital. However, this only captures one element of Hund’s rule
and does not lead to the electrons in different orbitals favouring an aligned spin
projection between two electrons. This can be extracted from the equation if the
problem is treated quantum mechanically in the second quantisation with field
operators, φ†σ(r), that create an electron with a spin projection σ at the position
r. These field operators can be expanded as a product of the hydrogenic-like
wavefunctions and an annihilation operator that destroys a single-particle in an
orbital γ with spin projection σ:

φσ(r) = Σγψγ(r)cγσ. (4.7)

With normal ordering of the creation and annihilation operators (also called
Wick ordering), the Hund’s rule coupling becomes a sum over the field operators:
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U = Σσρ

∫ ∫
d3rd3r′

e2

4πε0|r− r′|
φ†σ(r)φ†ρ(r

′)φσ(r)φρ(r
′), (4.8)

which can be expanded into the single-particle spatial wavefunctions and
the creation and annihilation operators to produce:

U = Σσραβδγ

∫ ∫
d3rd3r′

e2

4πε0|r− r′|
ψ∗α(r)ψ∗β(r′)ψδ(r

′)ψγ(r)c†ασc
†
βσcδσcγσ.

(4.9)
Taking the expectation of this Coulomb interaction operator for states in

which electrons are in different orbitals and spins are either aligned parallel or
anti-parallel, it can be demonstrated that:

〈µ ↑, λ ↓ |U |µ ↑, λ ↓〉 = 2Uµλλµ, (4.10)

〈µ ↑, λ ↑ |U |µ ↑, λ ↑〉 = 2Uµλλµ − 2Uµλµλ. (4.11)

The energy difference between the electrons’ spins being parallel and anti-
parallel is therefore 2Uµλλµ. This is what one calls the “exchange term” and
can be compared with the Hund’s rule coupling from the Heisenberg model of
quantum spins:

− JHS1 · S2, (4.12)

where the JH can be equated with the above to arrive at:

JH =

∫ ∫
d3rd3r′

e2

2πε0|r− r′|
ψ∗µ(r)ψ∗λ(r

′)ψµ(r′)ψλ(r). (4.13)

What is the energy splitting due to the exchange term for the singlet and
triplet states, i.e., states with total spin S=0 and S=1 respectively? The singlet
and triplet states for a two-electron system are the following:

|0, 0〉 =
1√
2

(|↑↓〉 − |↓↑〉)

|1,−1〉 = |↓↓〉

|1, 0〉 =
1√
2

(|↑↓〉+ |↓↑〉)

|1, 1〉 = |↑↑〉

(4.14)

and so taking the expectation value of eq. 4.12 would reveal the energy
splitting of the singlet and triplet spin states. This can be seen by using the
fact that the total spin is S = s1 + s2 is the sum of the two spins on the
two electronic orbitals and the operator relation that S2 = s2

1 + s2
2 + 2s1 · s2.

The eigenvalue of S2 is 0 and 1 for the singlet and triplet states respectively.
Meanwhile the eigenvalue of the individual spin operators, s1 and s2 is −1

4
when

the electron is in the state with spin down and 3
4
when the electron is in the

state with spin up. This leads to the energy of the singlet state being increased
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by JH
4

and the energy of the triplet state being reduced by 3JH
4
. The effect of

this is to energetically favour the triplet state over the singlet state in the Fe2+

ion. Ideally, the Coulomb screening from other electrons in the many-electron
atom should also be included in eq. 4.13, but this is quite complicated and it is
assumed that this formula gives at least an approximate numerical value to the
exchange interaction due to the symmetry of the singlet and triplet electronic
wavefunctions in the crystal.

This section has so far demonstrated how to calculate the relative energy
shifts associated with the crystal field splitting and Hund’s rule coupling, but it
has neglected to determine the absolute energy scales associated with the atomic
orbitals on the Fe and Te atoms. A crude model has been used for calculating
the crystal field splitting that parameterises the amount of shielding by a single
parameter, Zeff, that does not take into account the spatial dependence of the
effects of inner core electrons. This simple model of nuclear core shielding can
also be used for calculating the absolute energies of the atomic orbitals in the 3d
and 5p valence subshells of the Fe and Te atoms respectively. Using a simplistic
assumption that the hydrogen-like Schrödinger equation can well-describe the
Coulomb interactions between the nucleus of the Fe and Te atoms and their
valence electrons, the energy of a subshell can be expressed as:

EZeff,n = − µZ2
effe

4

32π2ε0~2n2
, (4.15)

where n is the principle quantum number (n=3 and 5 for the valence elec-
trons in Fe and Te respectively) and µ is the effective mass of the nucleus-
electron system. Since the nucleus is much more massive than the electrons, it
is often possible to assume that µ ∼ me. As was aforementioned, the effective
nuclear charge is an input parameter to the model and so its value could have
a big impact on the magnitude given to the virtual electron hopping processes
in the Rayleigh-Schrödinger perturbative model. The relative energies of the
orbitals on both the Fe and Te atoms will, as will be shown in Sec. 4.3, be intro-
duced into the Hamiltonian via the denominator of a resolvent operator meaning
that a larger energy difference between the orbitals will reduce the magnitude
of the elements of the Hamiltonian matrix that describes the magnetic inter-
actions within the FeTe system. Hence, the values given for s in eq. 4.4 for
either of the two species in FeTe ought to be optimised such that the single-ion
spin state reflects the experimentally observed value (i.e., it produces a crystal
field splitting that leads to the S=1 spin state for the Fe2+ ions) and leads to
the expected magnetic ground state. Nonetheless, as was suggested in Sec. 4.3
an appropriate starting point would be to use Slater’s rules for calculating an
estimate of Zeff for both Fe and Te. In the case of Fe2+ this was shown to be
6.25, but what about the shielding for the electrons in the 5p orbital of Te2−

(the atom accepts two electrons from the Fe atoms to form a negative ion)? The
nuclear core shielding of the electrons in the fully occupied 5p orbitals of Te2−

leads to s=47.25. The nuclear charge of the Te atom is Z=52 which leads to
the effective nuclear core charge as seen by an electron occupying the 5p orbital
of Zeff=4.75. Putting these values into eq. 4.15 leads to E=-59.0eV for the 3d
orbitals in Fe2+ and E=-12.27eV for the 5p orbitals in Te2−.
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All the tools for determining the energies of different single-ion electronic
configurations have now been explained including how to include the Jahn-
Teller distortion in the crystal field splitting and the favourability of having
electrons in different 3d orbitals whilst also having an energy incentive to have
their spin projections aligned. These tools will be utilised in later sections in
order to determine the single-ion ground state and can also be parameterised
such that the degree of the lattice distortion can be taken into account when
calculating these energy scales, which is important given that the emergence
of the bicollinear double stripe antiferromagnetism happens at or close to the
structural phase transition temperature indicating the possible link between the
two phenomena.

4.3 Rayleigh-Schrödiner virtual hopping model
In the preceding section, the first order perturbative overlap integrals for calcu-
lating both the crystal field splitting and Hund’s rule coupling were explained
in detail. This was critical because it helps the reader to understand how in-
puts related to the structural geometry and the electronic order lead to different
energies and therefore different single-ion ground states for the Fe2+ ions. In
developing a perturbative model for the magnetic interactions these are also
important as the zeroth order eigenstates and eigenvalues, which are used in
subsequent contributions to higher order energy corrections to the zeroth order
eigenstates and eigenvalues. In this section, it will describe how the Rayleigh-
Schrödinger perturbative model for the virtual electron hoppings between the
Fe and Te ions in FeTe crystals is constructed. This is an application of the
theoretical framework that was developed by Ingvar Lindgren who developed
this perturbative approach for understanding interactions within quantum me-
chanical multi-configurational systems [89]. It can be applied to many different
quantum mechanical systems and is not restricted to its use for the theoretical
prediction of the magnetic interactions present in a condensed matter system,
such as a single crystal with localised magnetic order.

How can the Rayleigh-Schrödinger perturbative model developed by Ingvar
Lindgren be applied to the FeTe system? In order to understand how this can be
achieved, it is apt to first understand what it means by a multi-configurational
model. This means that the so-called “model space” contains multiple states
with energies within reach of the expected zeroth order ground state of the
quantum mechanical system. In the case of the present work, the model space
includes the configuration of states with the eg orbitals fully occupied and two
electrons in the t2g orbitals such that one of those electrons is occupying the
lower energy dxy orbital, which is energetically favoured by crystal field splitting,
and the other electron is occupying either of the dXz or dY z orbitals which have
had their degeneracy lifted by a Jahn-Teller distortion as aforementioned in this
chapter. Higher order terms in the Rayleigh-Schrödinger model’s Hamiltonian
involve the second and fourth order virtual hopping processes that exchange
electrons between neighbouring Fe and Te atoms in the crystal structure. In-
termediary states involve a configuration of electrons in an Fe-Te-Te-Fe quartet
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that is outwith the model space of the multi-configurational model. The vir-
tual electron hopping could therefore be imagined as involving an operator that
projects the states in the model space into another set of accessible states called
the orthogonal space and thereafter return it to states to the model space. The
difference between the second order and fourth order virtual hopping processes
is the number of virtual electron hopping processes within which the state must
return to the model space for the system.

The effective Hamiltonian operator in the Rayleigh-Schrödinger perturbative
model is constructed to include the plurality of possible second and fourth order
virtual hopping processes as well as the zeroth order Hamiltonian acting on
the model space that gives the zeroth order eigenvalues. Given a model space
with a dimensionality of n, the effective Hamiltonian produced by the Rayleigh-
Schrödinger model is an n×nmatrix that is not necessarily Hermitian and whose
eigenvalues are always real (the effective Hamiltonian only acts on the states
within the model space). However, owing to the fact that the Hamiltonian for
this system is expected to have time-reversal symmetry (the Hamiltonian ought
to be invariant to flipping all the spins whilst maintaining the same orbital
occupations) this effective Hamiltonian can be transformed to an Hermitian
Hamiltonian with the same eigenvalues as the original Hamiltonian but with
different eigenstates using the theoretical framework developed by des Cloizeaux
[92].

The choice of model space for the FeTe system included the six S=1 spin
states on each Fe atom (three triplet states multiplied by two degrees of freedom
for occupying either the dXz or dY z orbital within the t2g subgroup) with a
Hilbert product space spanning two Fe atoms which share two neighbouring
Te atoms, thus forming a space of thirty-six states (Fig 4.3 shows the electron
configurations of the single Fe2+ ions in the model space). As the name suggests,
the orthogonal space includes all those states in the Hilbert space but orthogonal
to those in the model space. They can be reached by virtual hopping processes
from the model space that can be represented by an operator acting on the
model space and projecting it into the orthogonal space, Ω̂, or vice versa in
projecting from the orthogonal space into the model space, P̂ .

In this work, both the second order and fourth order virtual hopping pro-
cesses are considered: the former annihilates a valence electron in one of the
orbitals in the 5p subshell on either of the two neighbouring Te atoms and
creates an electron with the same spin in either one of the t2g orbitals in a
neighbouring Fe atom, which is followed by one of the electrons in the Fe t2g

orbitals hopping back to the vacated Te orbital bringing the final state back
into the model space; the latter includes two pairs of virtual hopping processes
which also brings the final state back inside the model space (the intermediary
states in the fourth order virtual hopping processes may include a return to
the model space after two virtual hops). Only including the non-zero terms in
the effective real Hamiltonian from Ingvar Lindgren’s work [89], the effective
Hamiltonian can be written as:

Ĥeff = P̂ Ĥ0P̂ + P̂ V̂ Ω̂, (4.16)
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Figure 4.3: The single-ion S=1 spin states for the Fe2+ ions in
the FeTe system. These triplet spin states have m ∈ {−1, 0, 1}.
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where Ω̂ includes terms that produce second and fourth order virtual hopping
processes:

Ω̂ = R̂V̂ P̂ + R̂V̂ R̂V̂ R̂V̂ − R̂2V̂ R̂V̂ P̂ V̂ P̂ . (4.17)

V̂ is an operator that annihilates an electron in one orbital and creates
an electron of the same spin projection in another orbital. R̂ is a resolvent
operator that acts on the multi-configurational states in the orthogonal space
and is defined as:

R̂ =
∑
r∈D

|r〉 〈r|
E0 − Er

, (4.18)

where D are the set of states in the orthogonal space and E0 is the energy
of the degenerate states within the model space. Since the resolvent operator
only ever acts on the states within the orthogonal space, which have different
energies compared with those of the model space, it will never explode due to
a vanishing denominator. The fourth order terms are split into two different
processes depending on whether any of the intermediate states are degenerate
with one of the states in the orthogonal space. Any process with such degeneracy
of intermediate states leads to the effective Hamiltonian having the square of
the resolvent of the final intermediate state. Hence, the Rayleigh-Schrödinger
effective Hamiltonian is essentially one of both counting up the numbers of
virtual hopping processes allowed by the symmetry inherent in the hopping
integrals and by Pauli’s exclusion principle for each orbital in both the Fe and
Te atoms. It is important to also understand that a sign change can take place
owing to the ordering of the creation operators when creating a state from a
vacuum state (see Sec. 4.3.1 for detailed discussion).

However, there is a problem associated with eq. 4.16 and 4.17 in that the
effective Hamiltonian is not Hermitian and therefore does not respect the time-
reversal symmetry of the physics of this quantum system. des Cloizeaux deals
with this by transforming the effective Hamiltonian in eq. 4.16 such that the
eigenstates of this new transformed Hamiltonian are as close to the original
eigenstates and produces the same eigenvalues. The following will briefly de-
tail the basics of the theoretical framework developed by des Cloizeaux and
how it was shown to be able to transform a non-Hermitian Brillouin-Wigner
perturbative Hamiltonian (the difference between the Brillouin-Wigner and the
Rayleigh-Schrödinger perturbative theories is that the perturbed energies in
the former approach are calculated via an iterative method) into an Hermitian
Hamiltonian with orthogonal eigenstates and real energy eigenvalues. It starts
from asking whether a constant operator, h, can have the same eigenvectors and
eigenvalues as the Hamiltonian, H(E), to the following Schrödinger equation:

[E − e−H(E)] |φ〉 = 0, (4.19)
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where |φ〉 is the eigenvector, e is a constant and H(E) is an Hermitian
operator that is a function of E. In certain cases, there does exist an Hermitian
operator, h, for which the eigenvector and eigenvalues are the same as for the
Hamiltonian, H(E), but in general this is not the case. It shows that there is a
transformation, g, to an orthogonal basis set, |ψ〉:

|ψ〉 = g |φ〉 , (4.20)

and that this transforms the eq. 4.19 into the following:

[E − e−K] |ψ〉 = 0, (4.21)

where the transformed operator, K = ghg−1, is a function of the original
constant operator. The operator g can be chosen in such a way to ensure that
the transformed operator, K, is Hermitian, and therefore has both orthogonal
eigenvectors and real eigenvalues. Moreover, K is the Hamiltonian used to
describe the physics of the multi-level quantum mechanical system. It can be
demonstrated that for a Brillouin-Wigner perturbation of the Hamiltonian, H0,
by a small perturbative potential, V , the operator, h, expanded to third order
in the perturbative series is written as:

h = P̂ V̂ P̂ + P̂ V̂ R̂V̂ P̂ + P̂ V̂ R̂V̂ R̂V̂ P̂ − P̂ V̂ R̂2V̂ P̂ V̂ P̂ +O(V̂ 4), (4.22)

and the transformation leading to orthogonal eigenvectors (the non-Hermiticity
of h comes from the last term shown in the expansion) leads to the following
form for K:

K = P̂ V̂ P̂+P̂ V̂ R̂V̂ P̂+P̂ V̂ R̂V̂ R̂V̂ P̂−1

2
P̂ V̂ R̂2V̂ P̂ V̂ P̂−1

2
P̂ V̂ P̂ V̂ R̂2V̂ P̂+O(V̂ 4).

(4.23)
This operator is clearly Hermitian owing to an effective averaging of the

terms with their Hermitian conjugates. It should be noted that the form of
h in eq. 4.22 is the P̂ V̂ Ω̂ in eq. 4.17 with a truncation to the third order in
the perturbation expansion but including terms that would be forbidden by
symmetry in the FeTe model. If h is instead constructed to include all expansion
terms up to fourth order, then it can be demonstrated by taking the Hermitian
conjugates of all operators that the transformed Hermitian operator is:
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K =P̂ V̂ P̂ + P̂ V̂ R̂V̂ P̂ + P̂ V̂ R̂V̂ R̂V̂ P̂ − 1

2
P̂ V̂ R̂2V̂ P̂ V̂ P̂

− 1

2
P̂ V̂ P̂ V̂ R̂2V̂ P̂ + P̂ V̂ R̂3V̂ P̂ V̂ P̂ V̂ P̂

− 1

2
P̂ V̂ R̂2V̂ P̂ V̂ R̂V̂ P̂ − 1

2
P̂ V̂ R̂2V̂ R̂V̂ P̂ V̂ P̂

− 1

2
P̂ V̂ R̂V̂ R̂2V̂ P̂ V̂ P̂ + P̂ V̂ R̂V̂ R̂V̂ R̂V̂ P̂

− 1

2
P̂ V̂ P̂ V̂ R̂2V̂ R̂V̂ P̂ − 1

2
P̂ V̂ P̂ V̂ R̂V̂ R̂2V̂ P̂

− 1

2
P̂ V̂ R̂V̂ P̂ V̂ R̂2V̂ P̂ + P̂ V̂ R̂V̂ P̂ V̂ R̂3V̂ P̂ +O(V̂ 5)

(4.24)

Keeping the perturbative expansion to fourth order terms but removing
those that are zero because of the symmetry of the problem (terms with the
sequence of operators P̂ V̂ P̂ are necessarily zero because it is impossible for an
electron to virtually hop from one of the model space states and remain inside
the model space), an Hermitian effective Hamiltonian, H, describing the same
physics as the non-Hermitian effective Hamiltonian in eq. 4.16, can be formed
and is expressed as:

H =P̂ Ĥ0P̂ + P̂ V̂ R̂V̂ P̂ − 1

2
P̂ V̂ R̂2V̂ P̂ V̂ R̂V̂ P̂

+ P̂ V̂ R̂V̂ R̂V̂ R̂V̂ P̂ − 1

2
P̂ V̂ R̂V̂ P̂ V̂ R̂2V̂ P̂ +O(V̂ 5)

(4.25)

However, this effective Hermitian Hamiltonian is still not appropriate for
modelling the virtual exchange of electrons in the FeTe system owing to the
non-degeneracy of the states in the model space due to both the crystal field
splitting and Jahn-Teller effect (the first lifting the degeneracy of the 3d orbitals
in the Fe2+ ions generating the t2g and eg subgroup and the latter splitting these
subgroups further) and the Hund’s rule coupling including the exchange inter-
action. The non-degenerate model space is important because this case needs
to be treated differently in the Rayleigh-Schrödinger perturbative approach (as
opposed to the Brillouin-Wigner perturbative method which does not require a
separate treatment). Using the non-degenerate case of the Rayleigh-Schrödinger
perturbative model as presented by Ingvar Lindgren and applying the transfor-
mation as developed by des Cloiseaux, it can be demonstrated that the Hermi-
tian effective Hamiltonian describing the virtual exchange of electrons between
neighbouring Fe and Te atoms in the Fe-Te-Te-Fe quartets can be expressed as:

H =P̂ Ĥ0P̂ + P̂ V̂ Ŝ(V̂ P̂ ) + (P̂ V̂ Ŝ(V̂ P̂ ))†

− 1

2
P̂ V̂ Ŝ2(V̂ P̂ V̂ Ŝ(V̂ P̂ ))− 1

2
(P̂ V̂ Ŝ2(V̂ P̂ V̂ Ŝ(V̂ P̂ ))†

+ P̂ V̂ Ŝ(V̂ Ŝ(V̂ Ŝ(V̂ P̂ ))) + (P̂ V̂ Ŝ(V̂ Ŝ(V̂ Ŝ(V̂ P̂ ))))†

− 1

2
P̂ V̂ Ŝ(V̂ P̂ V̂ Ŝ2(V̂ P̂ ))− 1

2
(P̂ V̂ Ŝ(V̂ P̂ V̂ Ŝ2(V̂ P̂ )))† +O(V̂ 5)

(4.26)
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where Ŝn(...) is the resolvent for the non-degenerate model space and is
defined such that:

〈r| Ŝn(Â) |a〉 =
〈r| Â |a〉

(Ea − Er)n
, (4.27)

where |a〉 is a state in the orthogonal space. This is the perturbative expan-
sion used to model the second and fourth order virtual electron hopping within
the FeTe single crystals and to understand what is driving the magnetic inter-
actions (and ultimately whether the bicollinear double stripe antiferromagnetic
order can be explained by the interaction between the spin and orbital degrees
of freedom involving the dXz and dY z orbitals).

4.3.1 Convention for the ordering of creation operators

In this section, it will describe the construction of the quantum mechanical
states in the model space and orthogonal space in a Fock basis and how the ef-
fective Hamiltonian in eq. 4.26 when using the canonical number representation
(i.e., the operators are defined using fermionic creation and annihilation opera-
tors) can be operated on these states. Since it is a many-body electron quantum
mechanical problem, the multiple particle states, which are fermions, must lead
to indistinguishability of the individual particles and have an anti-symmetric
wavefunction because it must obey Pauli’s exclusion principle—that no two
fermions can occupy the same quantum state. The basis states in the model
space are comprised of three valence electrons in the t2g subgroup for each of the
two Fe atoms and fully occupied 5p subshells in each of the two neighbouring
Te atoms. Using Slater’s determinant for an anti-symmetric wavefunction, a
many-body wavefunction can be constructed from the product of the individual
electron wavefunctions, |λm〉:

|nλ1 , nλ2 , ..., nλ23 , nλ24〉 =
1√
18!

∑
P

(−1)P |λP(1)〉⊗|λP(2)〉 ...⊗|λP(17)〉⊗|λP(18)〉 ,

(4.28)
where P is the number of transpositions from a normal ordering of the

eighteen individual fermionic wavefunctions, P(i) is the ith element of the set
formed by a permutation of individual electron states, and nλm is the number
of particles in the state |λm〉.

It ought to be noted that there are 24 possible individual quantum states (6
possible quantum states for electrons to occupy in the t2g subgroup in the Fe
atoms and the same number of states in the 5p subshell in the Te atoms) but
there are only a maximum of 18 total electrons occupying these states. This
explains why there are 24 numbers representing the number of states occupying
a particular quantum state on the left hand side of this equation but only
18 numbers representing the states occupied by the available electrons to the
quartet of Fe-Te-Te-Fe on the right hand side. The convenience of the second
quantisation is that the many-body electron state can be defined by a product
of creation operators, a†λm , acting on a quantum vacuum state, Ω:
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|nλ1 , nλ2 , ..., nλ23 , nλ24〉 = (a†λ1)
nλ1 (a†λ2)

nλ2 ...(a†λ17)
nλ17 (a†λ18)

nλ18 |Ω〉 . (4.29)

The creation operator physically creates a particle in the state |λm〉 whilst its
conjugate, the annihilation operator, aλm , destroys the particle, and to prevent
any contradiction with the anti-symmetry of the wavefunction they must obey
the fermionic commutation relations:

{aλm , a
†
λn
} = δmn

{aλm , aλn} = 0

{a†λm , a
†
λn
} = 0

(4.30)

where {A,B} = AB + BA. These creation and annihilation operators can
also be used to describe the virtual exchange of electrons of states in both the
model and orthogonal space with the perturbative potential in eq. 4.26 repre-
senting the tight-binding hopping potentials. This particle exchange requires
the simultaneous annihilation of an electron in one individual quantum state,
|λm〉, and the creation of an electron in a different state, |λm〉:

V̂nm = a†λnVnmaλm , (4.31)

where Vnm is the tight-binding hopping integrals defined in eq. 4.36. For
instance, to describe the virtual exchange of electrons in the FeTe system it
would be convenient to use the following notation for the creation operators:

c†αβσ, α ∈ {1, 2}, β ∈ {xy, Xz, Yz}, σ ∈ {↑, ↓}
d†αβσ, α ∈ {1, 2}, β ∈ {x, y, z}, σ ∈ {↑, ↓}

(4.32)

where c†αβσ creates a spin-up or spin-down electron in one of the t2g orbitals
in either of the Fe atoms and d†αβσ creates a spin-up or spin-down electron in
of the 5p orbitals in either of the Te atoms. When combining higher order
virtual electron hopping processes the ordering of the creation and annihilation
operators is not important, but it is critical to be consistent with a chosen
convention because of the anti-commutative property of fermionic operators.
In the FeTe model, the convention for ordering the creation and annihilation
operators follows the general rules set out below:

• from left to right they act on Fe atom 1 followed by Te atom 1, then Te
atom 2 and then Fe atom 2;

• within an Fe atom the operators act on dxy orbitals first and dY z orbitals
last;

• within a Te atom the operators act on px orbitals first and pz orbitals
last;

• a spin-down state is created before a spin-up state.
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To demonstrate this with an example of one of the multi-electron quantum
states situated within the model space in which a spin-up electron occupies
the dxy and dXz orbitals in both Fe atoms and both 2p subshells in the two
Te atoms are fully occupied by six electrons, this can be represented by the
following product of creation operators acting on the vacuum state, |Ω〉:

|S1 = 1,m1 = 1;S2 = 1,m2 = 1; dXz, dXz〉 = ĉ†1,Xz,↑ĉ
†
1,xy,↑ĉ

†
1,xy,↓

d̂†1,z,↑d̂
†
1,z,↓d̂

†
1,y,↑d̂

†
1,y,↓d̂

†
1,x,↑d̂

†
1,x,↓d̂

†
2,z,↓d̂

†
2,y,↑d̂

†
2,y,↓d̂

†
2,x,↑d̂

†
2,x,↓

ĉ†2,Xz,↑ĉ
†
2,xy,↑ĉ

†
2,xy,↓ |Ω〉 ,

(4.33)

where |S1 = 1,m1 = 1;S2 = 1,m2 = 1; dXz, dXz〉 indicates that this many-
electron quantum state is comprised of two Fe2+ ions with S=1 spins, spin
projections of m=1 and with an electron on each of the ions occupying the
dXz orbitals. This notation helps reveal the fact that the effective Hamiltonian
acting on the states within the model space can be constructed as a 32×32 ma-
trix (each 16×16 sub-matrix represents all the spin states for a fixed combined
orbital state): 3 degrees of freedom for the spin projection and 2 degrees of
freedom for the orbital occupancy for each Fe2+ in the pair giving 32 separate
spin and orbital states.

It is also possible to consider how a fourth order virtual hopping process can
be represented by a combination of creation and annihilation operators for the
two Fe and Te atoms. Restricting the virtual hopping processes to interatomic
electron hops between neighbouring Fe and Te atoms, this fourth order virtual
hopping process can be represented by an operator with four creation and four
annihilation operators. The sign change introduced by acting this virtual ex-
change operator on a many-electron quantum state will then depend on the
ordering of the individual creation and annihilation operators. For instance,
consider the following fourth order virtual electron hopping operator (ignoring
the magnitudes of the tight-binding integrals that would explain the processes’
contribution to the overall effective Hamiltonian):

V̂ 4 = d̂†1,x,↑ĉ2,Xz,↑d̂
†
1,y,↑ĉ1,Xz,↑ĉ

†
2,Y z,↑d̂1,y,↑ĉ

†
1,Y z,↑d̂1,x,↑, (4.34)

which can be described as comprising the following sequence of virtual elec-
tron exchanges:

• a spin-up electron hops from the px orbital in one Te atom into the dY z
orbital of the first Fe atom;

• another spin-up electron hops from the py orbital in the same Te atom
into the dY z of the second Fe atom;

• the spin-up electron in the dXz orbital in the first Fe atom hops into the
partially occupied py orbital of the Te atom just vacated;

• the spin-up electron in the dXz orbital in the second Fe atom hops into
the partially occupied px orbital of the Te atom similarly just vacated.
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The overall effect of this sequence of virtual electron hopping is that the
total spin of this many-electron quantum system remains the same, but that
both of the Fe atoms have spin-up electrons occupying the dY z (which is a
higher energy level compared with the dXz orbital owing to the Jahn-Teller
effect) instead of the dXz orbital. If this fourth order electron hopping operator
is acted on the many-electron quantum state shown in eq. 4.33, a minus sign is
introduced owing to the order in which the creation and annihilation operators
are in the sequence and having to move the operators around using the anti-
commutativity rules for fermionic particles:

V̂ 4 |S1 = 1,m1 = 1;S2 = 1,m2 = 1; dXz, dXz〉 =

d̂†1,x,↑ĉ2,Xz,↑d̂
†
1,y,↑ĉ1,Xz,↑ĉ

†
2,Y z,↑d̂1,y,↑ĉ

†
1,Y z,↑d̂1,x,↑

ĉ†1,Xz,↑ĉ
†
1,xy,↑d̂

†
1,z,↑d̂

†
1,z,↓d̂

†
1,y,↑d̂

†
1,y,↓d̂

†
1,x,↑d̂

†
1,x,↓d̂

†
2,z,↓d̂

†
2,y,↑d̂

†
2,y,↓d̂

†
2,x,↑d̂

†
2,x,↓ĉ

†
2,Xz,↑ĉ

†
2,xy,↑ |Ω〉

= d̂†1,x,↑ĉ2,Xz,↑d̂
†
1,y,↑ĉ1,Xz,↑ĉ

†
2,Y z,↑d̂1,y,↑ĉ

†
1,Y z,↑ĉ

†
1,Xz,↑

ĉ†1,xy,↑d̂
†
1,z,↑d̂

†
1,z,↓d̂

†
1,y,↑d̂

†
1,y,↓d̂1,x,↑d̂

†
1,x,↑d̂

†
1,x,↓d̂

†
2,z,↓d̂

†
2,y,↑d̂

†
2,y,↓d̂

†
2,x,↑d̂

†
2,x,↓ĉ

†
2,Xz,↑ĉ

†
2,xy,↑ |Ω〉

= −d̂†1,x,↑ĉ2,Xz,↑d̂
†
1,y,↑ĉ1,Xz,↑ĉ

†
2,Y z,↑ĉ

†
1,Y z,↑ĉ

†
1,Xz,↑ĉ

†
1,xy,↑

d̂†1,z,↑d̂
†
1,z,↓d̂1,y,↑d̂

†
1,y,↑d̂

†
1,y,↓d̂1,x,↑d̂

†
1,x,↑d̂

†
1,x,↓d̂

†
2,z,↓d̂

†
2,y,↑d̂

†
2,y,↓d̂

†
2,x,↑d̂

†
2,x,↓ĉ

†
2,Xz,↑ĉ

†
2,xy,↑ |Ω〉

= −d̂†1,x,↑ĉ2,Xz,↑d̂
†
1,y,↑ĉ1,Xz,↑ĉ

†
1,Y z,↑ĉ

†
1,Xz,↑ĉ

†
1,xy,↑d̂

†
1,z,↑

d̂†1,z,↓d̂1,y,↑d̂
†
1,y,↑d̂

†
1,y,↓d̂1,x,↑d̂

†
1,x,↑d̂

†
1,x,↓d̂

†
2,z,↓d̂

†
2,y,↑d̂

†
2,y,↓d̂

†
2,x,↑d̂

†
2,x,↓ĉ

†
2,Y z,↑ĉ

†
2,Xz,↑ĉ

†
2,xy,↑ |Ω〉

= d̂†1,x,↑ĉ2,Xz,↑d̂
†
1,y,↑ĉ

†
1,Y z,↑ĉ1,Xz,↑ĉ

†
1,Xz,↑ĉ

†
1,xy,↑d̂

†
1,z,↑

d̂†1,z,↓d̂1,y,↑d̂
†
1,y,↑d̂

†
1,y,↓d̂1,x,↑d̂

†
1,x,↑d̂

†
1,x,↓d̂

†
2,z,↓d̂

†
2,y,↑d̂

†
2,y,↓d̂

†
2,x,↑d̂

†
2,x,↓ĉ

†
2,Y z,↑ĉ

†
2,Xz,↑ĉ

†
2,xy,↑ |Ω〉

= d̂†1,x,↑ĉ2,Xz,↑ĉ
†
1,Y z,↑ĉ1,Xz,↑ĉ

†
1,Xz,↑ĉ

†
1,xy,↑d̂

†
1,z,↑d̂

†
1,z,↓

d̂†1,y,↑d̂1,y,↑d̂
†
1,y,↑d̂

†
1,y,↓d̂1,x,↑d̂

†
1,x,↑d̂

†
1,x,↓d̂

†
2,z,↓d̂

†
2,y,↑d̂

†
2,y,↓d̂

†
2,x,↑d̂

†
2,x,↓ĉ

†
2,Y z,↑ĉ

†
2,Xz,↑ĉ

†
2,xy,↑ |Ω〉

= −d̂†1,x,↑ĉ
†
1,Y z,↑ĉ1,Xz,↑ĉ

†
1,Xz,↑ĉ

†
1,xy,↑d̂

†
1,z,↑d̂

†
1,z,↓d̂

†
1,y,↑

d̂1,y,↑d̂
†
1,y,↑d̂

†
1,y,↓d̂1,x,↑d̂

†
1,x,↑d̂

†
1,x,↓d̂

†
2,z,↓d̂

†
2,y,↑d̂

†
2,y,↓d̂

†
2,x,↑d̂

†
2,x,↓ĉ

†
2,Y z,↑ĉ2,Xz,↑ĉ

†
2,Xz,↑ĉ

†
2,xy,↑ |Ω〉

= −ĉ†1,Y z,↑ĉ1,Xz,↑ĉ
†
1,Xz,↑ĉ

†
1,xy,↑d̂

†
1,z,↑d̂

†
1,z,↓d̂

†
1,y,↑d̂1,y,↑

d̂†1,y,↑d̂
†
1,y,↓d̂

†
1,x,↑d̂1,x,↑d̂

†
1,x,↑d̂

†
1,x,↓d̂

†
2,z,↓d̂

†
2,y,↑d̂

†
2,y,↓d̂

†
2,x,↑d̂

†
2,x,↓ĉ

†
2,Y z,↑ĉ2,Xz,↑ĉ

†
2,Xz,↑ĉ

†
2,xy,↑ |Ω〉

= −ĉ†1,Y z,↑ĉ
†
1,xy,↑d̂

†
1,z,↑d̂

†
1,z,↓d̂

†
1,y,↑d̂1,y,↑

d̂†1,y,↑d̂
†
1,y,↓d̂

†
1,x,↑d̂1,x,↑d̂

†
1,x,↑d̂

†
1,x,↓d̂

†
2,z,↓d̂

†
2,y,↑d̂

†
2,y,↓d̂

†
2,x,↑d̂

†
2,x,↓ĉ

†
2,Y z,↑ĉ

†
2,xy,↑ |Ω〉

= − |S1 = 1,m1 = 1;S2 = 1,m2 = 1; dY z, dY z〉 .
(4.35)

Thus, what this demonstrates is that it is not only important for the Rayleigh-
Schrödinger perturbative model to calculate the sign and magnitude of the
tight-binding hopping integrals but to also determine the sign introduced by the
conventional ordering of the creation and annihilation operators. This means
that in some cases two virtual hopping processes could have the same mag-
nitude of contribution to the effective Hamiltonian operator but because they
have opposite signs their effect cancels each other out to produce no net effect
on the effective Hamiltonian for the virtual electron exchange.
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4.3.2 Calculations for tight-binding hopping integrals

In the previous section, the Rayleigh-Schrödinger perturbative approach for
developing an effective Hamiltonian for the magnetic interactions within the
FeTe system was discussed. It was shown that up to fourth order electron
hopping the effective Hamiltonian contained virtual hopping operators, V̂ , that
describe the annihilation of an electron with either spin-up or spin-down on
one species to be followed by the creation of an electron with the same spin
projection on a neighbouring atom. The only thing that is so far missing from
the calculation is any means for determining the hopping integrals using a tight-
binding model approach. it is an assumption of this work that the the electrons
in the solid are tightly bound to the constituent Fe and Te atoms meaning that
they should have limited interaction with the electrons on neighbouring atoms.
The consequence of being tightly bound is that the wavefunction of the electron
will be close to that of an isolated single atom in a vacuum and the interaction
with other neighbouring atoms can be treated as a small perturbation to this
system. The interaction between neighbouring atomic sites can be described
by a well-known tight-binding hopping integral, tiα,jβ, that gives an energy cost
associated with a virtual electron hop from one atomic orbital to another on a
different atomic site:

tiα,jβ =

∫
d3r[ψiα(r−Ri)]

∗V ij
eff(r)[ψjβ(r−Ri)], (4.36)

where the V ij
eff(r) is an effective Coulomb potential defined as:

V ij
eff(r) = −1

2

[ Zie2

4πε0|r−Ri|
+

Zje2

4πε0|r−Rj|
]
. (4.37)

In these expressions, i and j represent a pair of atomic sites whilst α and β
represent a pair of atomic orbitals. An important relation for these integrals is
that the reversal of the virtual hopping direction gives the complex conjugate
of the hopping integrals:

[tjβ,iα]∗ = tiα,jβ, (4.38)

which provides a simple means for verifying that the calculated values make
physical sense. Since the virtual hopping processes in this work go up to fourth
order, their contributions to the effective Hamiltonian operator will be the prod-
uct of the tight-binding hopping integrals for the sites and orbitals involved
in the sequence of virtual electron exchange. For instance, reintroducing the
tight-binding hopping integrals into the fourth order electron hopping operator
in eq. 4.34 gives:

V̂ 4 = t1,x,2,Xzt1,y,1,Xzt2,Y z,1,yt1,Y z,1,xd̂
†
1,x,↑ĉ2,Xz,↑d̂

†
1,y,↑ĉ1,Xz,↑ĉ

†
2,Y z,↑d̂1,y,↑ĉ

†
1,Y z,↑d̂1,x,↑.

(4.39)
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The contributions to the effective Rayleigh-Schrödinger perturbative Hamil-
tonian is therefore composed of a magnitude given by the absolute value of the
product of the tight-binding hopping integrals and the overall sign of each vir-
tual exchange process is composed of both the sign from the hopping integrals
and the sign due to the operation of the creation and annihilation operators on
states within the model space.

4.3.3 Numerical calculations using Monte Carlo method

Having described the mathematical tools for calculating the plurality of input
parameters for the Rayleigh-Schrödinger perturbative model, it will now be
shown how the crystal field splitting, Hund’s rule coupling and tight-binding
hopping integrals were numerically determined using stochastic integration
methods. Owing to the multi-dimensionality of some of the integrals the Monte
Carlo method still ensures relatively quick convergence and low uncertainties
of the outputs. The former guarantees that the computational work to ar-
rive at accurate and reliable numerical estimates of the integrals is not too
burdensome, whilst the latter promises that the uncertainties of particular in-
puts do not propagate to produce much larger fractional uncertainties of the
elements of the 32×32 effective Hamiltonian matrix. The propagation of uncer-
tainties to produce large fractional uncertainties in the elements of the matrix
comes from the structure of the effective Hamiltonian as shown in eq. 4.26.
For instance, each element of the effective Hamiltonian is associated with a
large number of virtual electron exchange processes that can often cancel each
other out due to the sign introduced by the action of the electron hopping
operator, V̂ , on states within either the model or orthogonal space. The prop-
agated uncertainty of the sum of these virtual electron exchange processes will
be quadrature additive meaning that no matter the sign introduced by the
action of V̂ the uncertainty will always grow. This is not the case for the esti-
mated value of a particular element in the effective Hamiltonian matrix (e.g.,
〈S1 = 1,m1 = 1;S2,m2; dY z, dY z| Ĥeff |S1 = 1,m1 = 1;S2,m2; dXz, dXz〉). The
Monte Carlo method for calculating an integral is not so much a specific method
but a broad class of algorithms for doing numerical calculations using random
sampling. Hence, in the following it will be explained how the Monte Carlo
method was set up for numerically calculating the integrals that are a requi-
site for constructing the Rayleigh-Schrödinger perturbative model of the FeTe
system.

The simple idea behind a Monte Carlo method is to determine an integral
using a random sampling of N points selected from the space defined by the
limits of integration. The Monte Carlo estimator, E, of the integral is then
calculated as the average value of the integrand over the space defined by the
integration limits:

E(

∫
V
f(x)dV ) = V

∑N
i=1 f(xi)

N
, (4.40)
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where
∫
V f(x)dV is the integral to be evaluated, V is the integral volume

defined by the limits of integration and f(xi) is the integrand evaluated at the
randomly selected point xi. The Monte Carlo estimator converges to the actual
value at a rate that is proportional to 1/

√
N . Convergence of the algorithm

can be pre-determined by set criteria including a simple difference between
consecutive Monte Carlo estimators or more complicated convergence metrics.

The Monte Carlo algorithm developed for estimating the crystal field split-
ting, Hund’s rule coupling and tight-binding hopping integrals consisted of the
following steps:

• an hypercube with dimensionality equal to that of the integral and with
sides of length ∆L is chosen as the starting V ;

• a random sample of N points within V (the hypercube is conventionally
centred on an atomic site) are used to give an initial Monte Carlo estimate
of the integral;

• the number of points is increased by a factor of δ (i.e., N→ δN) and a new
estimate of the integral is evaluated;

• if the fractional change in the Monte Carlo estimate of the integral using
the two different numbers of randomly sampled points is greater than a
chosen threshold of convergence, then repeat the previous step. Otherwise
proceed to the next step;

• increase the hypercube side lengths by a factor of γ (i.e., ∆L → γ∆L)
and a new estimate of the integral is evaluated;

• using the same metric as before check for the convergence of the Monte
Carlo estimator after having increased ∆L but with N kept constant;

• if convergence of the Monte Carlo estimate is achieved, then this is the
final estimate of the integral. Otherwise, repeat the algorithm from the
third step and carry on until there is convergence, which might require
multiple increases in both the hypercube side length and the number of
sampling points.

The computational load of this Monte Carlo algorithm depends on the choice
of the threshold of convergence, ∆L, N, δ and γ. It also depends on the dimen-
sionality of the integral with a higher number of dimensions leading to a longer
time to convergence. For instance, since the Hund’s rule coupling and tight-
binding hopping integrals have a dimensionality of D=6, they will take longer
to converge compared with evaluating the crystal field splitting integrals, which
only have a dimensionality of D=3. When carrying out a double integral in
practice it is often necessary to “soften” the 1/|r− r′| divergence of the effective
Coulomb potential in order to avoid a zero appearing in the denominator of the
integrand in the numerical calculations. This can be achieved by including a
“softening” length, δ:

e2

4πε|r− r′|
→ e2

4πε
√

(r− r′)2 + δ2
, (4.41)
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Species x (a) y (a) z (c)
Fe 0.000 0.000 0.000
Te1 0.000 -0.512 0.285
Te2 -0.494 -0.006 -0.285
Te3 0.000 0.500 0.285
Te4 0.494 -0.006 -0.285

Table 4.3: The parallelogram of Te atoms around a re-centred
Fe atom within a distorted FeTe lattice.

and incrementally reducing δ until it is small enough that it does not change
the result of the numerical integration.

As was mentioned in Sec. 4.1, another complication of the numerical cal-
culations was that the values of the aforementioned integrals should produce
states with the experimentally observed ground states. For example, the single-
ion Fe ground state observed in experiments is in the S=1 spin state with a
fully occupied eg orbital and an electron in both the dxy and dXz or dY z orbital
(the latter depends on the definition of the x and y axes and so is an arbitrary
choice not relating to the physics of the problem). To achieve the S=1 spin state
on the Fe2+ ions the geometrical distortion of the lattice, the effective nuclear
core charge and the Fermi-Thomas Coulomb screening length due to conduc-
tion electrons need to be optimised. The distortion parameter, d is defined as
a percentage of the bond length between neighbouring Fe and Te ions in the
undistorted lattice as shown in Tab. 4.2. A pair of Te ions on opposite sides
of the parallelogram are moved a distance of 2d away from each other, whilst
the other pair are moved 2d towards each other along a line colinear with their
original locations. Along the axis colinear with the pair of Te ions that have
been moved further apart the Fe ion is displaced by d towards one of either of
those Te ions. Using a distortion parameter of d = 1%, the positions of the Te
ions forming a parallelogram encasing a re-centred Fe ion are shown in Tab. 4.3.
With this distortion parameter fixed the remaining variables (i.e., the effective
nuclear core charges and the Fermi-Thomas Coulomb screening length) need to
be optimised to give the correct single-ion ground state. The phase space made
up of these two parameters might have a plurality of regions that produce the
S=1 spin state and so it is often difficult to know that a unique solution to
this optimisation problem has been achieved. Using the aforementioned initial
guesses for these two parameters as described in Sec. 4.2, it did not produce
the ground state that was consistent with the experimental data. A process
of trial-and-error lead to a set of parameters that gave the expected single-ion
ground state, but due to its ad hoc nature it is not certain that the set of results
is within a unique region of phase space or whether there exists other regions
that satisfy these conditions. These set of parameters are tabulated in Tab. 4.4
for a lattice distortion parameter of d = 1%.

The crystal field splitting and Hund’s rule coupling constants obtained for
both species in the FeTe system using the parameters presented in Tab. 4.4 are
shown in Tab. 4.5-4.6. Due to the symmetry of the atomic orbitals on the Fe and
Te ions some of the Hund’s rule coupling constants are the same for different
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Parameter Numerical Value
Zeff (Fe) 1.25
Zeff (Te) 4.75

Fermi-Thomas Coulomb Screening Length (ζ) 2.0Å

Table 4.4: A set of parameters given a lattice distortion param-
eter of d = 1% that gave the single-ion ground state with S=1
consistent with the refined magnetic moment of the Fe atoms

observed in experiments.

Table 4.5: Energy shifts due to the crystal field splitting for
the Fe 3d orbitals (effective core nuclear charge of Zeff=1.25 on
the Fe ions and a Fermi-Thomas Coulomb screening length of

2.0Å.

d orbital (real basis) Splitting (eV) Error (eV)
dxy 5.56 0.01
dXz 6.82 0.01
dY z 6.79 0.01

dx2−y2 4.63 0.01
dz2 5.52 0.01

pairs of orbitals. In order to aid the reader in understanding the tabulated data
in Tab. 4.5-4.6, the matrix form of the Hund’s rule coupling parameters, 2Uµλλµ

and J, are also shown below using a basis constructed from their real orbitals.
The ordering of the basis is |ψα(r)〉 where α ∈{dxy, dXz, dY z, dx2−y2 , dz2} for
the Fe ions and α ∈{px, py, pz} for the Te ions. Hence, the matrices for 2Uµλλµ

and J are 5×5 matrices for the Fe ions and 3×3 matrices for the Te ions (see
below for their structure including any equalities between the numerical value
of different elements in the matrices due to symmetries of the atomic orbitals).

(2Uµλλµ/J)Fe =


a b b c d
b a e f g
b e a f g
c f f a d
d g g d a

 (4.42)

(2Uµλλµ/J)Te =

a b b
b a b
b b a

 (4.43)

As was previously mentioned, the chosen values for the effective nuclear core
charge and Fermi-Thomas Coulomb screening length are not necessarily the
unique solution to this optimisation problem, but the fact that the calculated
energy associated with the Jahn-Teller effect (the difference in energy between
the dXz and dY z orbitals) is 30±1meV suggests that these inputs would suffice
for developing a Rayleigh-Schrödinger perturbative model for the FeTe system
that accurately reflects its magnetic and orbital physics.
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Table 4.6: Hund’s rule coupling constants for the Fe ions using
the parameters presented in Tab. 4.4.

Species Parameter Energy (eV) Error (eV)
Fe 2Uµλλµ (a) 1.22 0.02

2Uµλλµ (b) 0.20 0.01
2Uµλλµ (c) 0.13 0.01
2Uµλλµ (d) 0.22 0.01
2Uµλλµ (e) 0.20 0.01
2Uµλλµ (f) 0.20 0.01
2Uµλλµ (g) 0.15 0.01

J (a) 1.24 0.01
J (b) 0.20 0.01
J (d) 0.22 0.01
J (e) 0.20 0.01
J (f) 0.20 0.01
J (g) 0.16 0.01

Te 2Uµλλµ (a) 4.35 0.03
2Uµλλµ (b) 3.19 0.05

J (a) 4.36 0.06
J (b) 0.54 0.01

Furthermore, the tight-binding hopping integrals were calculated using the
same set of initial parameters and calculated for the virtual electron hopping
between Fe2+ ions and Te2− both below and above the plane formed by the
lattice of the Fe2+ ions in the crystal. As can be seen in Fig. 4.1, the struc-
tural distortions of the tetrahedra of Te2− ions around each Fe2+ ion breaks
the translational symmetry of the crystal and removes the equivalency between
some of the Fe-Te bonds. This means that the tight-binding hopping integrals
used for different pairs of Fe2+ and Te2− are different and need to be carefully
labelled when constructing the Rayleigh-Schrödinger perturbative model for the
FeTe system as a whole. It is possible to identify eight different Fe-Te bonds
in Fig. 4.1 meaning that in order to obtain a full picture of the magnetic and
orbital interactions in FeTe it is necessary to calculate 72 tight-binding hopping
integrals: between each pair of Fe and Te atoms there are 9 tight-binding inte-
grals for the virtual electron hopping between the dxy, dXz and dY z orbitals in
the eg subgroup of the Fe atoms and the px, py and pz orbitals in the Te atoms.
The numerical calculations for these tight-binding integrals have been carried
out and for simplicity the equalities between pairs of bonds are illustrated in
Tab. 4.7. In the numerical calculations used the same initial parameters as had
been used for determining the crystal field splitting and Hund’s rule coupling
constants that are shown in Tab. 4.5 and Tab. 4.6. However, whatever values
are used for the calculations the equalities presented below will not be broken.
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Table 4.7: The symmetries of the tight-binding hopping inte-
grals determined from the parameters presented in Tab. 4.4. The
lobes of the dXz and dY z point towards the Te atoms forming
the tetrahedron in the undistorted crystal structure. The labels

for the eight Fe atoms are illustrated for clarity in Fig. 4.5.

Fe-Te Bond orbital pairs px py pz
1 dxy c d g

dXz i ll oo
dY z s v y

2 dxy b e h
dXz k n q
dY z t w z

3 dxy a f i
dXz l o r
dY z u x zz

4 dxy a -f -i
dXz -l o r
dY z -u x zz

5 dxy -c -d g
dXz i -ll -oo
dY z s -v -y

6 dxy -b -e h
dXz k -n -q
dY z t -w -z

7 dxy -a f i
dXz l -o -r
dY z u -x -zz

8 dxy -a -f -i
dXz -l -o -r
dY z -u -x -zz
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Figure 4.4: The labelling scheme for the Fe-Te bonds in the
FeTe system that has undergone a structural distortion owing
to the Jahn-Teller effect. Note that the overlap of the orbitals
in the Fe and Te atoms will depend on whether the Te atom is

above or below the plane of Fe atoms in the lattice.

The virtual electron exchange between neighbouring Fe atoms is mediated
by different Te atoms. Hence, it is important when constructing the effective
Hamiltonian for different pairs of Fe atoms to choose the appropriate tight-
binding integrals as inputs to the Rayleigh-Schrödinger perturbative model. As
an example, in constructing an effective Hamiltonian for the coupling labelled
J1a in Fig. 4.1 the tight-binding hopping integrals for bond 2, 3, 6 and 8 ought
to be used.

The equality between pairs of the bonds in Tab. 4.7 is due to the symmetry
of the tight-binding hopping integral in eq. 4.36. This is due to the fact their
respective tight-binding hopping integrals can be related by an inversion, i.e.,
(x, y, z)→ (−x,−y,−z), of the integration axes, which is the same as a rotation
about the z-axis by 180◦ followed by a reflection in the x-y plane.

4.4 Structure of the FeTe perturbative model
The preceding sections have described how various inputs for the Rayleigh-
Schrödinger perturbative model for the FeTe system have been calculated from
first principles using our understanding of the lattice and orbital structure of
the FeTe single crystals. To summarise, the FeTe single crystals are assumed to
undergo a structural distortion that lifts the degeneracy of the eg and t2g orbitals
followed by a Jahn-Teller distortion that further splits the dXz and dY z orbitals
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in the t2g orbitals. The latter occurs since the Jahn-Teller distortion reduces
the symmetry of the crystal, thus breaking the geometrical frustration of the
S=1 spin state, leading to a lower energy for the ground state, which can be
partly explained by the reduction in entropy within the unfrustrated system due
to there being fewer degenerate configurations. The result of these structural
distortions is that the tetrahedra of Te ions surrounding each stoichiometric Fe
ion is changed such that a pair of Te ions on opposite sides of a tetrahedron
move further away from each other along the axis defined by the line colinear
with their original positions, whilst the other pair of Te ions move close together
along with own similarly defined axis. At the same time the Fe ion moves closer
to one of the Te ions in the pair that moved further away from each other. The
degree of this lattice distortion is described by a lattice distortion parameter as
described in Sec. 4.3.3. Using a set of input parameters, including this lattice
distortion parameter, the effective nuclear core charges of the two species and
the Fermi-Thomas Coulomb screening length, the absolute energies, crystal
field splitting, Hund’s rule coupling and tight-binding hopping integrals can be
determined. The first three can be used to determine the zeroth order energies
of the states in the model and orthogonal spaces, whilst the latter enables the
higher order terms in the Rayleigh-Schrödinger perturbative model’s effective
Hamiltonian to be calculated (see eq. 4.26 in Sec. 4.3).

Since the model space has degenerate states (time-reversal symmetry of
the Hamiltonian leads to pairs of states with the same energy), the Rayleigh-
Schrödinger perturbative expansion was developed using the degenerate case—this
prevents any term in the higher order terms having a vanishing denominator
leading to an infty in the expansion. An effective Hamiltonian was constructed
separately for different neighbouring pairs of Fe ions with virtual electron hop-
ping permitted for the two closest Te ions in the crystal. The single-ion basis
states for the Fe ions were the triplet states (S=1) in which either the dXz or dY z
orbital in the t2g subgroup is occupied. The effective Hamiltonian describing
the coupling between two neighbouring Fe ions (with the ability to exchange
electrons with the fully occupied 5p orbitals in two Te ions) is therefore con-
structed from a set of 36 basis states. In matrix form, the elements of this
effective Hamiltonian are given by:

Hab
ij = 〈ψi| Ĥab

eff |ψj〉 , (4.44)

where Hab
ij is the ijth element of the effective Hamiltonian matrix describing

the coupling between the two Fe ions labelled a and b, |ψi〉 are the basis states
and Ĥ is the effective Hamiltonian defined in eq. 4.26. |ψi〉 are written as a
product of creation operators for the t2g subgroup in the two Fe ions and the
5p orbitals in the two Te ions acting on a vacuum state, |Ω〉. This is described
in Sec. 4.3.1. The reason why the elements of the effective Hamiltonian matrix
are different for different pairs of Fe ions is that the crystal environment around
each Fe ion is no longer identical owing to the lattice distortion comprising the
Jahn-Teller effect.
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It is desirable to find a physically meaningful basis in which to decom-
pose the 36×36 effective Hamiltonian matrix, H (labels have been removed for
simplicity), describing the magnetic and orbital interactions between the neigh-
bouring Fe ions. It is claimed that the entries in that basis can be written in
the following form:

Qcdef = Sc1 ⊗Td
1 ⊗ Se2 ⊗Tf

2 . (4.45)

Here c, e ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8} and d, f ∈ {0, 1, 2, 3}. Hence the string
cdef has 4 × 9 × 4 × 9 = (36)2 possible values, which matches the number of
independent real numbers encoded in a 36 × 36 Hermitian matrix such as H
(the property of the trace for the spin, S, and pseudo-spin, T, will be shown to
provide for a complete orthogonal basis set for the effective Hamiltonian matrix)
4 The matrices Sa1 and Sa2 are spin matrices acting on the first and second spins
respectively. Let us choose the following nine:

S0 =

 1 0 0
0 1 0
0 0 1

 S1 =

 1 0 0
0 0 0
0 0 −1

 S2 =

 0
√

2 0

0 0
√

2
0 0 0



S3 =

 0 0 0√
2 0 0

0
√

2 0

 S4 =

 1 0 0
0 −2 0
0 0 1

 S5 =

 0 0 2
0 0 0
0 0 0



S6 =

 0 0 0
0 0 0
2 0 0

 S7 =

 0
√

2 0

0 0 −
√

2
0 0 0

 S8 =

 0 0 0√
2 0 0

0 −
√

2 0


(4.46)

Note that:

• S0 is the identity matrix;

• S1, S2, and S3 are respectively Sz, S+, and S−;

• S5 = (S2)
2;

• S6 = (S3)
2;

• S7 = {S1,S2}; and

• S8 = {S1,S3}.

These are a convenient choice because they obey the following orthogonality
relation:

Tr
([

Si
]†

Sj
)

= Cijδij, (4.47)

where Cij are constants. Some of these matrices alter the spin projection of
the S=1 spin states: S2 and S7 lower the spin once; S3 and S8 raise the spin
once; S5 raises the spin twice; S6 lowers the spin twice.
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The matrices Td
1 and Tf

2 are orbital pseudo-spin matrices acting on the first
and second orbital pseudo-spins respectively. Let us choose the following four:

T0 =

(
1 0
0 1

)
, T1 =

(
1 0
0 −1

)
, T2 =

(
0 1
0 0

)
, T3 =

(
0 0
1 0

)
.

(4.48)
T0 and T1 count the pseudo-spins; T2 and T3 are the raising and lowering

operators respectively, i.e., the reduce or increase the pseudo-spin projection.
These pseudo-spin matrices obey a similar relation for their traces as described
for the spin matrices in eq. 4.47.

In this orthogonal basis set the effective Hamiltonian matrix can be written
as:

H =
∑
cdef

hcdefQ
cdef , (4.49)

where hcdef are the 362 weights. Having calculated all the elements of the
effective Hamiltonian matrix, the objective is to calculate the weights of the
Kronecker decomposition, which can be achieved by multiplying both sides by
Qabcd† from the left-hand side:

Qghij†H =
∑
cdef

hcdefQ
ghij†Qcdef , (4.50)

and taking the trace of the Kronecker product and using the identity Tr(A⊗
B) = Tr(A)Tr(B):

Tr(Qghij†H) =
∑
cdef

hcdefTr(Q
ghij†Qcdef )

=
∑
cdef

hcdefTr([S
g
1]†Sc1 ⊗ [Th

1 ]†Td
1 ⊗ [Si2]†Se2 ⊗ [Tj

2]†Tf
2)

=
∑
cdef

hcdefTr([S
g
1]†Sc1)Tr([Th

1 ]†Td
1)Tr([Si2]†Se2)Tr([Tj

2]†Tf
2)

=
∑
cdef

hcdefCgcChdCieCjfδgcδhdδieδhd

= hghijCggChhCiiCjj
(4.51)

and making the weights the subject of the equation by dividing through by
the constants gives:

hghij =
Tr(Qghij†H)

CggChhCiiCjj
. (4.52)

These are the unique weights of the effective Hamiltonian in the basis of the
product of spins and pseudo-spins on the neighbouring Fe ions. This proves
that Qcdef forms a complete orthogonal basis set for the effective Hamiltonian
matrix. Some of the weights must be zero due to the conservation of spin
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for tight-binding electron hopping processes. The reason why is because the
effective Coulomb potential, V ij

eff(r), in eq. 4.37 is spin-independent, which only
leads to non-zero tight-binding hopping integrals if the spins of the initial and
final state are either both up or down. This can be seen if the spin part of
the electronic wavefunctions, χσ, is introduced into the expression for the tight-
binding hopping integrals in eq. 4.36:

tiασ,jβγ =
∑
σ

∑
γ

∫ ∫
rd3r′[ψiα(r−Ri)]

∗V ij
eff(r)[ψiα(r−Ri)]σγ

=

∫ ∫
rd3r′[ψiα(r−Ri)]

∗V ij
eff(r)[ψiα(r−Ri)]δσγ,

(4.53)

implying that the tight-binding hopping conserves the spin of the electrons.
The effective Hamiltonian can reflect this conservation of spin by only having
non-zero weights for the subset of the orthogonal basis set that conserves the
overall spin of the system: if the spin on one of the Fe ions is decreased it
must be increased by the same amount on the neighbouring Fe ion, or if the
spin is not changed on the former it must also remain the same on the latter.
The subset of spin matrices that increase the spin by one, i.e., {S2, S7}, on
one Fe ion may appear in the effective Hamiltonian with the spin matrices that
decrease the spin of the neighbouring Fe ion by one, i.e., {S3, S8}. S5 may
appear with S6 since these raise the spin twice on one Fe ion and lower it twice
on the other. Moreover, the subset of spin matrices that lead to neither the
raising nor lowering of the spin on either Fe ion, i.e., {S0, S1, S4}, may be used
with another matrix within the same subset. There is no restriction on which
pseudo-spin matrices appear in the effective Hamiltonian due to the fact that
the tight-binding hopping integrals are dependent on the atomic orbitals and
that channels for virtual electron hopping are open for processes that lead to
the orbital occupations on the Fe ions changing.

It is entirely possible that other weights in the effective Hamiltonian are zero,
but predicting this from the structure of the Rayleigh-Schrödinger perturbative
expansion of the effective Hamiltonian is much more difficult. This can only
practically be done by evaluating the effective Hamiltonian using eq. 4.26, de-
composing the 36×36 matrix using the orthogonal basis set defined in eq. 4.45,
and then trying to understand whether a pattern exists by analysing the weights,
hghij.

4.4.1 Weights for the effective Hamiltonian using the or-
thogonal basis set

In this section, the weights, hcdef , for the effective Hamiltonian in the orthogonal
basis set, Qcdef , are evaluated by following the methods set out in the preced-
ing description of the Rayleigh-Schrödinger perturbative model. All methods,
including evaluating the elements of the 36×36 effective Hamiltonian and the
Kronecker decomposition of this matrix, have been programmed in python with
the scripts presented in Appendix. B.7.
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After evaluating the weights for the effective Hamiltonian using the afore-
mentioned parameters, it was noted that more were zero than were required by
the conservation of spin due to the spin-independence of the effective Coulomb
potential, V ij

eff(r). This was observed by splitting the 362 weights into those
associated with either no change to the spin or pseudo-spin on either Fe ion,
a change of spin, a change of pseudo-spin or a change of both the spin and
pseudospin. For instance, it was observed that raising the spin projection by
two on one Fe ion and lowering it by two on the neighbouring Fe ion could
never be combined with pseudospin matrices that changed the pseudo-spin pro-
jection, i.e., S5 and S6 could never be combined with one or both of T2 and
T3. Moreover, it was also noted that in the subgroup of weights associated
with only spin changes S5 and S6 could also not be combined with T2 and T3,
which, in effect, meant that in this model there is no possibility for the spin
projection to be simultaneously raised by two on one Fe ion and lowered by the
same amount on the neighbouring Fe ion irrespective of what happens to the
pseudo-spin projections. Even though a lot of weights were non-zero because
they were several orders of magnitude it was decided to ignore them in order to
construct a more simplistic model of the magnetic and orbital interactions in
the FeTe system. Moreover, due to some of the weights having an equal magni-
tude, with perhaps a change of sign, some of the spin and pseudo-spin matrices
were combined to form new matrices to simplify the model so as to more easily
understand what is happening to the spin and pseudo-spin projections in some
of the virtual electron hopping processes. These spin matrices were S2, S3, S7

and S8 that could be combined to form new matrices defined by the following
matrices defined by:

Sm = S3 − S8, (4.54)

Sp = S2 + S7. (4.55)

It was also possible to combine a pair of the pseudospin matrices, T2 and
T3, such that:

Tx = T2 + T3, (4.56)

which has eigenvectors pointing along the positive or negative direction of
the x-axis of a Bloch sphere. Hence, the effective Hamiltonian can therefore be
written in terms of the following spin operators:

• an identity, I⊗ ...⊗ I⊗ ...;

• a term representing the single-ion anisotropy, I⊗...⊗S4⊗...+S4⊗...⊗I⊗...;

• an Ising term that correlates spin-projections, S1 ⊗ ...⊗ S1 ⊗ ...;

• an Ising-like term that correlates mid-planeness, S4 ⊗ ...⊗ S4 ⊗ ...;

• and a spin exchange term, Sp ⊗ ...⊗ Sm ⊗ ...+ Sm ⊗ ...⊗ Sp ⊗ ...;

and orbital pseudo-spin operators:
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• an identity, ...⊗ I⊗ ...⊗ I;

• a term representing the single-site ’orbital transverse field’, ...⊗ I⊗ ...⊗
Tx + ...⊗Tx ⊗ ...⊗ I;

• and a two-site ’orbital transverse field’ term, ...⊗Tx ⊗ ...⊗Tx,

where the “orbital transverse field" acts like an external field transverse to
the poles of the Bloch sphere. Multiplying the five spin terms with the three
orbital pseudo-spin terms gives a total of fifteen coefficients for the effective
Hamiltonian matrix in the orthogonal basis set, Qcdef . However, it was found
during the course of developing the model that there are different coefficients
for when the S4 and Tx appear on the same Fe site or on different sites, i.e.,
I⊗ I⊗S4⊗Tx + S4⊗Tx⊗ I⊗ I and S4⊗ I⊗ I⊗Tx + I⊗Tx⊗S4⊗ I. Hence,
there are actually 16 coefficients in the effective Hamiltonian.

In order to construct an effective Hamiltonian for each layer of the FeTe
system (it is assumed that the inter-layer coupling is much less than the intra-
layer coupling), it is necessary to calculate the fifteen coefficients for each pair
of the neighbouring Fe ions in the repeating 2D unit cells for FeTe. The unit
cell for FeTe, which contains four Fe ions each, is shown in Fig. 4.5. The effec-
tive Hamiltonian for the layers of FeTe would therefore include couplings be-
tween neighbouring pairs of Fe ions within the same unit cell and also couplings
between pairs in adjacent unit cells. The couplings included in the effective
Hamiltonian for FeTe include nearest and next-nearest neighbours (i.e., diag-
onal bonds between Fe ions) in Fig. 4.5. Each Fe ion in the unit cells would
have bonds with two nearest neighbours and two next-nearest neighbours mean-
ing that for each unit cell there would be a total of 16 bonds. Each of these
bonds has an effective Hamiltonian that can be described by the aforementioned
16 coefficients leading to the entire effective Hamiltonian for the FeTe system
being fully described by a total of 240 coefficients. However, if the periodic
structure of the Te ions above and below the plane of the Fe ions were put into
Fig. 4.5, the crystal’s translational symmetry would imply that these 16 bonds
are double the number that actually repeats across unit cells. This suggests
that the effective Hamiltonian for the FeTe system can instead be described by
120 coefficients.

If the Fe ions in each unit cell are labelled a, b, c and d (a being the Fe ion
located at the farthest site to the left and d being located at the farthest site
to the right), then the effective Hamiltonian for the intra-layer coupling terms
can be written as:

HFeTe =
∑
R

(
Haa

R,R+a∗ + Hab
R,R+a∗ + Hac

R,R+a∗ + Hbb
R,R+a∗

+ Hbc
R,R+a∗ + Hbd

R,R+a∗ + Hcc
R,R+a∗ + Hcd

R,R+a∗

+ Hdd
R,R+a∗ + Hab

R,R + Hbc
R,R + Hcd

R,R

+ Hca
R,R+a∗+b∗ + Hda

R,R+a∗+b∗ + Hdb
R,R+a∗+b∗ + Hda

R,R+R+b∗ )

(4.57)
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Figure 4.5: A suitable unit cell for FeTe in the bicollinear anti-
ferromagnetic phase is a linear cell of four Fe ions with the unit
vectors a∗=(-1, 1) and b∗=(4, 0) measured by the number of Fe
ions moved along the parallelogram (note that the figure does
not depict the structural distortions and simplifies the geometri-

cal structure).

where the sum,
∑

R, is over all unit cells in an infinite lattice. The effective
Hamiltonian for the crystal, HFeTe, is therefore the summation over 16 individ-
ual effective Hamiltonians for the bonds associated with each unit cell, which
can themselves be expanded in terms of the orthogonal basis set, Qijkl. The
following pairs of individual effective Hamiltonians for the bonds between neigh-
bouring Fe ions share the same coefficients: Haa

R,R+a∗ and Hcc
R,R+a∗ , Hab

R,R+a∗ and
Hcd

R,R+a∗ , Hac
R,R+a∗ and Hca

R,R+a∗+b∗ , Hab
R,R and Hcd

R,R, Hbb
R,R+a∗ and Hdd

R,R+a∗ ,
Hbc

R,R+a∗ and Hda
R,R+a∗+b∗ , Hbd

R,R+a∗ + Hdb
R,R+a∗+b∗ , and Hbc

R,R and Hda
R,R+b∗ .

This effective Hamiltonian is the basis upon which the magnetic ground
state of the FeTe system can be determined. Moreover, it is possible to calcu-
late the spin waves of the system using a Holstein-Primakoff and Jordan-Wigner
transformation that maps the spin and pseudo-spin operators onto boson and
fermion creation and annihilation operators. Before proceeding with these quan-
tum mechanical it would be informative to determine what the ground state of
the system is by taking a classical approach to the spin and pseudo-spin oper-
ators, i.e., assuming that they are classical vectors.

4.5 Classical spin and pseudo-spin model
This section will explain how the ground state magnetic and orbital order pat-
tern of the FeTe system can be found by assuming that the spins and pseudo-
spins act like classical magnets. All the nine spin and four pseudo-spin oper-
ators on a site j and in unit cell at position R which appear in the Rayleigh-
Schrödinger perturbative model’s effective Hamiltonian can be written in terms
of one of the components of the following operators:
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Sj,R =

Sxj,R
Syj,R
Szj,R

 (4.58)

Tj,R =

Tx
j,R

Ty
j,R

Tz
j,R

 (4.59)

The commutation relation between the spin and pseudo-spin operators on
sites j and k in unit cells R and R′ are given by:

[Saj,R,S
b
k,R′ ] = iεabcδjkδRR′S

c
j,R (4.60)

[Ta
j,R,T

b
k,R′ ] = iεabcδjkδRR′T

c
j,R (4.61)

where εabc is the Levi-Civita symbol, which is defined in the usual sense.
Hence, both spin and pseudo-spin operators on different sites (within the same
or in different unit cells) commute, whilst those on the same site and within the
same unit cell do not commute. Furthermore, the magnitude of the spins and
pseudo-spins on all sites is S and T , which leads to the following relations:

Sj,R · Sj,R = S(S + 1), (4.62)

Tj,R ·Tj,R = T (T + 1). (4.63)

In the classical limit S →∞ and T →∞, the spin and pseudo-spin operators
may be approximated by a form that includes their magnitudes and orientations:

Sj,R = Ssj,R, (4.64)

Tj,R = Ttj,R, (4.65)

and substituting these equations into the commutation relations for the spin
and pseudo-spin operators in eq. 4.60 and 4.61 gives the following relations
between the orientation operators, sj,R and tj,R:

[saj,R, s
b
k,R′ ] =

1

S
iεabcδjkδRR′t

c
j,R, (4.66)

[taj,R, t
b
k,R′ ] =

1

T
iεabcδjkδRR′t

c
j,R, (4.67)

which means that in the classical limit of large magnitudes for the spins
and pseudo-spins the right-hand side of the commutation relations tends to
zero. The fact that these operators no longer commute indicates that they have
lost their quantum properties and behave as classical vectors that have unit
magnitude, i.e., sj,R · sj,R = 1 and tj,R · tj,R = 1. The spin operators used in
the orthogonal basis set of the effective Hamiltonian can therefore be written
in terms of these classical vectors:
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S0 = Ss2, S1 = Ssz, S2 = S(sx + isy),

S3 = S(sx − isy), S4 = S2(2sz2 − sx2 − sy2), S5 = S2(sx + isy)2,

S6 = S2(sx − isy)2, S7 = S2{sz, sx + isy}, S8 = S2{sz, sx − isy},
(4.68)

and the pseudo-spin operators can also be written in a similar way:

T0 = T t2, T1 = T tz, T2 = T (tx + ity), T3 = T (tx − ity). (4.69)

Using these expressions for the spin and pseudo-spin operators, it is possible
to formulate the effective Hamiltonian in the classical regime. The large spin
and pseudo-spin approximations to the combinations of spin and pseudo-spin
operators found in the effective Hamiltonian are presented below:

I⊗ ...⊗ I⊗ ...→ S2,

I⊗ ...⊗ S4
j ⊗ ...+ S4

i ⊗ ...⊗ I⊗ ...→ S2(2szi
2 − sxi

2 − syi
2) + S2(2szj

2 − sxj
2 − syj

2),

S1
i ⊗ ...⊗ S1

j ⊗ ...→ S2szi s
z
j ,

S4 ⊗ ...⊗ S4 ⊗ ...→ S2(2szi
2 − sxi

2 − syi
2)(2szj

2 − sxj
2 − syj

2),

Sp ⊗ ...⊗ Sm ⊗ ...+ Sm ⊗ ...⊗ Sp ⊗ ...→ S2(sxi − is
y
i )(1− 2Sszi )(s

x
j + isyj )(1 + 2Sszj)

+S2(sxi + isyi )(1 + 2Sszi )(s
x
j − is

y
j )(1− 2Sszj),

(4.70)

...⊗ I⊗ ...⊗ I→ T 2,

...⊗ I⊗ ...⊗Tx + ...⊗Tx ⊗ ...⊗ I→ T (txi + txj ),

...⊗Tx ⊗ ...⊗Tx → T 2txi t
x
j .

(4.71)

The effective Hamiltonian for a single Fe-Fe bond in the classical limit S →
∞ and T → ∞ is therefore comprised of the multiplication of these spin and
pseudo-spin terms together (remembering that there are two terms associated
with S4 and Tx appearing on the same site or on different sites) with the
associated 16 weights. Labelling the weights hk ∈ {1, 2, ..., 16}, the effective
Hamiltonian for a single bond can be as:
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Hij =h1S
2T 2 + h2S

2T (txi + txj ) + h3S
2T 2txi t

x
j

+ h4S
2T 2{(2szi

2 − sxi
2 − syi

2) + S2(2szj
2 − sxj

2 − syj
2)}

+ h5S
2T{(2szi

2 − sxi
2 − syi

2)txi + S2(2szj
2 − sxj

2 − syj
2)txj }

+ h6S
2T{(2szi

2 − sxi
2 − syi

2)txj + S2(2szj
2 − sxj

2 − syj
2)txi }

+ h7S
2T 2{(2szi

2 − sxi
2 − syi

2) + S2(2szj
2 − sxj

2 − syj
2)}txi txj

+ h8S
2T 2szi s

z
j + h9S

2T szi s
z
j(t

x
i + txj ) + h10S

2T 2szi s
z
jt
x
i t
x
j

+ h11S
2T 2(2szi

2 − sxi
2 − syi

2)(2szj
2 − sxj

2 − syj
2)

+ h12S
2T (2szi

2 − sxi
2 − syi

2)(2szj
2 − sxj

2 − syj
2)(txi + txj )

+ h13S
2T 2(2szi

2 − sxi
2 − syi

2)(2szj
2 − sxj

2 − syj
2)txi t

x
j

+ h14S
2T 2{(sxi − is

y
i )(1− 2Sszi )(s

x
j + isyj )(1 + 2Sszj)

(sxi + isyi )(1 + 2Sszi )(s
x
j − is

y
j )(1− 2Sszj)}

+ h15S
2T{(sxi − is

y
i )(1− 2Sszi )(s

x
j + isyj )(1 + 2Sszj)

(sxi + isyi )(1 + 2Sszi )(s
x
j − is

y
j )(1− 2Sszj)}(txi + txj )

+ h16S
2T 2{(sxi − is

y
i )(1− 2Sszi )(s

x
j + isyj )(1 + 2Sszj)

(sxi + isyi )(1 + 2Sszi )(s
x
j − is

y
j )(1− 2Sszj)}txi txj .

(4.72)

It is noted that the effective Hamiltonian contains terms that involve the
interplay between the spin and orbitals physics. Whether the magnetic and
orbital interactions are dominated by the interplay between the two is dependent
on the magnitude of the weights.

4.5.1 Concluding the Study of the Magnetic and Orbital
Order of FeTe

In summary, this study of Fe1+yTe has attempted to develop a theoretical frame-
work for investigating and understanding the magnetic and orbital order of the
FeTe system. It differs from previous studies that tried to explain the magnetic
interactions of this condensed matter system in terms of either the spin degrees
of freedom [72] or the orbital degrees of freedom in the 3d orbitals of the Fe
atoms [74]. The theoretical frameworks within these two studies were unsuc-
cessful in explaining the magnetic interactions within a sample of Fe1+yTe with
a low concentration of interstitial iron, y = 0.05, as both of their spin or orbital
degree of freedom Hamiltonians fitted poorly with the inelastic neutron scatter-
ing data of the system’s spin waves [73]. Since the inelastic neutron scattering
data revealed that the FeTe system has C2 rotational order at lower tempera-
tures but short range C4 rotational order emerges above an energy of E=26meV
(which is similar to the energy associated with the Jahn-Teller geometrical dis-
tortion in another iron-based system called magnetite [76]), it was evident that
orbital degrees of freedom must play a role in the magnetic interactions.
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The hypothesis for our study was that an effective Hamiltonian for the FeTe
system that combined both spin and orbital degrees of freedom would better
describe the magnetic interactions of the compound. The effective Hamiltonian
for FeTe was developed using a Rayleigh-Schrödinger perturbative model that
captured the magnetic interactions between pairs of nearest and next-nearest
neighbour Fe atoms mediated by the 5p orbitals on Te atoms. Virtual electron
hopping between each bond was extended to fourth order processes allowing
for the exchange of electrons between neighbouring Fe atoms while maintaining
the S=1 spin state of each of the Fe atoms. The effective Hamiltonian was
expanded in terms of an orthogonal basis set that included 9 spin and 4 orbital
pseudo-spin operators to give terms that involved spin-only, orbital pseudo-spin
only or an interplay between the spin and orbital physics of the system. The
terms involving the interplay between the spin and orbital degrees of freedom
were non-negligible indicating that a full understanding of the magnetic interac-
tions of the FeTe system must include these terms. The theoretical framework
developed for this project has a high degree of complexity with lots of possi-
ble magnetic states dependent on the input variables including the degree of
geometrical distortion and shielding parameters.

It is recommended that with further time it could be used to calculate the
magnetic and orbital ground state of the FeTe system and calculate its spin
wave dispersion. A fit of the spin waves to the experimental inelastic neutron
scattering data [73] could then be used to refine the inputs to the model and
reveal more information about the electronic shielding within the crystal. The
beauty of this model is that it is essentially an insulator model with some small
adjustments for the shielding of conduction elections. Hence, if a fit to the
inelastic neutron scattering data is possible, it would mean that notwithstanding
the metallic state of the FeTe system it can be described by an insulator model.
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Chapter 5

Study of the disorder in PMN

In the preceding sections, the reader has been introduced to the basics of inelas-
tic neutron scattering techniques and the horizontal Bridgman technique for the
synthesis of condensed matter systems, including iron chalcogenides and per-
ovskite semiconductors. This chapter of the thesis will detail the analysis of in-
elastic neutron scattering data on a similar perovskite structure, PbMg1/3Nb2/3O3

(PMN), that was collected on the MERLIN direct geometry ToF chopper instru-
ment at ISIS in Oxford, UK. One of the interesting features of PbMg1/3Nb2/3O3

is that it is a disordered perovskite that shares a lot of common traits with
more ordered perovskites, including strontium titanate, SrTiO3. For this rea-
son, the analysis also included theoretical calculations of the phonon dispersion
spectrum along a high symmetry direction of the SrTiO3 perovskite crystal
using a software package called Quantum Espresso [93]. These calculations
formed the basis for understanding the degree to which disorder is important
for the lattice dynamical behaviour, particularly for the higher energy phonons
in PbMg1/3Nb2/3O3. Some of the important reference studies undertaken in the
past on the lattice dynamics of PbMg1/3Nb2/3O3 that are used to make a com-
parison with this analysis of the inelastic neutron scattering experiment include
[94–96].

5.1 Neutron scattering and sample details
As has been mentioned the inelastic neutron scattering experiment studying
phonons within PbMg1/3Nb2/3O3 was carried out on the MERLIN chopper spec-
trometer instrument (STFC-ISIS, UK). The single crystals were grown by Dr
Chris Stock using a modified Bridgman technique similar to those described in
Sec. 2.2 and 2.4. The sample used for the experiment consisted of three single
crystals that produced an effective 192g single crystal (see Fig. 5.1). The reason
for combining the three single crystals together was to take advantage of the
larger magnitude of scattering that would take place given the same incident
flux of neutrons from the source. The only requirement was that the three sin-
gle crystals have all their crystal axes aligned in order to produce the effective
single crystal, otherwise the result would be something similar to that described
for polycrystalline samples that are formed by crystallites meeting at grain in-
terfaces with their crystal axes randomly misaligned due to the formation of
nuclei at several different sites within the melt during synthesis.
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Each sample was aligned such that Bragg reflections of the form (HK0) lay
within the horizontal plane (that is the plane where the sample and the de-
tector array are co-planar). Two different incident energies were used (Ei=75
and 150meV) and the Fermi chopper frequency was set to 300Hz. The multi-
repetition rate was not utilised for this ToF experiment meaning that two sep-
arate experiments were carried out sequentially with these control parameters.
The incident energies afforded an energy resolution (full-width at half maxi-
mum) at the elastic line, i.e., ∆E=0, of approximately 5meV and 12meV re-
spectively. The MERLIN direct geometry ToF spectrometer was chosen since
the resolution of direct geometry ToF spectrometers increases with increasing
energy transfer—∆E∼2meV at E∼70meV when using the 75meV incident neu-
trons and ∆E∼5meV at E∼100meV when using the 150meV incident neutrons.

A wide range of energy and momentum transfers are accessible with the
MERLIN chopper spectrometer, but this study mainly focuses on the lattice dy-
namical behaviour for the higher energy phonon modes along the Γ-X high sym-
metry direction (see Fig. 5.1). Due to the cubic symmetry of PbMg1/3Nb2/3O3

this meant that there were three symmetry directions along which to observe
the same lattice dynamical behaviour, i.e., scattering along the [100], [010] and
[001] directions in reciprocal space. Furthermore, to take advantage of the
higher neutron cross sections at higher momentum transfers (the double differ-
ential neutron scattering cross section is proportional to |Q ·e|2) the focus of the
experimental analysis was on the (H00), (0K0), (00L), (H40), (4K0) and (40L)
axes in momentum space. Since the scattering of phonons depends on the dot
product of the scattering vector, Q, and the atomic displacements within the
crystal, e, and the [100], [010] and [001] axes are high symmetry directions in
cubic structures, the (H00), (0K0) and (00L) momentum transfers should only
contain pure longitudinal modes, whilst the (H40), (4K0) and (40L) could con-
tain both pure transverse and pure longitudinal modes in ordered perovskites.
However, any disorder within the crystal that disrupts the cubic symmetry
could lead to quasi-transverse modes being present in the scattering of both the
longitudinal and transverse channels.

5.2 Theoretical calculations using density func-
tional perturbation theory

Density functional theory calculations of the phonon bandstructure in SrTiO3

were completed using Quantum Espresso. This is a suite for ab initio quantum
chemistry methods for electronic structure calculations and other material prop-
erty modelling [97, 98]. The ordered chemical structure of the SrTiO3 crystals,
as opposed to the disordering in the B-sublattice of PMN, meant that it was far
easier to theoretically model the phonon band structure of SrTiO3. However,
due to their similar overall chemical structure it was supposed that using SrTiO3

as an input to the ab initio code would be an aid for our study of the higher
energy phonon modes for PMN, whose dispersions have so far eluded all recent
attempts at studying them. This assumption may break down if the electronic
structure of the two crystals differ substantially owing to the different orbital
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PbMgϭͬϯNbϮͬϯOϯ͗

aͿ bͿ

cͿ

Figure 5.1: (a) Three separate single crystals of PMN with a
total mass of 192g were used in this inelastic neutron scatter-
ing experiment. A vanadium sample holder is used owing to its
large incoherent scattering cross section compared with its co-
herent scattering cross section. (b) The unit cell of SrTiOs with
titanium atoms occupying the B-site of the perovskite structure.
This is used as an ordered proxy for doing calculations of the lat-
tice dynamical behaviour of PMN crystals. (c) shows the high
symmetry paths in reciprocal space- this study focuses on the

Γ-X path.
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physics of the Ti atoms in SrTiO3 and the Nb and Mg atoms in PMN. This is
due to the fact that the orbital structure plays a non-negligent role in determin-
ing the overall interatomic forces between the constituent atoms in condensed
matter systems. The interatomic forces then determine the dispersion curves
of the normal modes of vibration. In the past, neutron scattering experiments
have failed to reveal the structure to the higher energy phonon modes and have
only managed to find a wide band of continuous excitations between 27–50meV,
an excitation with both longitudinal and transverse character at 55meV, a fur-
ther weak signal at 66meV and a couple bands of phonon excitations above
80meV [65].

The model developed here for SrTiO3 can, moreover, be compared with
models I–V (see Fig. 5.2 and Fig. 5.3) for the same perovskite structure in the
1960s by R. A. Cowley [95]. In this study, the crystal dynamics were studied
experimentally using neutron spectroscopy at the Chalk River Laboratories of
Atomic Energy of Canada Ltd. Some of the normal modes propagating along the
[100] direction were characterised. The neutron spectroscopy data confirmed,
along with other infrared spectroscopy measurements, the results of the phonon
band structure models thus developed; however, a scarcity of data above 40meV
made it difficult to confirm, if any, of the models could accurately predict the
higher energy longitudinal and transverse optical branches.

All the models predicted a pair of optical phonon branches at higher en-
ergies in the longitudinal configuration, which are separated by a large band
gap. They put the lower energy optical branch at around 66meV, whereas the
higher energy branch is situated at approximately 90meV. In contrast, there is
substantial difference between the predicted phonon band structure for SrTiO3

in the transverse configuration. Models III–V predict that a transverse optical
branch will exist at approximately 70meV, whilst model I’s results diverge sub-
stantially from this prediction. Instead, it predicts that another higher energy
optical phonon branch will be present close in energy, and likewise flat in energy,
to the highest energy longitudinal optical phonon branch. This latter model is
in contradiction with the density functional theory calculations (see Fig 5.4)
since the latter does not predict the presence of a transverse optical mode with
energies close to the highest energy longitudinal optical mode. There is also
substantial disagreement between the theoretical models in R. A. Cowley’s pa-
per [95] and our present predictions: ours show a further set of optical phonon
branches between those situated below 40meV and the higher energy LO branch.
As will be demonstrated the inelastic neutron scattering data collected for this
experiment is in agreement to a greater extent with this new analysis than any
particular model developed in R. A. Cowley’s paper on SrTiO3 [95].

The phonon band structure along directions [100] was calculated using Quan-
tum Espresso making use of the PWscf and PHonon packages for the self-
consistent calculations and phonon density functional theory calculations re-
spectively. The default inputs for both the convergence threshold for the self-
consistency calculation and the mixing beta were used since changing them did
not lead to significantly different end results. Owing to the cubic symmetry in
the perovskite crystal lattice this direction reproduces the same phonon band
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Figure 5.2: The phonon dispersions for SrTiO3 using models I
and III showing the transverse and longitudinal models propa-
gating along the direction [1, 0, 0] [95]. In each of these models
there is only one longitudinal mode present above a frequency of

20×1012c/sec.
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Figure 5.3: The phonon dispersions for SrTiO3 using models
IV–V showing the transverse and longitudinal models propagat-
ing along the direction [1, 0, 0] [95]. In contrast with models I
and III, models IV–V both have one transverse and one longi-

tudinal model above a frequency of 20×1012c/sec.
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structure as in the other symmetric directions, viz., along the [010] and [001] di-
rections. By comparing the output of this density functional theory calculation
with the previous results obtained [65], it is possible that the second and third
highest energy modes that were seen correspond to the interweaving optical
phonon modes between 55meV and 62meV. Furthermore, it was not possible
to experimentally determine the character of the highest energy mode, which
according to this calculation is meant to exist at approximately 93meV and be
flat in energy. One of the main objectives of this research project is thus to
utilise the recent advancements in inelastic neutron scattering experiments to
detect this highest energy mode and also to verify some of the results for the
middle phonon branches. It should be noted that the calculations are unstable
for one of the branches, as seen in Fig. 5.4, which is most likely a result of the
real instability in these perovskites that is associated with the presence of the
softened transverse optical mode—an analysis of the eigenvectors for the modes
outputted from the Quantum Espresso calculations does in fact confirm that
this unstable mode belongs to a transverse optic mode.

5.3 Background subtraction algorithm

5.3.1 Motivation and development of the background sub-
traction algorithm

The study of phonons in crystals plays an important role in understanding how
some of the microscopic properties of materials manifest themselves in the bulk
properties of solids. This is most relevant in the study of a crystal’s ther-
mal and electrical conductivity as both are intricately tied to the existence of
phonons—the former because phonons can carry heat from one side of the crys-
tal to another and the latter because electron-phonon scattering interactions
give rise to higher electrical resistivity and, ergo, lower electrical conductivity.
In condensed matter physics, one of the objectives for an experiment involving
phonon scattering is to calculate the phonon dispersion curve of a crystal as
this gives vital information about the way phonon modes behave as a function
of their energy. However, one of the inherent difficulties in determining this
dispersion curve in real scattering experiments is that the scattering intensity,
I(Q, ω), is broadened due to many factors related to the experimental setup (i.e,
Q-dependent resolution function of the detectors, the mosaicity of the crystals
used as monochromators giving rise to peak broadening of the incident neutrons,
etc.) and, further, that the scattering intensity is a superposition of many dif-
ferent types of interactions that are either elastic or inelastic and coherent or
incoherent in nature. Isolating for the type of scattering that one is interested
in is therefore of vital importance for experimental condensed matter scientists,
and it is here that this investigation hopes to provide a systematic method for
the removal of elastic and incoherent scattering contributions from the overall
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Figure 5.4: Density functional perturbation theory calculations
were performed on SrTiO3 so as to determine the phonon band
structure of an ordered equivalent of PMN along the [100] di-
rection (Γ–X). The presence of only one longitudinal optic mode
above 80meV is one theoretical prediction of our calculations
that is in agreement with models III–V of the R. A. Cowley
paper [95]. Our density function theory calculations also pre-
dict that there are two degenerate transverse optical modes and
one longitudinal optical mode between 50meV and 70meV. In
the transverse channel (a) and the longitudinal channel (b), the
plots include the DFT calculations from this present work (black
line), some predictions from the R. A. Cowley paper [95] (dashed
blue line) and some inelastic neutron scattering data for PMN
from Fig. 5 of Swainson et al. [99] that looked at soft phonons

at the edge of the Brillouin zone.



5.3. Background subtraction algorithm 129

intensity profile, I(Q, ω). This background subtraction algorithm was success-
fully applied to the study of phonon modes in lead magnesium niobate, PMN,
which, as has been partly stated, is an interesting ferroelectric relaxor ceramic
with piezoelectric properties that is used in lots of optoelectronics and acousto-
optics applications in industry.

5.3.2 Description of the algorithm

When doing any kind of scattering experiment involving a direct geometry ToF
instrument the detectors indirectly measure the energy and momentum of scat-
tered particles and quasiparticles, and, due to the electronics involved in the
post-processing of the scattered particles used for probing the sample, the scat-
tering intensity, I(Q, ω), is effectively a 4-dimensional histogram with the Q
and ω-widths determined by the electronics. Hence, the value given to each bin
in the histogram is actually the integrated intensity, Ĩ(Q, ω):

Ĩ(Q, ω) =

∫
∆

dQdωI(Q′, ω′), (5.1)

where ∆ is the 4-dimensional hypervoxel centred at (Q, ω) and with widths
∆Q and ∆ω defined such that the volume of the hypervoxel is 16|∆Q|2∆ω2.
The experimental results are often then plotted with either two or three of the
coordinates in the 5-dimensional space, Ω, removed, thus reducing the dimen-
sionality for data visualisation purposes.

5.3.3 Modelling the phonon scattering of neutrons

In Sec. 1.2.3 there was a detailed explanation of the form that neutron scatter-
ing takes for interactions with phonons within a single crystal, specifically the
double differential cross section for one-phonon interactions. The form of inco-
herent and coherent scattering by neutrons of phonons will be used to develop a
background subtraction algorithm that extracts more information from the scat-
tering intensities obtained from the experiments undertaken on the MERLIN
direct geometry ToF spectrometer instrument. Since more of the structure and
dynamics are contained within the coherent scattering, the principal aim of the
algorithm is to eliminate as much of the incoherent scattering as possible. Some
of the assumptions made in developing the algorithm, which are often made to
keep a degree of computational simplicity, will introduce a small amount of er-
ror in the analysis, thus all assumptions that are used in the computation will
be explained and put into context by justifying why it is possible to make such
assumptions based on the magnitude of certain experimental parameters.

The important contributions to the overall intensity profile, I(Q, ω), are
the coherent and incoherent elastic scattering interactions, centred at ω = 0,
and the coherent and incoherent single and multi-phonon inelastic scattering
interactions, ω 6= 0. Understanding how these behave as a function of both
Q and ω helped to produce this algorithm for isolating the coherent inelastic
phonon peaks in the neutron scattering data.
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If we assume, without loss of generality to the algorithm, that all of the
scattering centres have the same mass, then, from G. L. Squires, the differential
cross section of coherent inelastic single-phonon scattering is given by:( d2σ

dΩdE ′

)
coh,∆n=1

∝ Q− k
k

exp−2W ΣsΣG
(Q · es)2

ωs
〈ns + 1〉 δ(Q− q−G)δ(ω − ωs)

(5.2)

( d2σ

dΩdE ′

)
coh,∆n=−1

∝ Q− k
k

exp−2W ΣsΣG
(Q · es)2

ωs
〈ns〉 δ(Q + q−G)δ(ω + ωs)

(5.3)

where k is the incident momentum of the neutrons, W is the Debye-Waller
factor, es is the polarisation vector of phonon mode, and ~ωs is the energy of
mode s. Moreover, ∆n is the change in the number of phonons caused by the
scattering interaction with ∆n=1 indicating that the number of phonons has
increased by one (absorption) and ∆n=-1 indicating the reverse, namely the
emission of a phonon. In the direct geometry ToF spectrometer the incident
neutron momentum is kept constant. Assuming that the crystal is isotropic and
therefore that the polarisation vector does not favour one particular direction
in reciprocal space, then this leads to a contribution of the intensity profile,
I(Q, ω), that can be modelled as:

I(Q, ω)coh = B(Q,ω)Q2, (5.4)

where B is some function to be determined. The same analysis can be done
for the incoherent inelastic phonon scattering contribution, with the differential
cross section of this going as:( d2σ

dΩdE ′

)
incoh,∆n=±1

∝ Q− k
k

exp−2W ΣsΣG
(Q · es)2

ωs
[〈ns + 1〉 δ(ω − ωs) + 〈ns〉 δ(ω + ωs)].

(5.5)

Hence, this can also be modelled using the same form as that given by
eq. 5.4.

Lastly, the coherent elastic scattering contribution has the following differ-
ential cross section: ( d2σ

dΩdE ′

)
el-coh

∝ exp−2W Στδ(Q−G). (5.6)

This clearly lacks the quadratic dependence in Q that is present in both the
coherent and incoherent inelastic cross sections. Instead of modelling the elastic
contribution in the form of eq. 5.4, this is modelled with the following function:

I(Q, ω) = A(Q, ω). (5.7)

Combining the two expressions for the different contributions to the phonon
scattering, the overall intensity profile can be modelled as:

I(Q, ω) = A(Q, ω) +B(Q, ω)Q2. (5.8)
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The benefit of this analysis is that the terms can contain information about
the physics of the scattering interactions and valuable information about the
broadening of peaks (the latter of which can be due to a multitude of reasons).
For instance, a non-zero value for A(Q, ω) at ω 6= 0 indicates that there is
broadening of the elastic line, which is otherwise known as quasi-elastic neutron
scattering. The same can also be said for the B(Q, ω) term, viz., that some
broadening of the coherent peaks will be observed for ω 6= ωs.

5.3.4 Isolating the coherent inelastic phonon peaks

The expression for the phonon scattering given by eq. 5.8 can be used to subtract
the elastic line and incoherent inelastic phonon contributions from the overall
intensity profile, I(Q, ω). If the elastic and incoherent single and multi-phonon
inelastic scattering contributions are now given by eq. 5.8, then subtracting
this from the overall intensity profile found via neutron scattering experiments,
I(Q, ω)exp, should give the contribution from just the coherent inelastic phonon
scattering interactions, I(Q, ω)in-coh:

I(Q, ω)in-coh = I(Q, ω)exp − I(Q, ω)back, (5.9)

where I(Q, ω)back now represents the elastic and incoherent inelastic scatter-
ing contributions to the overall intensity profile. The background subtraction
algorithm outlined in this paper is mostly concerned with accurately, and with-
out too much computational labour, determining I(Q, ω)back. Doing this well
is conducive to having neutron scattering plots with a strong contrast between
the coherent phonon scattering peaks and other contributions to the phonon
scattering that is less relevant for the determination of the dispersions of the
normal modes of a crystalline solid.

5.3.5 Assumptions in development of the algorithm

One of the difficulties in confronting this computational problem is that the in-
tensities are given for each hypervoxel. This makes the problem multi-dimensional
and dramatically increases the computational load. The philosophy of the back-
ground subtraction algorithm is thus to reduce the dimensionality of the prob-
lem without drastically reducing the accuracy of the results. The main assump-
tion that is made is that the expressions A(Q, ω) and B(Q, ω), which contain
important information about the dynamics of the solid, can be reduced, without
loss of too much information, to functions of the form A(E) and B(E), thus
reducing the optimisation problem from four to only one dimension. The elas-
tic and incoherent phonon scattering background now take the following form,
which is updated from eq. 5.8:

I(Q, E)back = A(E) +B(E)Q2. (5.10)

There are two sources of inaccuracy that this introduces into the analysis:
one is that the coherent elastic phonon scattering contribution to the intensity
profile, i.e., Bragg Scattering, is centred at the reciprocal lattice vectors, G,
which this expression ignores; and secondly, that the quadratic term in eq. 5.10
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ignores the k−Q
k

pre-factor to the double summation of eq. 5.5. The former
introduces greater inaccuracies at lower energies since this is closer to the elastic
line and further away the broadening of peaks dampens the inaccuracy. The
latter leads to momentum-transfer dependent inaccuracies that are greater at
larger Q values.

5.3.6 Computational tasks of the algorithm

As the algorithm’s main objective is to find the form of both A(E) and B(E)
as a function of the energy transfer, the first step, after having produced .sqw
files using Horace (a suite of programmes for the analysis of datasets from time-
of-flight neutron inelastic scattering spectrometers [100]) is to produce constant
energy cuts from E=0 to some upper energy threshold, which is limited by the
incident energy of the neutrons in the beam. The width of the integration over
E in the cuts is chosen to counterweight the requirements of having both large
statistics and precision in the energy scale. Each of the constant energy cuts
produces a file containing the following data: position in reciprocal space of the
Q-voxel, intensity and the uncertainty in intensity.

The constant energy cuts are then put into equally spaced bins according to
the magnitude of their momentum transfer vector, |Q|. Plotting the intensity
as a function of |Q| aids in the determination of both functions in eq. 5.10.
These are calculated using a form of regression analysis that uses a penalised
cost function so as to exclude the peaks arising due to coherent inelastic phonon
scattering, but include the broadened elastic line and also the continuous back-
ground due to incoherent inelastic phonon scattering. This cost function is of
the following form:

S =
∑
i

wi(yi − zi)2 + λ
∑
i

(∆2zi)
2, (5.11)

where ∆zi = zi− 2zi−1 + zi−2. The first summation is a measurement of the
fit of the regression curve, zi, to the experimental data, yi, whilst the second
term is a penalty on the non-smoothness of the data. The weights, wi, can
also be introduced to give an asymmetry in the cost function so that there is a
greater penalty arising when the regression curve is above the data than when
it is below it. Minimisation of the cost function in eq. 5.11 leads to the following
set of algebraic equations:

(W + λDᵀD)z = y, (5.12)

where W is a matrix with diagonals equal to the weights and zero off-
diagonals and D is called the difference matrix in that Dz = ∆2z. The param-
eters used in the regression analysis were optimised and the values used in this
study of PMN were chosen to be λ = 102 and wi such that:

wi =

{
p, if yi > zi

1− p, otherwise
(5.13)
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Figure 5.5: The background polynomial coefficients, A(E) and
B(E), are shown up to 125meV in subplots (a) and (b) re-
spectively. They were fitted to a combination of Gaussian and
Lorentzian functions to make the background more smooth as
a function of the energy transfer. Subplots (c) and (d) show
the background for constant energy scans ([50, 52]meV) for
Q = (H,K, 0) and Q = (4,K, L) respectively. The background
is meant to eliminate as much as possible the contributions to
the scattering emanating from elastic scattering and incoherent

inelastic neutron scattering processes.

where p = 10−2. As in previous studies of this asymmetric least squares
analysis, only ten iterations were found to be necessary for sufficient convergence
of the zi values to the baseline of the data. These zi values were then used to
fit, using standard regression analysis methods, a curve of the form in eq. 5.10.
The A(E) and B(E) functions were thus optimised using the discrete data
from the constant energy cuts. They were subsequently fitted to Lorentzian
and Gaussian functions so as to give a smooth background for each of the
hypervoxels in the time-of-flight neutron scattering dataset. Fig 5.5 shows the
fits for the A(E) and B(E) curves when applied to the 75meV incident neutron
data. Using eq. 5.10 these polynomial coefficients were subsequently used by
the algorithm to calculate the background as a function of both the energy and
momentum transfer. Fig 5.6 gives an example of how the algorithm succeeds
in removing the background from the neutron scattering plots and makes the
phonon excitations much more discernible irrespective of whether it is at low or
high momentum scattering or energy transfer.
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In order to further improve the statistics of the scattering intensity data,
it was also decided to combine all data along symmetric axes owing to the 4-
fold symmetry inherent in the cubic crystal structure. This meant that the
[100], [010] and [001] directions could be combined to form one S(Q, ω) plot.
In addition, the resultant plots were then mirrored about the zero momentum
transfer axis to produce a final scattering plot that is ready to be used as an
input to the background subtraction algorithm. This process of increasing the
statistics of the scattering intensities is shown in Fig 5.7, which includes S(Q, ω)
plots in the (000) and (400) Brillouin zones and along the [100], [010] and [001]
directions.

5.4 Analysis of the neutron scattering data
The inelastic neutron scattering data was collected using the up-scattering
regime (neutron energy-gain mode), operating with an incident wavevector
6.02Å−1 (Ei=75meV) in one experiment and an incident wavevector 8.51Å−1

(Ei=150meV) in another. The former offered a maximum Q range of ∼6.7a*
along the [100] direction and other symmetric axes starting from the (000) Bril-
louin zone and ∼5.9a* along the [010] direction starting from the (400) Brillouin
zone. The higher incident energy configuration offered a maximum Q range of
∼8.8a* in the [100] direction and other symmetric axes starting from the (000)
Brillouin zone and ∼8.2a* along the [010] direction originating in the (500)
Brillouin zone. These maximum Q ranges are defined as the range of available
data close to the elastic line in the up-scattering regime and in the positive
momentum transfer quadrant and come from the fact that the neutron scatter-
ing events conserve both energy and momentum. This Q range was sufficient
for studying the whole range of lattice dynamical properties of the perovskite
crystal and especially for making use of the quadratic dependence of the coher-
ent inelastic phonon scattering cross section. The wide range in Q allowed for
an accurate determination of the phonon density of states (DOS) (see Fig. 5.8
and 5.9). This helped to locate the positions of the optic phonon branches
above 40meV and to compare these experimentally observed phonon branches
with those theoretically determined from density functional perturbation the-
ory calculations and previous models published in the literature [95]. As will
be explained in this section, there is some agreement between the dispersions of
the higher energy optic phonon branches in this experiment and models III–V
developed by R. A. Cowley, but there is substantial disagreement with some
of the continuous regions of neutron scattering seen by B. Dorner et al. (see
Fig. 5.11).

Fig. 5.8 shows the scattering intensity, S(Q, ω), for the Ei=75meV and
Ei=150meV incident neutrons along with the constant energy integrated scat-
tering intensities. These integrated intensities give an approximate calcula-
tion for the density of states of the phonon branches and help detect branches
with strong dependence on Q. The pseudo-DOS plots along the [100] direc-
tion starting at the (000) Brillouin zone substantially agrees with the density
functional theory calculations for SrTiO3: the peaks in the pseudo-DOS around
48–60meV is evidence of the presence of middle energy optic phonon branches in
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PMN, which leads to the conclusion that the disorder inherent in the perovskite
structure does not produce any noticeable differences in the lattice dynamical
behaviour of the crystal for these energy scales. Unfortunately, owing to the
closeness of the dispersions of these optic phonon branches and the inherent
difficulties of analysing inelastic neutron scattering data, it is an extremely chal-
lenging task to be able to isolate the phonon scattering for individual phonon
modes and determine their energy-momentum dispersions. Nonetheless, all sub-
plots of Fig. 5.8 show three peaks in the DOS within the range of energies that
were expected to contain, according to the density function theory perturba-
tion calculations, three optic phonon branches. Hence, it is possible to conclude
that the inelastic neutron scattering data agrees with the density functional
theory calculations to the extent that the phonon branches do exist and corre-
spond closely with the energy scales observed from the output of the Quantum
Espresso calculations. However, it is very difficult to determine from the neu-
tron scattering data which of the atoms in the unit cell of PMN contribute to the
lattice dynamics. It can only be assumed that the close agreement of the neu-
tron scattering with the theoretical calculations lends weight to the hypothesis
that the dynamics of these modes are dominated by motion of oxygen atoms:
analysis of the atom displacements of the phonon modes from the Quantum
Espresso calculations show that oxygen atoms contribute to most of the dy-
namics of the transverse optic mode, but the two longitudinal modes are driven
by the motion of both oxygen atoms and the cations on the B-sublattice.

Fig. 5.9 shows the inelastic neutron scattering data along the [010] direction
starting from the Γ-point of the (400) Brillouin zone. The data taken using
the Ei=75meV incident neutrons depicts the same two peaks in the pseudo-
DOS plots: these again point to the presence of at least two non-degenerate
optic phonon branches at this energy scale. These energy scales are slightly
different from those found in the aforementioned data as the two peaks in this
pseudo-DOS occur at E≈53meV and E≈63meV. Owing to the same difficulties
in analysing this low-resolution inelastic neutron scattering data it was impos-
sible to determine the full lattice dynamical response of these phonon modes.

The subplot in Fig. 5.9 depicting the inelastic neutron scattering data for the
Ei=150meV incident neutrons shows four peaks between 58meV and 76meV;
however, owing to the statistics of the data, it is difficult to determine rigorously
whether this is because there are more phonon branches than were expected
from the calculations or whether this is just a statistical phenomenon. The
phonon excitations corresponded to islands centred at integer Q-points, which
substantiates the original hypothesis that the lattice dynamical response of the
PMN single crystals is exactly what would be expected from more ordered
perovskites, such as KTaO3, BaTiO3 and SrTiO3.

Fig. 5.10 subplots (a) and (b) show the dispersions of these islands of phonon
excitations, which were obtained by taking a constant energy cut centred on the
peak scattering intensities in both Brillouin zone configurations and finding the
Q-point peaks and their associated FWHM’s along the [100] and isotropic di-
rections in reciprocal space. The peaks in scattering intensity were found to
be slightly off the Brillouin zone edges which could be related to the crystal’s
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Figure 5.8: The inelastic neutron scattering plots along the
[010] in the (000) Brillouin zone (left) for the Ei=150meV (a)
and Ei=75meV (b) incident neutrons. On the right side is plotted
the integrated intensities along lines of constant energies: this is
representative of the density of states of the phonon branches in
PMN crystal. It shows a lattice dynamical response with phonon
branches between 40–60meV and a broad phonon mode higher in
energy at 90–100meV. The side panels plot the normalised inte-
grated intensities,

∫
S(Q,ω)dQ∫

dQ
, which help to locate the positions

in energy of the phonon modes.
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structure or some non-ideal experimental phenomenon: one hypothesised ex-
planation for these islands of scattering intensity was that the high absorption
cross section for the niobium atoms was contributing to reduced transmission
through the crystal and causing the dips in S(Q, ω) due to the anisotropic mor-
phology of the sample; however, it was determined that the expected drop in
intensity would be too small to account for the structure seen in Fig. 5.10. It
is impossible to determine the phonon lifetimes of these optic modes since their
phonon scattering intensities cannot be resolved; nonetheless, it is possible to
use the energy widths of these islands to calculate a lower limit for the phonon
lifetimes of the separate optic phonon modes. Using the quantum uncertainty
principle, ∆E∆t ∼ ~

2
, with an energy width of ∆E ∼ 10meV a lower limit to

the phonon lifetimes is τ > 0.1ps.
The experiment using an incident wavevector 8.51Å−1 (Ei =150meV) was

used for the purpose of studying the dynamical behaviour of the highest energy
phonon branch (or branches as predicted by previous models). The density
functional theory calculations predicted that there would be a single longitudi-
nal optic phonon branch located at 93meV. In contrast, the models developed
by B. Dorner predicted that there would be two non-degenerate modes at this
energy scale, one of which is longitudinal and the other transverse in charac-
ter. Inelastic neutron scattering studies on the lattice dynamical response of
PMN at the higher energy scales were also undertaken to test this model[65]:
using neutron spectroscopy data a continuum of phonon excitations was found
above 20THz (E∼100meV). Unfortunately, owing to the weak signal for the
higher energy excitations it was impossible to experimentally verify the model
for the lattice dynamical response that predicted one LO and one TO mode at
this energy scale. Moreover, this study was unable to determine whether the
continuum of phonon excitations found above E∼100meV was due to the disor-
dering of the perovskite structure of PMN or simply due to the poor statistics
inherent in a lot of neutron spectroscopy experiments.

In this experiment, phonon excitations were observed at 93meV along the
[100] directions at various regions of reciprocal space starting from the Γ-points
of the (000) and (500) Brillouin zones. The translational invariance of the Γ-
point energy and the fact that the crystal obeys Bloch’s theorem was a strong
indication that the lattice dynamical response of PMN was similar to the other
ordered perovskites, such as KTaO3, BaTiO3 and SrTiO3, for energies above
E∼40meV. The statistics of the data sufficed for characterisation of the phonon
dispersion and a fit was made to a function obeying Bloch’s theorem for trans-
lationally invariant crystals on the assumption, as aforementioned, that at the
higher energies the lattice dynamical response behaved like an ordered per-
ovskite crystal. The following methodology was used to obtain the fit: constant
Q scans were taken from the data collected using the Ei=150meV neutrons, and
a Gaussian fit was refined for the peak in the scattering intensity that corre-
sponded with the highest energy optic phonon mode. These peaks in Q were
subsequently fitted to the following function to characterise the dispersion of
the optic mode:

E =
(
A+B sin (

πQ

2
)
) 1

2 . (5.14)
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Figure 5.9: A plot of S(Q, ω) along the [010] direction in the
(400) and (500) Brillouin zones taking advantage of the Q2 scal-
ing for phonon inelastic neutron cross sections. E=75meV neu-
trons are used for the (400) Brillouin zone and E=150meV neu-
trons are used for the (500) Brillouin zones. There is the same
lattice dynamical response at the higher energies as there is in
the (000) Brillouin zone. Furthermore, the agreement between
the experimental data and the density function theory calcula-
tions for SrTiO3 reveals that the lattice dynamical response at
high energies closely resembles the chemically ordered classical
perovskites. The side panels plot the normalised integrated in-

tensities,
∫
S(Q,ω)dQ∫

dQ
.
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This fit was refined separately for the higher energy (E∼100meV) optic
phonon, as shown in Fig. 5.8 and Fig. 5.9, in order to characterise the dis-
persions at different Brillouin zones. In the (000) Brillouin zone, the refined
parameters for the dispersion curve were 9270meV2 and -260meV2 respectively,
whereas in the (500) Brillouin zone the same parameters were refined differently
as 9240meV2 and 817meV2 respectively. Using the values for these refined pa-
rameters to extrapolate the Γ-point energy of the optical phonon branch gives
96.3meV for the (000) Brillouin zone and 96.1meV for the (500) Brillouin zone.
These energies show strong agreement with the position of the highest energy
excitation peak in Raman spectroscopy data [101] (see Fig. 5.11). The transla-
tional invariance of the Γ-point energy implies that the dynamics of the phonons
at higher energies follows that of a perfect crystal rather than the expected dis-
ordered behaviour associated with perovskites. This is a very interesting result
since it splits the lattice dynamical behaviour into two ill-defined regimes: one
at lower energies where the crystal behaves as an imperfect crystal and one
at higher energies at which the behaviour becomes closer to that of a perfect
crystal. This conclusion does not simply rest on the aforementioned behaviour
since it also is due to the close resemblance between the calculated dispersions
for the three phonon branches between 48–60meV in SrTiO3 (a perfect crys-
tal with the space group Pm3m) and the observed peaks in the DOS plots for
both the (000) and (500) Brillouin zones for PMN. Another similarity between
the density functional theory calculations for SrTiO3 and the experiments can
be seen from Fig. 5.10: in the calculations, the highest energy phonon branch
was longitudinal with the lattice dynamics dominated by the movement of the
oxygen atom at position (0.5, 0, 0.5) along the [010] direction. The dependence
of the coherent inelastic neutron scattering cross section on (Q · e)2, where e is
the eigen-displacement vector for the constituent atoms taking part in the lat-
tice vibrations, means that close to Q=0 within the (000) Brillouin zone (this
is where Q and q are equal to one another in neutron scattering events) any
structure observed along the [100] direction in the first Brillouin zone would ev-
idence the longitudinal character of the mode. This is because for a transverse
mode in the first Brillouin zone, i.e., τ = 0, e is perpendicular to the scattering
vector, Q, and so incident neutrons would not scatter off these modes. As can
be seen from the inelastic neutron scattering data in Fig. 5.10, there is clear
structure to the constant energy scan that is indicative of coherent scattering
of a longitudinal phonon mode.

The analytical objective for Fig. 5.11 was to understand whether the inelastic
neutron scattering data were in agreement with the understanding of the lattice
dynamical response from the DFT calculations: that the motion of the crystal
is dominated by oxygen atoms and to a lesser extend the atoms occupying the
disordered B-lattice site. If this is true, it would mean that the disordering of
the B-site does not affect the principal driving features of the lattice dynamical
behaviour and would be a fascinating scientific result given the degree to which
PMN is a disordered crystalline structure in so many ways. To estimate the
degree to which the oxygen, magnesium and niobium atoms contribute to the
lattice dynamics for the highest energy mode, an estimate of the ratio of the
structure factors at Q = (3, 0, 0) and (4, 0, 0) was calculated for the neutron data



142 Chapter 5. Study of the disorder in PMN

F
ig

u
r
e

5.10:
(a)

P
honon

dispersion
ofthe

highest
energy

m
ode

(E∼
100m

eV
)
starting

from
the

Γ-point
in

the
(000)

B
rillouin

zone
and

the
islands

ofcoherent
phonon

scattering
low

er
in

energy.
(b)

T
he

sam
e
highest

energy
m
ode

characterised
w
ithin

the
(400)

B
rillouin

zone
and

the
islands

of
scattering

corresponding
to

the
predicted

LO
and

T
O

phonon
m
odes.

(c)
T
he

light
blue

shaded
zones

are
the

continuous
neutron

scattering
excitations

found
in

previous
research

by
D
orner

et
al.[65].



5.4. Analysis of the neutron scattering data 143

and using the eigen-displacements from the DFT calculations. For the latter,
the normalised eigen-displacements at a reduced wavevector of q = 0 was used
since we are at the Brillouin zone centres, and the ratio of the structure factors
was calculated assuming that we can approximately neglect the contributions to
the scattering from the lead atoms. A simple expression was developed for the
ratio of structure factors in SrTiO3, |FH00|2, that included a single parameter,
S, that described the fraction of the normalised eigen-displacement of the B-site
atoms compared with the oxygen atoms:

|FH00|2 = |H × bO√
MO

−H ×
S × bMN×exp (iπH)√

MMN

|2, (5.15)

S = −δMN

δO
, (5.16)

where bO and bMN are the inelastic coherent scattering lengths for the oxy-
gen atoms and titanium atoms respectively (the subscript “MN” indicates that
both magnesium and niobium atoms are on the B-site in PMN rather than
titanium atoms as in SrTiO3). From the DFT calculations, it is found that
S ≈ 0.23 in SrTiO3 (represented by the black vertical line in Fig. 5.11), which
is predicted to produce a ratio of the two Brillouin zones, according to the ex-
pression above, of slightly above 0.8. Assuming that the lattice dynamics for
SrTiO3 well describes the motion of the atoms for the highest energy mode in
PMN, the ratio of structure factors should be similar in the latter. In fact,
this is exactly what is found from the inelastic neutron scattering data. Using
the integrated intensities as a proxy for the structure factors and integrating
over E=[90, 110]meV, the data shows that there is a similar ratio of structure
factors between the (300) and (400) Brillouin zones in PMN (as represented
by the horizontal line with 1σ uncertainty bars) as in the more ordered per-
ovskite crystals, which was an unexpected result given the multiple degrees of
disorder in the PMN crystal. This is further emphasised when extending the
same analysis to other Brillouin zone centres further away from the centre of
reciprocal space. In Fig. 5.11 subplot (b), the predicted structure factors using
S = 0.23 along with the integrated intensities from the PMN neutron scattering
experiments are plotted together. Given the difficulties inherent in using the
scattering function to determine the atomic positions and, to an even greater
extent, the atomic displacements (the phase problem in crystallography), it is
rather reassuring that the general variability of the scattering data is encapsu-
lated by the simple lattice dynamical model in Eq. 5.15 (the analysis gives a
fitting parameter of χ2 = 3.25). With this degree of fit it is not possible to make
a conclusion about the precise motion of this phonon mode with certainty, but
it is apt to conclude that the higher energy phonon modes have a high degree
of structure indicative of a more perfect non-disordered crystalline material.

Lastly, we note that in both the (000) and (500) Brillouin zone configura-
tions, the coherent phonon scattering for this optic phonon branch is consider-
ably broad in comparison to most of the peaks in the pseudo-DOS for the lower
energy modes. With a FWHM on the order of ∆E ∼20meV, these phonons
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decay more quickly than those in branches with lower energies and have a life-
time on the order of τ ∼0.01ps. This is due to more decay channels being open
for the higher energy branches, which can be understood as that these phonon
modes have more branches into which they can decay or scatter.

5.5 Concluding the study of PMN
Neutron spectroscopy has been applied to PMN to study the lattice dynamical
response of the crystal at low temperatures and at energies above E∼40meV.
An algorithm for the subtraction of the incoherent phonon scattering from the
overall scattering function, S(Q, ω), has been detailed and applied to inelastic
neutron scattering data collected on MERLIN at ISIS. The lattice dynamical
response observed at these higher energies showed well-defined modes similar to
those predicted to exist in another classically ordered perovskite, SrTiO3. This
study therefore appears to invalidate the hypothesis made in previous research
on this crystal [65] that says that the band of scattering at higher energies is
due to the chemical disordering of the B-sublattice in PMN. Rather, it is highly
likely that the neutron spectroscopy data in that study had too weak a signal
to make such a conclusion and the resolution of the data was affected by the
lower resolving power of previous neutron spectroscopy experiments.

Advances at neutron facilities has therefore made it possible to study the
lattice dynamical response to much greater precision and allow us to conclude
that in some respects PMN does, unexpectedly, behave like a classically ordered
perovskite. By measuring the scattering intensity at multiple reciprocal lattice
points—thus taking advantage of the ~Q2-dependence of the neutron scattering
of phonons—and comparing these with expected values from a simplistic optic
phonon model, it is also possible to infer from the data that the dynamics are
mostly dominated by the oxygen atoms and, to a lesser extent, those occupying
the B-site of the perovskite unit cell. This result is certainly not intuitive given
that the disordered structure of PMN, which breaks the perfect translational
symmetry of the crystal, would be expected to lead to a concomitant disordering
of the normal modes of vibration of the crystal, including the highest energy
phonon. This is especially true given the large differences in the valences and
orbital structure of the Mg and Nb atoms that occupy the B-site of PMN.
Nonetheless, the inelastic neutron scattering data presented does suggest the
lattice dynamics are unaffected by the valence disorder. A logical explanation
is that the mode is mostly driven by the motion of oxygen atoms meaning that
the phonon mode can propagate through the lattice without being affected by
the aforementioned disorder.
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Figure 5.11: (a) Constant energy scan integrated over
E=[90meV, 110meV] of the inelastic neutron scattering data for
PMN. (b) Theoretical structure factor of PMN assuming that it
has the same ordered perovskite structure of others in the same
class, i.e., KTaO3, BaTiO3 and SrTiO3. Similarities between the
constant energy scan from the neutron scattering data and the
theoretical structure factor for PMN show that the lattice dy-
namical response is like the other ordered perovskites with the

chemical formula ABO3.
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Chapter 6

Thesis summary

This thesis outlines in detail the research projects that were undertaken over
the course of 2018–2022 at the University of Edinburgh. The objective of the
research projects was to improve our understanding of the lattice dynamical
behaviour of perovskites and iron chalcogenides and to provide a fuller pic-
ture of the origin of magnetic interactions within a system with complicated
magnetic and orbital physics. An invaluable technique that was used to study
these compounds, which included PbMg1/3Nb2/3O3 and Fe1+yTe, was inelastic
neutron scattering. This uses neutrons produced by a spallation reaction or
from a nuclear reactor to probe the structural and dynamical properties of solid
state substances—the technique is also regularly utilised in various other fields
of scientific research, including in soft condensed matter and in biophysics to
name only a few. Each chapter of this thesis has given an overview of the sci-
entific literature that has been published about these compounds that pertains
to studying the same types of phenomena. These include papers focusing on
the behaviour of phonon modes in both crystals and the role that structural
distortions are playing in the emergence of the double stripe bicollinear anti-
ferromagnetic order for the low-y configuration of Fe1+yTe. For the inelastic
neutron scattering studies, they further explain the experiments that have been
carried out, which includes the preparation of any single crystal samples, the
methodology for analysing the neutron scattering data and how the form of
scattering can reveal information about the structure and dynamics of the pe-
riodic crystals. The neutron scattering comprises both coherent and incoherent
scattering with the former probing correlations between the relative positions of
atoms within the crystal, and therefore providing information about the struc-
ture of the compound and the collective motion of atoms in normal modes of
vibration, and the latter supplying important information about the density
of phonon states. Although the final project involved developing a theoretical
framework using a Rayleigh-Schrödinger perturbative approach for studying the
interplay between spin and orbital degrees of freedom within FeTe crystals, the
objective was still to be able to re-construct the spin waves in order to com-
pare their structure with those published in previous neutron scattering studies.
Hence, the overriding emphasis of the thesis is on the use of neutron scattering
techniques to probe various physical phenomena within hard condensed matter.
For the benefit of the reader, the following sections of this concluding chapter
will briefly summarise the individual projects that were carried out for this
thesis for the award of Doctor of Philosophy.



148 Chapter 6. Thesis summary

6.1 Summaries of research projects

6.1.1 Order and disorder within PbMg1/3Nb2/3O3

The objective of this research project was to study the lattice dynamical be-
haviour of a prototypical lead-based relaxor ferroelectric, PbMg1/3Nb2/3O3, in
order to understand whether the structural disorder on the B site combined
with the differing valence has an effect on the high energy phonons. Relaxor
ferroelectrics differ from normal ferroelectrics in that they also have exceptional
electromechanical properties, including large electrostriction and high dielec-
tric constants. This makes them a focus of research due to the fact that these
materials have properties that are favourable for using in electromechanically
controlled devices.

PbMg1/3Nb2/3O3 has two critical transition temperatures rather than one
ferroelectric transition that results in the temperature and frequency broaden-
ing of the peak in the dielectric response of the crystal. There is a high tempera-
ture Td, the Burns temperature, that is associated with the onset of short-range
polar nano-regions and a lower temperature Tc which defines the emergence of
the ferroelectric phase that can be induced by an electric field—this is observed
in diffuse scattering as an anisotropy in the cross section. Previous research
has suggested that the energy broadening and overdampening of the lower en-
ergy transverse optic phonon mode over this region from Tc to Td leading to
its precipitous collapse at long wavelengths (q∼0) is due to these polar nano-
regions [53]. Hence, it was already well appreciated that the disorder within
this perovskite has an effect on the lattice dynamical response of the crystal at
lower energies, i.e., E<40meV. However, using the inelastic neutron scattering
data collected on the MERLIN triple-axis spectrometer at ISIS it was hoped
that more could be revealed about the dynamics at higher energies. In order to
have a counterfactual of the lattice dynamical response of an ordered equivalent
perovskite, the inelastic neutron scattering data was compared with theoreti-
cal calculations of the lattice dynamics of the higher energy longitudinal and
transverse optic modes in strontium titanate, SrTiO3. The dynamic response
of this ordered perovskite crystal along the Γ−X path in reciprocal space was
determined from density functional perturbation theory calculations using the
Quantum Espresso software package [93].

To investigate the lattice dynamics of the crystal along the Γ–X high sym-
metry direction, an analysis of inelastic neutron scattering data using a com-
posite ∼192g single crystal sample was carried out for the (H00), (0K0), (00L),
(H40), (4K0) and (40L) directions with initial neutron energies of E=75meV
and E=150meV. The statistics were improved by removing background and
incoherent inelastic neutron scattering and combining the scattering in sym-
metric directions owing to the cubic symmetry of the PbMg1/3Nb2/3O3 crystals.
The dynamic response at high energies revealed by this analysis demonstrated
that the high energy transverse and longitudinal optic modes were well-defined
and closely resembled the phonon dispersions of the ordered perovskite SrTiO3.
Moreover, comparisons of the integrated intensities of PbMg1/3Nb2/3O3 at re-
ciprocal lattice vectors with theoretical calculations of the structure factor using
a simplistic model of the atomic displacements revealed a close similarity with



6.1. Summaries of research projects 149

the experimental data implying that, notwithstanding the known disorder of
the crystal at lower energies, the lattice dynamical response was mostly typical
of an ordered perovskite rather than being influenced by the polar nano-regions
that exist between the two critical temperatures of this relaxor ferroelectric. At
the same time, however, the appearance of the transverse optic phonon mode
in both the longitudinal and tranverse channels indicates that there is some
breakdown of the cubic symmetry of the crystal owing to an anisotropy in the
dynamical response that could be due to these polar nano-regions. Nonethe-
less, it is clear that there are well-defined normal modes of vibration at higher
energies rather than the previously observed continuous bands of scattering
which were assumed to be due to the chemical disordering on the B site of the
perovskite lattice [65].

6.1.2 Softening of transverse acoustic phonons in Fe1+yTe

This was another research project that used inelastic neutron scattering tech-
niques with the aim of probing the lattice dynamical behaviour of a solid-state
compound, which in this case was an iron-based chalcogenide, Fe1+yTe. It shares
structural and magnetic properties with other iron-based systems, including
FeSe, underdoped Ba(Fe0.94Co0.03)2As2 and optimally doped Ba(Fe0.94Co0.06)2As2,
and has a complicated structural, magnetic and electronic phase space that is de-
pendent on the concentration of interstitial iron, y, in the compound. The phase
space also reveals coincidental phase changes that could point to a coupling be-
tween the lattice, spins and the electronic order. In previous studies of FeSe,
underdoped Ba(Fe0.94Co0.03)2As2 and optimally doped Ba(Fe0.94Co0.06)2As2, the
anomalous softening of the acoustic phonons close to the Brillouin zone centre
(q<0.1) suggested that the nematic electronic order is responsible for changes
to the energy of the modes at long wavelengths and that the degree of softening
depends on the static nematic susceptibility, the nematic correlation length and
a nematic-elastic coupling constant.

Neutron scattering data was collected on the EIGER instrument using a
single crystal of Fe1+yTe with an interstitial iron concentration below the crit-
ical concentration, y ∼0.12, at a plurality of temperatures that included both
the lower temperature monoclinic phase and the higher temperature tetragonal
phase. The objective of the inelastic neutron scattering experiments was to
characterise the softening of the transverse acoustic phonons and use constant
momentum scans at the Brillouin zone centre, Q =(2, 0.3, 0), and Brillouin
zone edge, Q =(2, 1, 0), in order to test the hypothesis that, as is the case
with the other iron-based systems, nematic order is responsible for the soft-
ening of the phonons in this iron-based chalcogenide. Analysis of the neutron
scattering data revealed that, unlike the acoustic phonons in the other iron-
based system, the softening of the transverse acoustic phonons in Fe1+yTe were
being driven by the zone-edge phonons and that close to the zone centre there
was very little softening that could be observed. The softening at the Brillouin
zone edge appears to be due to an increasing number of scattering channels
opening up as the structural phase transition temperature is approached as
evidenced by the temperature-dependent broadening of these phonons. It is
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difficult to conclude whether the softening of the transverse acoustic phonons
at the Brillouin zone edge is due to the presence of interstitial Fe atoms or the
onset of magnetic order close to the structural transition temperature. More-
over, it is not possible to rule out the involvement of the electronic order since
the tetragonal–monoclinic phase transition that occurs in Fe1+yTe may produce
a different type of phonon softening compared with that observed during the
tetragonal–orthorhombic phase transition in the other iron-based systems.

6.1.3 Interplay between spin and orbital physics in FeTe
and the emergence of exotic magnetic order

Fe1+yTe has the unusual double stripe antiferromagnetic order at low tempera-
tures and low interstitial iron concentrations as seen in Fig. 1.12 of Sec. 1.4.2,
which depicts the phase diagram of the crystal in the y − T plane. Previous
studies have tried to describe the magnetic interactions that lead to this mag-
netic order by developing theoretical frameworks that include either the spin
or orbital degrees of freedom (the latter comes from the valence occupancies
of both the dXz and dY z orbitals on the Fe atoms). However, so far these
have been unable to give a completely satisfactory description of the magnetic
interactions and a spin-only Heisenberg model of the spin waves in the low-y
configuration of Fe1+yTe did not produce an optimal fit of the inelastic magnetic
neutron scattering data [72, 73]. At low energies in the neutron scattering, the
data revealed a magnetic spectrum that had C2 symmetry but as the energy
is increased beyond E=26meV a spectrum with C4 symmetry emerges. As this
energy scale is close to those associated with the Jahn-Teller effect in other
iron-based systems including magnetite, Fe2+Fe3+

2 O4, it was suggested that the
magnetic interactions could be explained by a model that included both the
spin and orbital physics and the interplay between them.

The objective of this research project was to develop a Rayleigh-Schrödinger
perturbative model of the FeTe system that included both spin and orbital de-
grees of freedom in order to explain the magnetic interactions within the crystal
and the bicollinear antiferromagnetic order observed at low temperatures and
low interstitial iron concentrations. A starting point of the model was to con-
sider the structure in the tetragonal phase and introduce a lattice distortion
owing to the crystal field splitting from the tetrahedra of Te ions surrounding
each Fe ion and that split the 3d orbitals into a lower energy t2g subgroup and
a higher energy eg subgroup. This was further split by a Jahn-Teller distortion
of the lattice such that the Fe ions moved towards one of the Te ions along
an axis colinear with this ion and another Te ion on the opposite side of the
parallelogram of Te ions. The model space was then constructed by pairs of
Fe ions in the S=1 spin state and neighbouring Te ions with fully occupied
5p orbitals. The perturbative model included virtual electron hopping up to
fourth order hopping with states in an orthogonal space. An 36×36 effective
Hamiltonian matrix was constructed out of the 6 S=1 spin states on each Fe ion
giving a basis set of 36 states. This effective Hamiltonian matrix was decom-
posed into an orthogonal basis set formed by the sum of products of spin (S=1)
and orbital pseudo-spin (S=1/2) operators multiplied by their weights. Some
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of these weights were zero by construction due to the spin-independence of the
tight-binding hopping integrals, whilst others were zero due to the restrictions
imposed on the virtual electron hopping. It was found that the entire effective
Hamiltonian could be described by 16 weights that included terms for spin-only
processes, orbital pseudo-spin only processes and processes that involved the
interplay between the spin and orbital physics.

6.2 Prospects for continuing research
This section will explain some of the limitations of the research carried out for
this thesis and what could reasonably be achieved if there was more time to
complete them. This is an important part of assessing the state of current re-
search and would help someone to continue to investigate both PbMg1/3Nb2/3O3

and Fe1+yTe in order to better understand their structural, magnetic or elec-
tronic properties. The limitations can be categorised into those associated with
experimental constraints and theoretical barriers to further investigations. For
instance, in the case of the study investigating the high energy longitudinal and
transverse optic phonon modes in PbMg1/3Nb2/3O3, the project was limited by
the low nuclear inelastic scattering cross section at higher energies (the cross
section is proportional to 1/ωs), which meant that it was a challenge to use the
neutron scattering data to accurately compare it with models of the structure
factor. One way around this physical limitation imposed by the neutron flux
of the instrument is that a more complex model be constructed of the atomic
displacements. If the model contains a large number of degrees of freedom,
and therefore with a large multi-dimensional parameter space, an optimisation
algorithm could have been used to find the best fit with the neutron scatter-
ing data. This would have given a much richer understanding of the lattice
dynamical behaviour of PbMg1/3Nb2/3O3 at higher energies, i.e., E∼100meV.

One of the principle limitations to the study of the anomalous softening
of the transverse acoustic phonons in Fe1+yTe is that the model used for the
nematic driven softening was from a previous study that observed a tetrago-
nal–orthorhombic structural phase transition rather than the tetragonal–monoclinic
phase transition that occurs in Fe1+yTe single crystals with an interstitial iron
concentration that is below the critical value of y ∼0.12. As described in Sec. 4,
the softening in Fe1+yTe was being driven by phonons at the Brillouin zone edge
rather than those at the zone centre, but it is challenging to work out, with only
the current model of the phonon softening, whether this is due to other factors
that might influence the number of scattering channels available, such as the in-
terstitial Fe atoms or the effect of the emergence of the double stripe bicollinear
antiferromagnetic order, or also being caused by the nematic electronic order.
Hence, only by having this theoretical model of the nematic softening of the
transverse acoustic phonons would it be possible to finally answer the question
the research project posed: what is causing the anomalous phonon softening in
Fe1+yTe?
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Finally, if more time was available for continuing the development of the the-
oretical framework of the magnetic interactions in Fe1+yTe, it would have been
instructive to optimise the weights in the effective Hamiltonian that described
the entire system (i.e., including all the bonds within the translationally invari-
ant lattice) so as to reproduce the double stripe bicollinear antiferromagnetic
ground state. This could be achieved by initialising an N×N cell of the single
crystal (ignoring the interlayer magnetic interactions) and writing a program to
find the weights that lead to the experimentally observed magnetic ground state
by brute force. Using the ground state, it would then be possible to use the
Holstein-Primakoff and Jordan-Wigner transformations of the effective Hamil-
tonian in order to characterise the spin wave dispersion. By comparing these
spin waves with the inelastic neutron scattering data [75], it would be possi-
ble to test the hypothesis that the interplay between both the spin and orbital
physics has some role to play in the origin of the double stripe bicollinear an-
tiferromagnetic order and the magnetic dynamics of this iron-based solid state
compound.
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Appendix A

Quantum Perturbation Series

This appendix is devoted to explaining the general approach of the Rayleigh-
Schrödinger perturbation series, which is important because it is applied in
Sec. 5 to form the effective Hamiltonian of the Fe1+yTe system. The difference
between this perturbation series and that given by the Brilllouin-Wigner per-
turbation theory is that in the former the zeroth-order eigenvalues appear in
the series expansion, while in the latter the perturbed eigenvalues appear on
both sides of the equation meaning that the problem needs to be solved by an
iterative method. In the following, the Rayleigh-Schrödinger perturbation the-
ory is used to solve the time-independent Schrödinger equation with a model
space that contains degenerate states and generates an effective Hamiltonian
that only acts on this model space. For the more general case, which could
include the model space being completely degenerate, it is recommended to
consult Ingvar Lindgren’s paper on the use of the Rayleigh-Schrödinger pertur-
bative theory [89]. The following is a summary of what has been outlined in
that paper and is included here because of its importance to this thesis.

A.1 Rayleigh-Schrödinger Perturbation Theory
The Rayleigh-Schrödinger perturbation theory is trying to solve the time-independent
Schrödinger equation:

HΨα = EαΨα, (A.1)

where H is the full Hamiltonian, Ψα is the wavefunction and Eα is the associ-
ated eigenvalue. The full Hamiltonian can be decomposed into the unperturbed
Hamiltonian, H0, and the perturbation potential, V:

H = H0 + V. (A.2)

The unperturbed Hamiltonian has a complete set of orthogonal eigenstates,
φa, and their eigenvalues, Ea

0:

H0Φ
a = Ea

0Φ
a. (A.3)

The model space is defined as a subset of these eigenstates, D, and has the
projection operator, P:
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P =
∑
a∈D

|Φ〉a 〈Φa| . (A.4)

It is also possible to define another operator, Q, that projects onto states
outside of the model space (often called the orthogonal space):

Q =
∑
a/∈D

|Φa〉 〈Φa| , (A.5)

with the relation between the two operators being Q = 1 − P. These
operators obey some important relations, which are useful for the derivation of
the Rayleigh-Schrödinger effective Hamiltonian:

P = P† = PP†, (A.6)

Q = Q† = QQ†, (A.7)

PQ = QP = 0, (A.8)

[P,H0] = [Q,H0] = 0. (A.9)

If there are d eigenstates within the model space of the unperturbed Hamil-
tonian, then there is a corresponding d eigenstates of the full Hamiltonian that
can be projected into the model space by the operator P:

Ψα
0 = PΨα. (A.10)

This is due to the fact that as the perturbation is switched on the dis-
tinct eigenstates within the model space are expected to mix but the perturbed
eigenstates are likewise going to be comprised of the same number of orthogonal
and distinct functions. Another operator can be defined, Ω, that projects the
eigenstates in the model space back out of the model space:

ΩΨα
0 = Ψα, (A.11)

which for completeness can be assumed to obey the relation ΩQ = 0. It
can be demonstrated that the d eigenvalues of the full Hamiltonian, Ea, can
be determined by the expectation value of an effective Hamiltonian acting only
on the model space by their associated eigenstates which are projected into the
model space, Ψα

0 :

Ea = 〈Ψa
0|Heff |Ψa

0〉 . (A.12)

The benefit of this is that the unperturbed eigenstates within the model
space can be used to determine their energies after the introduction of the
small perturbation, which in the case of the Fe1+yTe involves the switching on
of the virtual electron hopping processes that connects the model space with
the orthogonal space. It can be demonstrated by applying Ω to both sides of
the Schrödinger equation that the effective Hamiltonian can be written as:
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Heff = PH0P + PVΩ. (A.13)

The Rayleigh-Schrödinger perturbation series then comes from the expan-
sion of the PVΩ term in the effective Hamiltonian. In order to expand this
term it is necessary to write Ω as a function of increasing powers of the per-
turbation, V. This can be achieved by applying the Ω = ΩP operator to both
sides of the Schrödinger equation in eq. A.1:

ΩP(H0 + V)Ψα = EαΩPΨα, (A.14)

which can be rearranged to produce the following expression:

(ΩH0 −H0Ω)Ψα
0 = (VΩ−ΩVΩ)Ψα

0 , (A.15)

and hence:

(Eα
0 −H0)Ω = VΩ−ΩVΩ. (A.16)

By defining a resolvent operator as:

R(Eα
0 −H0) = Q, (A.17)

this can be applied to eq. A.16 in order to isolate an expression for Ω:

QΩ = R(VΩ−ΩVΩ), (A.18)

and using the relation Q = 1−P:

Ω = P + R(VΩ−ΩVΩ). (A.19)

Solving this iteratively it can be shown that the terms in the expansion of
Ω up to second order in V are:

Ω = P + RVP + RVRVP−R2VPVP +O(V3). (A.20)

Substituting this expansion of Ω into the expression for the effective Hamil-
tonian in eq. A.13 leads to:

Heff = PH0P + PVP + PVRVP +O(V3). (A.21)
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Appendix B

Programs for calculating the
elements of the effective
Hamiltonian matrices

The research project that studied the interplay between the spin and orbital
degrees of freedom in the magnetic interactions of the FeTe system lead to
several scripts being written to carry out both small and larger computationally
difficult tasks. These tasks included the calculation of the crystal field splitting,
Hund’s rule coupling terms and the tight-binding hopping integrals, as well as
determining the elements of the 36×36 effective Hamiltonian matrix using the
Rayleigh-Schrödinger perturbative model, which was discussed in full in Sec. 5.
Some of the most important scripts are listed below with a brief description of
their purpose.

B.1 Real orbital basis for the Fe2+ and Te2− ions
The following script was used to model the functional forms of the valence shell
atomic orbitals in the 3d and 5p orbitals in Fe and Te respectively. They were
used in calculating the crystal field splitting, Hund’s rule coupling terms and
the tight-binding hopping integrals.
import numpy as np

class HydrogenLikeOrbitals:
def __init__(self , Z):

self.Z = Z
self.bohrRadius = 5.29177210903E-11
self.bohrLikeRadius = self.bohrRadius / Z

def hydrogenicOrbitals3d(self , state , rho , theta , psi):
def complexHydrogenicOrbitals3d(self , m):

if (m == 0):
prefactor = (1 / 486) * (6 / (np.pi * self.

bohrLikeRadius
** 3)) ** 0.5

rhoFactor = (rho / self.bohrLikeRadius) ** 2 *
np.exp(- ((rho /
self.

bohrLikeRadius)
/ 3))
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thetaFactor = (3 * np.cos(theta) ** 2 - 1)
return prefactor * rhoFactor * thetaFactor

elif (abs(m) == 1):
prefactor = np.sign(m) * (1 / 81) * (1 / (np.pi

* self.
bohrLikeRadius
** 3)) ** 0.5

rhoFactor = (rho / self.bohrLikeRadius) ** 2 *
np.exp(- ((rho /
self.

bohrLikeRadius)
/ 3))

thetaFactor = np.sin(theta) * np.cos(theta)
psiFactor = np.cos(m * psi) + (np.sign(m) * np.

sin(abs(m) * psi
))*1j

return prefactor * rhoFactor * thetaFactor *
psiFactor

elif (abs(m) == 2):
prefactor = (1 / 162) * (1 / (np.pi * self.

bohrLikeRadius
** 3)) ** 0.5

rhoFactor = (rho / self.bohrLikeRadius) ** 2 *
np.exp(- ((rho /
self.

bohrLikeRadius)
/ 3))

thetaFactor = np.sin(theta) ** 2
psiFactor = np.cos(m * psi) + (np.sign(m) * np.

sin(abs(m) * psi
))*1j

return prefactor * rhoFactor * thetaFactor *
psiFactor

if (state == "z2"):
return complexHydrogenicOrbitals3d(self , 0)

elif (state == "xz"):
return (1 / np.sqrt(2)) *

(complexHydrogenicOrbitals3d(self , -1) -
complexHydrogenicOrbitals3d(self , 1))

elif (state == "yz"):
return (complex(0, 1) / np.sqrt(2)) *

(complexHydrogenicOrbitals3d(self , -1) +
complexHydrogenicOrbitals3d(self , 1))

elif (state == "xy"):
return (1 / (np.sqrt(2) * complex(0, 1))) *

(complexHydrogenicOrbitals3d(self , 2) -
complexHydrogenicOrbitals3d(self , -2))

elif (state == "x2-y2"):
return (1 / np.sqrt(2)) *

(complexHydrogenicOrbitals3d(self , 2) +
complexHydrogenicOrbitals3d(self , -2))

elif (state == "Xz"):
return (1 / np.sqrt(2)) * ((1 / np.sqrt(2)) *

(complexHydrogenicOrbitals3d(self , -1) -
complexHydrogenicOrbitals3d(self , 1)) +
(complex(0, 1) / np.sqrt(2)) *
(complexHydrogenicOrbitals3d(self , -1) +
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complexHydrogenicOrbitals3d(self , 1)))
elif (state == "Yz"):

return (1 / np.sqrt(2)) * ((1 / np.sqrt(2)) *
(complexHydrogenicOrbitals3d(self , -1) -
complexHydrogenicOrbitals3d(self , 1)) -
(complex(0, 1) / np.sqrt(2)) *
(complexHydrogenicOrbitals3d(self , -1) +
complexHydrogenicOrbitals3d(self , 1)))

def hydrogenicOrbitals5p(self , state , rho , theta , psi):
# this is a wrapper function to output the orbital

wavefunctions using a
complex basis

def complexHydrogenicOrbitals5p(self , m):
if (m == 0):

radialFunction = (1 / (150 * np.sqrt(30))) * (1
/ (self.
bohrLikeRadius
** 3)) ** 0.5 *
(120 - 90 * ((0.
4 * rho) / self.
bohrLikeRadius)
+ 18 * ((0.4 *
rho) / self.
bohrLikeRadius)
** 2 - ((0.4 *
rho) / self.
bohrLikeRadius)
** 3) * ((0.4 *
rho) / self.
bohrLikeRadius)
* np.exp(- ((0.4
* rho) / self.

bohrLikeRadius)
/ 2)

sphericalFunction = np.sqrt(3 / (4 * np.pi)) *
np.cos(theta)

return radialFunction * sphericalFunction
elif (abs(m) == 1):
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radialFunction = (1 / (150 * np.sqrt(30))) * (1
/ (self.
bohrLikeRadius
** 3)) ** 0.5 *
(120 - 90 * ((0.
4 * rho) / self.
bohrLikeRadius)
+ 18 * ((0.4 *
rho) / self.
bohrLikeRadius)
** 2 - ((0.4 *
rho) / self.
bohrLikeRadius)
** 3) * ((0.4 *
rho) / self.
bohrLikeRadius)
* np.exp(- ((0.4
* rho) / self.

bohrLikeRadius)
/ 2)

sphericalFunction = np.sqrt(3 / (8 * np.pi)) *
np.sin(theta) *
(np.cos(psi) + (
np.sign(m) * np.
sin(psi))*1j)

return radialFunction * sphericalFunction
# we now convert to the real basis
if (state == "x"):

realWavefunction = (1 / np.sqrt(2)) *
(complexHydrogenicOrbitals5p(self , -1) +
complexHydrogenicOrbitals5p(self , 1))

return realWavefunction
elif (state == "y"):

return (complex(0, 1) / np.sqrt(2)) *
(complexHydrogenicOrbitals5p(self , -1) -
complexHydrogenicOrbitals5p(self , 1))

elif (state == "z"):
return complexHydrogenicOrbitals5p(self , 0)

B.2 Script for mathematical transformations and
integrands

This script was used to transform between cartesian and spherical coordinates,
which was especially helpful for carrying out the numerical integrations using
the Monte Carlo method.
import numpy as np

class Mathematics:
def sphericalToCartesian(rho , theta , psi):

x = rho * np.cos(theta) * np.sin(psi)
y = rho * np.sin(theta) * np.sin(psi)
z = rho * np.cos(psi)
return x, y, z
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# function to convert cartesian to spherical coordinates.
def cartesianToSpherical(x, y, z):

rho = np.sqrt(x ** 2 + y ** 2 + z ** 2)
with np.errstate(divide="ignore"):

theta = np.where(rho == 0, 0, np.arccos(z / rho))
psi = np.arctan2(y, x)
return rho , theta , psi

Moreover, the script presented below gives the integrands used for calcu-
lating the constants used as inputs to the Rayleigh-Schrödinger perturbative
model.
from BuildFeTeLattice import FeTe
from HydrogenLikeOrbitals import HydrogenLikeOrbitals
from Mathematics import Mathematics
import numpy as np

electronCharge = 1.602E-19
epsilon = 8.854187812813E-12
myScreeningLength = 2E-10
myZeta = 0.2E-14

FeOrbitals = HydrogenLikeOrbitals(1.25)
TeOrbitals = HydrogenLikeOrbitals(4.75)
FeTeLattice = FeTe(distortion=0.01).getTeAtoms ()

print("FeTeLattice: ", FeTeLattice)
bondLengths = [np.linalg.norm(FeTeLattice[0]), np.linalg.norm(

FeTeLattice[1]), np.linalg.norm(
FeTeLattice[2]), np.linalg.norm(
FeTeLattice[3])]

def rotation_matrix_xy_plane(angle):
matrix = np.array([[np.cos(angle), -np.sin(angle), 0],[np.

sin(angle), np.cos(angle), 0
],[0, 0, 1]])

return matrix

FeTeLattice = [np.matmul(FeTeLattice[i],
rotation_matrix_xy_plane(np.pi/4
)) for i in range(len(
FeTeLattice))]

print("Rotated FeTe: ", FeTeLattice)

def mirror_in_xy_plane(my_list):
mirrored_list = []
for i in range(len(my_list)):

element = []
for j in range(3):

if j == 0:
element.append(np.array(my_list[i][j]))

elif j == 1:
element.append(np.array(my_list[i][j]))

elif j == 2:
element.append(-np.array(my_list[i][j]))
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mirrored_list.append(element)
return mirrored_list

def potentialEnergyDoubleOccupancy(x, y, z, u, v, w, zeta ,
screeningLength):

distance = np.sqrt((x - u) ** 2 + (y - v) ** 2 + (z - w) **
2 + zeta ** 2)

potential = (electronCharge ** 2) / (4 * np.pi * epsilon *
distance) * np.exp(-
distance / screeningLength)

return potential

def crystalField(x, y, z, posIons , ZIons , zeta , screeningLength)
:

num = len(posIons)
potential = 0
for i in range(num):

distance = np.sqrt((x - posIons[i][0]) ** 2 + (y -
posIons[i][1]) ** 2 + (z
- posIons[i][2]) ** 2 +
zeta ** 2)

potential += (- ZIons[i] * electronCharge ** 2) / (4 *
np.pi * epsilon *
distance) * np.exp(-
distance /
screeningLength)

return potential

def effectiveCrystalField(x, y, z, posFe , FeCharge , TeCharge ,
zeta , screeningLength):

distanceTe = np.sqrt(x ** 2 + y ** 2 + z ** 2 + zeta ** 2)
distanceFe = np.sqrt((x - posFe[0]) ** 2 + (y - posFe[1]) **

2 + (z - posFe[2]) ** 2 +
zeta ** 2)

effectiveV = - ((1 / 8) * np.pi * epsilon) * electronCharge
* (( FeCharge / distanceFe) *
np.exp(- distanceFe /

screeningLength) + (TeCharge
/ distanceTe) * np.exp(-

distanceTe / screeningLength
))

return effectiveV

crystal_field_splitting_dxy = lambda x, y, z: FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"xy", *Mathematics.
cartesianToSpherical(x, y, z)))
* crystalField(x, y, z,
FeTeLattice , [-2, -2, -2, -2],
myZeta , myScreeningLength)
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crystal_field_splitting_dXz = lambda x, y, z: FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Xz", *Mathematics.
cartesianToSpherical(x, y, z)))
* crystalField(x, y, z,
FeTeLattice , [-2, -2, -2, -2],
myZeta , myScreeningLength)

crystal_field_splitting_dYz = lambda x, y, z: FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Yz", *Mathematics.
cartesianToSpherical(x, y, z)))
* crystalField(x, y, z,
FeTeLattice , [-2, -2, -2, -2],
myZeta , myScreeningLength)

crystal_field_splitting_dx2y2 = lambda x, y, z: FeOrbitals.
hydrogenicOrbitals3d("x2-y2", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"x2 -y2", *Mathematics.
cartesianToSpherical(x, y, z)))
* crystalField(x, y, z,
FeTeLattice , [-2, -2, -2, -2],
myZeta , myScreeningLength)

crystal_field_splitting_dz2 = lambda x, y, z: FeOrbitals.
hydrogenicOrbitals3d("z2", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"z2", *Mathematics.
cartesianToSpherical(x, y, z)))
* crystalField(x, y, z,
FeTeLattice , [-2, -2, -2, -2],
myZeta , myScreeningLength)

test_func_Fe_dxy = lambda x, y, z: FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"xy", *Mathematics.
cartesianToSpherical(x, y, z)))
* 1.609E-19

test_func_Te_x = lambda x, y, z: TeOrbitals.hydrogenicOrbitals5p
("x", *Mathematics.
cartesianToSpherical(x, y, z)) *
np.conjugate(TeOrbitals.

hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x, y, z))) * 1.609E-19
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test_func_Te_y = lambda x, y, z: TeOrbitals.hydrogenicOrbitals5p
("y", *Mathematics.
cartesianToSpherical(x, y, z)) *
np.conjugate(TeOrbitals.

hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x, y, z))) * 1.609E-19

test_func_Te_z = lambda x, y, z: TeOrbitals.hydrogenicOrbitals5p
("z", *Mathematics.
cartesianToSpherical(x, y, z)) *
np.conjugate(TeOrbitals.

hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x, y, z))) * 1.609E-19

U_pz_pz_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
TeOrbitals.hydrogenicOrbitals5p(
"z", *Mathematics.
cartesianToSpherical(u, v, w)))
* TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(u, v, w)) * TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x, y, z))

U_py_py_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
TeOrbitals.hydrogenicOrbitals5p(
"y", *Mathematics.
cartesianToSpherical(u, v, w)))
* TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(u, v, w)) * TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x, y, z))
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U_py_pz_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
TeOrbitals.hydrogenicOrbitals5p(
"z", *Mathematics.
cartesianToSpherical(u, v, w)))
* TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(u, v, w)) * TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x, y, z))

U_px_px_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
TeOrbitals.hydrogenicOrbitals5p(
"x", *Mathematics.
cartesianToSpherical(u, v, w)))
* TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(u, v, w)) * TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x, y, z))

U_px_py_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
TeOrbitals.hydrogenicOrbitals5p(
"y", *Mathematics.
cartesianToSpherical(u, v, w)))
* TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(u, v, w)) * TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x, y, z))
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U_px_pz_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
TeOrbitals.hydrogenicOrbitals5p(
"z", *Mathematics.
cartesianToSpherical(u, v, w)))
* TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(u, v, w)) * TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x, y, z))

U_dxy_dxy_func = lambda x, y, z, u, v, w: 2 * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"xy", *Mathematics.
cartesianToSpherical(x, y, z)))
* potentialEnergyDoubleOccupancy
(x, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(u, v, w)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"xy", *Mathematics.
cartesianToSpherical(u, v, w)))

U_dxy_dXz_func = lambda x, y, z, u, v, w: 2 * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"xy", *Mathematics.
cartesianToSpherical(x, y, z)))
* potentialEnergyDoubleOccupancy
(x, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(u, v, w)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Xz", *Mathematics.
cartesianToSpherical(u, v, w)))
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U_dxy_dYz_func = lambda x, y, z, u, v, w: 2 * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"xy", *Mathematics.
cartesianToSpherical(x, y, z)))
* potentialEnergyDoubleOccupancy
(x, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(u, v, w)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Yz", *Mathematics.
cartesianToSpherical(u, v, w)))

U_dxy_dx2y2_func = lambda x, y, z, u, v, w: 2 * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"xy", *Mathematics.
cartesianToSpherical(x, y, z)))
* potentialEnergyDoubleOccupancy
(x, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("x2-y2", *
Mathematics.cartesianToSpherical
(u, v, w)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"x2 -y2", *Mathematics.
cartesianToSpherical(u, v, w)))

U_dxy_dz2_func = lambda x, y, z, u, v, w: 2 * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"xy", *Mathematics.
cartesianToSpherical(x, y, z)))
* potentialEnergyDoubleOccupancy
(x, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("z2", *
Mathematics.cartesianToSpherical
(u, v, w)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"z2", *Mathematics.
cartesianToSpherical(u, v, w)))
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U_dXz_dXz_func = lambda x, y, z, u, v, w: 2 * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Xz", *Mathematics.
cartesianToSpherical(x, y, z)))
* potentialEnergyDoubleOccupancy
(x, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(u, v, w)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Xz", *Mathematics.
cartesianToSpherical(u, v, w)))

U_dXz_dYz_func = lambda x, y, z, u, v, w: 2 * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Xz", *Mathematics.
cartesianToSpherical(x, y, z)))
* potentialEnergyDoubleOccupancy
(x, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(u, v, w)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Yz", *Mathematics.
cartesianToSpherical(u, v, w)))

U_dXz_dx2y2_func = lambda x, y, z, u, v, w: 2 * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Xz", *Mathematics.
cartesianToSpherical(x, y, z)))
* potentialEnergyDoubleOccupancy
(x, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("x2-y2", *
Mathematics.cartesianToSpherical
(u, v, w)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"x2 -y2", *Mathematics.
cartesianToSpherical(u, v, w)))
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U_dXz_dz2_func = lambda x, y, z, u, v, w: 2 * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Xz", *Mathematics.
cartesianToSpherical(x, y, z)))
* potentialEnergyDoubleOccupancy
(x, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("z2", *
Mathematics.cartesianToSpherical
(u, v, w)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"z2", *Mathematics.
cartesianToSpherical(u, v, w)))

U_dYz_dYz_func = lambda x, y, z, u, v, w: 2 * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Yz", *Mathematics.
cartesianToSpherical(x, y, z)))
* potentialEnergyDoubleOccupancy
(x, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(u, v, w)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Yz", *Mathematics.
cartesianToSpherical(u, v, w)))

U_dYz_dx2y2_func = lambda x, y, z, u, v, w: 2 * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Yz", *Mathematics.
cartesianToSpherical(x, y, z)))
* potentialEnergyDoubleOccupancy
(x, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("x2-y2", *
Mathematics.cartesianToSpherical
(u, v, w)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"x2 -y2", *Mathematics.
cartesianToSpherical(u, v, w)))
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U_dYz_dz2_func = lambda x, y, z, u, v, w: 2 * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Yz", *Mathematics.
cartesianToSpherical(x, y, z)))
* potentialEnergyDoubleOccupancy
(x, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("z2", *
Mathematics.cartesianToSpherical
(u, v, w)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"z2", *Mathematics.
cartesianToSpherical(u, v, w)))

U_dx2y2_dx2y2_func = lambda x, y, z, u, v, w: 2 * FeOrbitals.
hydrogenicOrbitals3d("x2-y2", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"x2 -y2", *Mathematics.
cartesianToSpherical(x, y, z)))
* potentialEnergyDoubleOccupancy
(x, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("x2-y2", *
Mathematics.cartesianToSpherical
(u, v, w)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"x2 -y2", *Mathematics.
cartesianToSpherical(u, v, w)))

U_dx2y2_dz2_func = lambda x, y, z, u, v, w: 2 * FeOrbitals.
hydrogenicOrbitals3d("x2-y2", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"x2 -y2", *Mathematics.
cartesianToSpherical(x, y, z)))
* potentialEnergyDoubleOccupancy
(x, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("z2", *
Mathematics.cartesianToSpherical
(u, v, w)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"z2", *Mathematics.
cartesianToSpherical(u, v, w)))
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U_dz2_dz2_func = lambda x, y, z, u, v, w: 2 * FeOrbitals.
hydrogenicOrbitals3d("z2", *
Mathematics.cartesianToSpherical
(x, y, z)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"z2", *Mathematics.
cartesianToSpherical(x, y, z)))
* potentialEnergyDoubleOccupancy
(x, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("z2", *
Mathematics.cartesianToSpherical
(u, v, w)) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"z2", *Mathematics.
cartesianToSpherical(u, v, w)))

J_pz_pz_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
TeOrbitals.hydrogenicOrbitals5p(
"z", *Mathematics.
cartesianToSpherical(u, v, w)))
* TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(u, v, w)) * TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x, y, z))

J_py_py_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
TeOrbitals.hydrogenicOrbitals5p(
"y", *Mathematics.
cartesianToSpherical(u, v, w)))
* TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(u, v, w)) * TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x, y, z))
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J_py_pz_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
TeOrbitals.hydrogenicOrbitals5p(
"z", *Mathematics.
cartesianToSpherical(u, v, w)))
* TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(u, v, w)) * TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x, y, z))

J_px_px_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
TeOrbitals.hydrogenicOrbitals5p(
"x", *Mathematics.
cartesianToSpherical(u, v, w)))
* TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(u, v, w)) * TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x, y, z))

J_px_py_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
TeOrbitals.hydrogenicOrbitals5p(
"y", *Mathematics.
cartesianToSpherical(u, v, w)))
* TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(u, v, w)) * TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x, y, z))
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J_px_pz_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
TeOrbitals.hydrogenicOrbitals5p(
"z", *Mathematics.
cartesianToSpherical(u, v, w)))
* TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(u, v, w)) * TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x, y, z))

J_dz2_dz2_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(FeOrbitals.
hydrogenicOrbitals3d("z2", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"z2", *Mathematics.
cartesianToSpherical(u, v, w)))
* FeOrbitals.
hydrogenicOrbitals3d("z2", *
Mathematics.cartesianToSpherical
(u, v, w)) * FeOrbitals.
hydrogenicOrbitals3d("z2", *
Mathematics.cartesianToSpherical
(x, y, z))
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J_dx2y2_dx2y2_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(FeOrbitals.
hydrogenicOrbitals3d("x2-y2", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"x2 -y2", *Mathematics.
cartesianToSpherical(u, v, w)))
* FeOrbitals.
hydrogenicOrbitals3d("x2-y2", *
Mathematics.cartesianToSpherical
(u, v, w)) * FeOrbitals.
hydrogenicOrbitals3d("x2-y2", *
Mathematics.cartesianToSpherical
(x, y, z))

J_dx2y2_dz2_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(FeOrbitals.
hydrogenicOrbitals3d("x2-y2", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"z2", *Mathematics.
cartesianToSpherical(u, v, w)))
* FeOrbitals.
hydrogenicOrbitals3d("x2-y2", *
Mathematics.cartesianToSpherical
(u, v, w)) * FeOrbitals.
hydrogenicOrbitals3d("z2", *
Mathematics.cartesianToSpherical
(x, y, z))

J_dYz_dYz_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Yz", *Mathematics.
cartesianToSpherical(u, v, w)))
* FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(u, v, w)) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))
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J_dYz_dx2y2_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"x2 -y2", *Mathematics.
cartesianToSpherical(u, v, w)))
* FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(u, v, w)) * FeOrbitals.
hydrogenicOrbitals3d("x2-y2", *
Mathematics.cartesianToSpherical
(x, y, z))

J_dYz_dz2_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"z2", *Mathematics.
cartesianToSpherical(u, v, w)))
* FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(u, v, w)) * FeOrbitals.
hydrogenicOrbitals3d("z2", *
Mathematics.cartesianToSpherical
(x, y, z))

J_dXz_dXz_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Xz", *Mathematics.
cartesianToSpherical(u, v, w)))
* FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(u, v, w)) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))
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J_dXz_dYz_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Yz", *Mathematics.
cartesianToSpherical(u, v, w)))
* FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(u, v, w)) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

J_dXz_dx2y2_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"x2 -y2", *Mathematics.
cartesianToSpherical(u, v, w)))
* FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(u, v, w)) * FeOrbitals.
hydrogenicOrbitals3d("x2-y2", *
Mathematics.cartesianToSpherical
(x, y, z))

J_dXz_dz2_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"z2", *Mathematics.
cartesianToSpherical(u, v, w)))
* FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(u, v, w)) * FeOrbitals.
hydrogenicOrbitals3d("z2", *
Mathematics.cartesianToSpherical
(x, y, z))
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J_dxy_dxy_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"xy", *Mathematics.
cartesianToSpherical(u, v, w)))
* FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(u, v, w)) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

J_dxy_dXz_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Xz", *Mathematics.
cartesianToSpherical(u, v, w)))
* FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(u, v, w)) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

J_dxy_dYz_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"Yz", *Mathematics.
cartesianToSpherical(u, v, w)))
* FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(u, v, w)) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))
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J_dxy_dx2y2_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"x2 -y2", *Mathematics.
cartesianToSpherical(u, v, w)))
* FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(u, v, w)) * FeOrbitals.
hydrogenicOrbitals3d("x2-y2", *
Mathematics.cartesianToSpherical
(x, y, z))

J_dxy_dz2_func = lambda x, y, z, u, v, w: 2 *
potentialEnergyDoubleOccupancy(x
, y, z, u, v, w, zeta=myZeta ,
screeningLength=
myScreeningLength) * np.
conjugate(FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))) * np.conjugate(
FeOrbitals.hydrogenicOrbitals3d(
"z2", *Mathematics.
cartesianToSpherical(u, v, w)))
* FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(u, v, w)) * FeOrbitals.
hydrogenicOrbitals3d("z2", *
Mathematics.cartesianToSpherical
(x, y, z))

t_1_px_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z -
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))
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t_1_px_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z -
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_1_px_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z -
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_1_py_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z -
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_1_py_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z -
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))
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t_1_py_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z -
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_1_pz_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z -
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_1_pz_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z -
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_1_pz_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z -
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))
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t_2_px_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z -
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_2_px_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z -
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_2_px_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z -
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_2_py_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z -
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))
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t_2_py_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z -
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_2_py_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z -
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_2_pz_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z -
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_2_pz_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z -
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))
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t_2_pz_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z -
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_3_px_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z -
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_3_px_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z -
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_3_px_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z -
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))



184 Appendix B. Programs for calculating the elements of the effective
Hamiltonian matrices

t_3_py_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z -
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_3_py_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z -
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_3_py_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z -
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_3_pz_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z -
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))
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t_3_pz_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z -
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_3_pz_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z -
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_4_px_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z -
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_4_px_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z -
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))
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t_4_px_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z -
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_4_py_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z -
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_4_py_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z -
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_4_py_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z -
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))
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t_4_pz_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z -
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_4_pz_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z -
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_4_pz_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z -
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
FeTeLattice[3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_5_px_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z +
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))
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t_5_px_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z +
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_5_px_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z +
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_5_py_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z +
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_5_py_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z +
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))



B.2. Script for mathematical transformations and integrands 189

t_5_py_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z +
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_5_pz_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z +
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_5_pz_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z +
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_5_pz_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[0][0], y -
FeTeLattice[0][1], z +
FeTeLattice[0][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
0], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))
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t_6_px_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z +
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_6_px_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z +
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_6_px_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z +
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_6_py_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z +
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))
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t_6_py_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z +
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_6_py_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z +
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_6_pz_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z +
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_6_pz_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z +
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))
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t_6_pz_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[1][0], y -
FeTeLattice[1][1], z +
FeTeLattice[1][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
1], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_7_px_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z +
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_7_px_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z +
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_7_px_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z +
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))
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t_7_py_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z +
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_7_py_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z +
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_7_py_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z +
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_7_pz_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z +
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))
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t_7_pz_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z +
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_7_pz_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[2][0], y -
FeTeLattice[2][1], z +
FeTeLattice[2][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
2], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_8_px_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z +
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_8_px_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z +
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))
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t_8_px_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("x", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z +
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_8_py_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z +
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_8_py_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z +
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_8_py_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("y", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z +
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))
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t_8_pz_dxy_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z +
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("xy", *
Mathematics.cartesianToSpherical
(x, y, z))

t_8_pz_dXz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z +
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Xz", *
Mathematics.cartesianToSpherical
(x, y, z))

t_8_pz_dYz_func = lambda x, y, z: TeOrbitals.
hydrogenicOrbitals5p("z", *
Mathematics.cartesianToSpherical
(x - FeTeLattice[3][0], y -
FeTeLattice[3][1], z +
FeTeLattice[3][2])) *
effectiveCrystalField(x, y, z,
mirror_in_xy_plane(FeTeLattice)[
3], 2, -2, myZeta ,
myScreeningLength) * FeOrbitals.
hydrogenicOrbitals3d("Yz", *
Mathematics.cartesianToSpherical
(x, y, z))

B.3 Script for constructing the FeTe lattice
This script was used to construct the undistorted FeTe lattice with a tetragonal
crystal structure and apply to this structure the geometrical distortion described
in Sec. 5. The distortion leads to the lifting of the degeneracy of the dXz and
dY z orbitals in the t2g subgroup.
import numpy as np
import pandas as pd

class FeTe():
def __init__(self , distortion=0.0):

self.distortion = distortion
self.a = 3.829*10 **(-10)
self.c = 6.288*10 **(-10)
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self.bondLength = np.sqrt((self.a*0.5)**2+(self.c*0.285)
**2)

self.unitCell = np.array([self.a, self.a, self.c])
self.delta = self.distortion * self.bondLength
self.FeCentralAtom = np.array([0.25 , 0.75, 0.0]) * self.

unitCell
self.Te1 = np.array([0.25, 0.25 , 0.285]) * self.unitCell
self.Te2 = np.array([0.25, 1.25 , 0.285]) * self.unitCell
self.Te3 = np.array([-0.25, 0.75 , -0.285]) * self.

unitCell
self.Te4 = np.array([0.75, 0.75 , -0.285]) * self.

unitCell

def distortParallelogram(self):
self.Te1 = self.Te1 + np.array([0, -1, 0]) * self.delta
self.Te2 = self.Te2 + np.array([0, 1, 0]) * self.delta
self.Te3 = self.Te3 + np.array([1, 0, 0]) * self.delta
self.Te4 = self.Te4 + np.array([-1, 0, 0]) * self.delta
self.FeCentralAtom = self.FeCentralAtom + np.array([0, 1

, 0]) * self.delta
return self.FeCentralAtom , self.Te1 , self.Te2 , self.Te3 ,

self.Te4

def recenterParallelogram(self):
self.Te1 = self.Te1 - self.FeCentralAtom
self.Te2 = self.Te2 - self.FeCentralAtom
self.Te3 = self.Te3 - self.FeCentralAtom
self.Te4 = self.Te4 - self.FeCentralAtom
self.FeCentralAtom = np.array([0, 0, 0])
return self.FeCentralAtom , self.Te1 , self.Te2 , self.Te3 ,

self.Te4

def getTeAtoms(self):
self.distortParallelogram ()
self.recenterParallelogram ()
TeList = [self.Te1.tolist (), self.Te2.tolist (), self.Te3

.tolist (), self.Te4.
tolist ()]

return TeList

model = FeTe(distortion=0.01)
atoms = model.getTeAtoms ()

B.4 Script for numerical integration using the
Monte Carlo methodology

This script was used to numerically approximate the integrals used to calculate
the crystal field splitting, Hund’s rule coupling constants and the tight-binding
hopping integrals. The Monte Carlo class accepts any function as the inte-
grand so long as it is has dimensions of D=3 or D=6. The full methodology of
the Monte Carlo method used for calculating the requisite parameters for the
Rayleigh-Schrödinger perturbative model is discussed in Sec. 4.3.3.
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import numpy as np
from inspect import signature
import time

class MonteCarlo:
def __init__(self , function , effectiveNuclearCharge=1,

startWidthMultiple=20,
zetaMultiple=1E-3,
pointsMultiplier=1.2,
startPoints=100 , outputFile=
"output.txt"):

self.function = function
self.effectiveNuclearCharge = effectiveNuclearCharge
self.startWidthMultiple = startWidthMultiple
self.zetaMultiple = zetaMultiple
self.pointsMultiplier = pointsMultiplier
self.currentPoints = startPoints
self.outputFile = outputFile
self.batchSize = 100
self.bohrRadius = 5.29177210903E-11
self.radius = self.bohrRadius / self.

effectiveNuclearCharge
self.zeta = self.zetaMultiple * self.radius
self.electronCharge = 1.602E-19
self.halfWidth = self.startWidthMultiple * self.radius
self.convergenceThreshold = 0.01
self.results = []
self.errors = []
self.isSizeConverged = False
self.isPointsConverged = False

def changeConvergenceThreshold(self , convergenceThreshold):
self.convergenceThreshold = convergenceThreshold

def doMonteCarlo(self):
sig = signature(self.function)
params = sig.parameters
numParams = len(params)
if (numParams == 3):

if (self.currentPoints < self.batchSize):
X = np.random.uniform(-self.halfWidth , self.

halfWidth , self.
currentPoints)

Y = np.random.uniform(-self.halfWidth , self.
halfWidth , self.
currentPoints)

Z = np.random.uniform(-self.halfWidth , self.
halfWidth , self.
currentPoints)

result = ((2 * self.halfWidth) ** 3 / self.
currentPoints) *
sum(self.

function(X, Y, Z
).real)

mean = (1 / self.currentPoints) * sum(self.
function(X, Y, Z
).real)
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variance = (1 / (self.currentPoints - 1)) * sum
((self.function(
X, Y, Z).real -
mean) ** 2)

error = ((2 * self.halfWidth) ** 3) * (np.sqrt(
variance) / np.
sqrt(self.
currentPoints))

return result / self.electronCharge , error /
self.
electronCharge

else:
checkNum = 0
iterBatch = self.currentPoints // self.batchSize
partialResult = 0
for i in range(iterBatch + 1):

if (i != iterBatch):
X = np.random.uniform(-self.halfWidth ,

self.halfWidth , self.batchSize)
Y = np.random.uniform(-self.halfWidth ,

self.halfWidth , self.batchSize)
Z = np.random.uniform(-self.halfWidth ,

self.halfWidth , self.batchSize)
partialResult += sum(self.function(X, Y,

Z).real
)

checkNum += self.batchSize
else:

remainingBatch = self.currentPoints -
iterBatch * self.batchSize

X = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

Y = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

Z = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

partialResult += sum(self.function(X, Y,
Z).real

)
checkNum += remainingBatch

result = ((2 * self.halfWidth) ** 3 / self.
currentPoints) *
partialResult

mean = (1 / self.currentPoints) * partialResult
checkNum2 = 0
iterBatch2 = self.currentPoints // self.

batchSize
partialResult2 = 0

for i in range(iterBatch2 + 1):
if (i != iterBatch2):

X = np.random.uniform(-self.halfWidth ,
self.halfWidth , self.batchSize)

Y = np.random.uniform(-self.halfWidth ,
self.halfWidth , self.batchSize)

Z = np.random.uniform(-self.halfWidth ,
self.halfWidth , self.batchSize)
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partialResult2 += sum((self.function(X,
Y, Z).
real -
mean) **
2)

checkNum2 += self.batchSize
else:

remainingBatch = self.currentPoints -
iterBatch2 * self.batchSize

X = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

Y = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

Z = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

partialResult2 += sum((self.function(X,
Y, Z).
real -
mean) **
2)

checkNum2 += remainingBatch
variance = (1 / (self.currentPoints - 1)) *

partialResult2
error = ((2 * self.halfWidth) ** 3) * (np.sqrt(

variance) / np.
sqrt(self.
currentPoints))

return result / self.electronCharge , error /
self.
electronCharge

elif (numParams == 6):
if (self.currentPoints < self.batchSize):

X = np.random.uniform(-self.halfWidth ,
self.halfWidth , self.currentPoints)

Y = np.random.uniform(-self.halfWidth ,
self.halfWidth , self.currentPoints)

Z = np.random.uniform(-self.halfWidth ,
self.halfWidth , self.currentPoints)

U = np.random.uniform(-self.halfWidth ,
self.halfWidth , self.currentPoints)

V = np.random.uniform(-self.halfWidth ,
self.halfWidth , self.currentPoints)

W = np.random.uniform(-self.halfWidth ,
self.halfWidth , self.currentPoints)

result = ((2 * self.halfWidth) ** 6 / self.
currentPoints) *
sum(self.

function(X, Y, Z
, U, V, W).real)

mean = (1 / self.currentPoints) * sum(self.
function(X, Y, Z
, U, V, W).real)

variance = (1 / (self.currentPoints - 1)) * sum
((self.function(
X, Y, Z, U, V, W
).real - mean)
** 2)
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error = ((2 * self.halfWidth) ** 6) * (np.sqrt(
variance) / np.
sqrt(self.
currentPoints))

return result / self.electronCharge , error /
self.
electronCharge

else:
checkNum = 0
iterBatch = self.currentPoints // self.batchSize
partialResult = 0
for i in range(iterBatch + 1):

if (i != iterBatch):
X = np.random.uniform(-self.halfWidth ,

self.halfWidth , self.batchSize)
Y = np.random.uniform(-self.halfWidth ,

self.halfWidth , self.batchSize)
Z = np.random.uniform(-self.halfWidth ,

self.halfWidth , self.batchSize)
U = np.random.uniform(-self.halfWidth ,

self.halfWidth , self.batchSize)
V = np.random.uniform(-self.halfWidth ,

self.halfWidth , self.batchSize)
W = np.random.uniform(-self.halfWidth ,

self.halfWidth , self.batchSize)
partialResult += sum(self.function(X, Y,

Z, U, V
, W).
real)

checkNum += self.batchSize
else:

remainingBatch = self.currentPoints -
iterBatch * self.batchSize

X = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

Y = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

Z = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

U = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

V = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

W = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

partialResult += sum(self.function(X, Y,
Z, U, V

, W).
real)

checkNum += remainingBatch
result = ((2 * self.halfWidth) ** 6 / self.

currentPoints) *
partialResult

mean = (1 / self.currentPoints) * partialResult
checkNum2 = 0
iterBatch2 = self.currentPoints // self.

batchSize
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partialResult2 = 0
for i in range(iterBatch2 + 1):

if (i != iterBatch2):
X = np.random.uniform(-self.halfWidth ,

self.halfWidth , self.batchSize)
Y = np.random.uniform(-self.halfWidth ,

self.halfWidth , self.batchSize)
Z = np.random.uniform(-self.halfWidth ,

self.halfWidth , self.batchSize)
U = np.random.uniform(-self.halfWidth ,

self.halfWidth , self.batchSize)
V = np.random.uniform(-self.halfWidth ,

self.halfWidth , self.batchSize)
W = np.random.uniform(-self.halfWidth ,

self.halfWidth , self.batchSize)
partialResult2 += sum((self.function(X,

Y, Z, U,
V, W).

real -
mean) **
2)

checkNum2 += self.batchSize
else:

remainingBatch = self.currentPoints -
iterBatch2 * self.batchSize

X = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

Y = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

Z = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

U = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

V = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

W = np.random.uniform(-self.halfWidth ,
self.halfWidth , remainingBatch)

partialResult2 += sum((self.function(X,
Y, Z, U,
V, W).

real -
mean) **
2)

checkNum2 += remainingBatch
variance = (1 / (self.currentPoints - 1)) *

partialResult2
error = ((2 * self.halfWidth) ** 6) * (np.sqrt(

variance) / np.
sqrt(self.
currentPoints))

return result / self.electronCharge , error /
self.
electronCharge

else:
raise Exception("this Monte Carlo integrator only

works with 3 or 6
variables.")
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def getConvergence(self):
convergence = abs(self.results[-1] - self.results[-2]) /

abs(self.results[-2])
return convergence

def isResultConverged(self):
if len(self.results <= 1):

return False
else:

if (self.getConvergence < self.convergenceThreshold)
:

return True
else:

return False

def getConvergedResult(self):
self.results.append(self.doMonteCarlo ()[0])
self.errors.append(self.doMonteCarlo ()[1])
self.currentPoints = int(self.currentPoints * self.

pointsMultiplier)
while (self.isPointsConverged == False):

print(self.currentPoints)
start_time = time.time()
result , error = self.doMonteCarlo ()
end_time = time.time()
self.results.append(result)
self.errors.append(error)
if (self.isResultConverged):

self.isPointsConverged = True
print("number of points: ", self.currentPoints ,

" half cube width: ", self.halfWidth , " --->
",

self.results[-1], self.errors[-1], "
convergence:
",

self.getConvergence (), file=open(self.
outputFile ,
"a"))

print("check:", "Run time =
{}".format(end_time - start_time),
file=open(self.outputFile , "a"))

else:
print("number of points: ", self.currentPoints ,
" half cube width: ", self.halfWidth , " ---> ",
self.results[-1], self.errors[-1], " convergence

: ",
self.getConvergence (), file=open(self.outputFile

, "a"))
print("check:", "Run time =
{}".format(end_time - start_time),
file=open(self.outputFile , "a"))
self.currentPoints = round(

self.currentPoints * self.pointsMultiplier
** 3)

while (self.isSizeConverged == False):
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self.currentPoints = int(self.currentPoints * self.
pointsMultiplier **
6)

self.halfWidth = self.halfWidth * self.
pointsMultiplier

start_time = time.time()
result , error = self.doMonteCarlo ()
end_time = time.time()
self.results.append(result)
self.errors.append(error)
if (self.getConvergence () < self.

convergenceThreshold
):

self.isSizeConverged = True
print("number of steps: ", self.currentPoints , "

half cube width
: ", self.
halfWidth , "
---> ", self.
results[-1],
self.errors[-1],
" convergence:

", self.
getConvergence ()
, file=open(self
.outputFile , "a"
))

print("check:", "Run time = {}".format(end_time
- start_time),
file=open(self.
outputFile , "a")
)

else:
print("number of steps: ", self.currentPoints , "

half cube width
: ", self.
halfWidth , "
---> ", self.
results[-1],
self.errors[-1],
" convergence:

", self.
getConvergence ()
, file=open(self
.outputFile , "a"
))

print("check:", "Run time = {}".format(end_time
- start_time),
file=open(self.
outputFile , "a")
)

self.isPointsConverged = False
while (self.isPointsConverged == False):

self.currentPoints = round(
self.currentPoints *
self.pointsMultiplier ** 6)

start_time = time.time()
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result , error = self.doMonteCarlo ()
end_time = time.time()
self.results.append(result)
self.errors.append(error)
if (self.getConvergence () <

self.convergenceThreshold):
self.isPointsConverged = True
print("number of steps: ",

self.currentPoints ,
" half cube width: ",
self.halfWidth , " ---> ",
self.results[-1], self.errors[-1],
" convergence: ",
self.getConvergence (),
file=open(self.outputFile , "a"))

print("check:", "Run time =
{}".format(end_time - start_time),
file=open(self.outputFile , "a"))

print("success: integration has
converged for the number of steps.",
file=open(self.outputFile , "a"))

else:
print("number of steps: ",

self.currentPoints ,
" half cube width: ",
self.halfWidth , " --->
", self.results[-1], self.errors[-1]

,
" convergence: ",
self.getConvergence (),
file=open(self.outputFile , "a"))

print("check:", "Run time =
{}".format(end_time - start_time),
file=open(self.outputFile , "a"))

print("success: integration has converged for the size
of the integration box",
file=open(self.

outputFile , "a"))
return self.results[-1], self.errors[-1]

B.5 Program for the Rayleigh-Schrödinger per-
turbative model

A parameter file was written so as to keep the inputs to the Rayleigh-Schrödinger
perturbative model separate from the main file for calculating the elements of
the effective 36×36 Hamiltonian matrix. This is for ease of access and to prevent
any any accidental corruption of the main program.
[hamiltonian_model_section]
fe_1 = 1
fe_2 = 2
d_xy = 5.56
d_Xz = 6.86
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d_Yz = 6.81
d_x2y2 = 4.64
d_z2 = 5.52
fe_2U_a = 1.23
fe_2U_b = 0.18
fe_2U_c = 0.13
fe_2U_d = 0.22
fe_2U_e = 0.20
fe_2U_f = 0.20
fe_2U_g = 0.15
fe_J_a = 1.24
fe_J_b = 0.20
fe_J_c = 0.13
fe_J_d = 0.22
fe_J_e = 0.20
fe_J_f = 0.20
fe_J_g = 0.15
te_2U_a = 4.35
te_2U_b = 3.23
te_J_a = 4.33
te_J_b = 0.56
e_fe = -12.27
e_te = -2.36

The following program, which takes the input parameters from the above
file, calculates a sub-matrix of the effective Hamiltonian matrix for a chosen
pair of Fe atoms in the FeTe lattice. The virtual electron hopping processes can
be mediated by either one or two intermediary Te atoms.
[hamiltonian_model_section]
import numpy as np
from ast import literal_eval
import sys

class FeTeHamiltonian:

def __init__(self , initial_Fe_states , number_of_Te ,
parameter_file_path):

self.initial_Fe_states = initial_Fe_states
self.number_of_Te = number_of_Te
self.parameter_file_path = parameter_file_path
self.zeroth_order_state_space = []
self.first_order_state_space = []
self.second_order_state_space = []
self.Fe_U_antiparallel = []
self.Fe_J = []
self.Te_U_antiparallel = []
self.Te_J = []
self.zeroth_order_transition_matrix = []
self.first_order_transition_matrix = []
self.second_order_transition_matrix = []
self.zerothOrdereHamiltonian = []
self.secondOrderHamiltonian = []
self.fourthOrderHamiltonian = []
self.Hamiltonian = []
self.overlap_integrals = np.zeros((6, 12))
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def getParameters(self):
try:

from configparser import ConfigParser
except ImportError:

from ConfigParser import ConfigParser # ver. < 3.0
config = ConfigParser ()
config.read(self.parameter_file_path)

self.fe_1 = int(config.get(
"hamiltonian_model_section", "fe_1"))

self.fe_2 = int(config.get(
"hamiltonian_model_section", "fe_2"))

self.d_xy = float(config.get(
"hamiltonian_model_section", "d_xy"))

self.d_Xz = float(config.get(
"hamiltonian_model_section", "d_Xz"))

self.d_Yz = float(config.get(
"hamiltonian_model_section", "d_Yz"))

self.d_x2y2 = float(config.get(
"hamiltonian_model_section", "d_x2y2"))

self.d_z2 = float(config.get(
"hamiltonian_model_section", "d_z2"))

self.fe_2U_a = float(config.get(
"hamiltonian_model_section", "fe_2U_a"))

self.fe_2U_b = float(config.get(
"hamiltonian_model_section", "fe_2U_b"))

self.fe_2U_c = float(config.get(
"hamiltonian_model_section", "fe_2U_c"))

self.fe_2U_d = float(config.get(
"hamiltonian_model_section", "fe_2U_d"))

self.fe_2U_e = float(config.get(
"hamiltonian_model_section", "fe_2U_e"))

self.fe_2U_f = float(config.get(
"hamiltonian_model_section", "fe_2U_f"))

self.fe_2U_g = float(config.get(
"hamiltonian_model_section", "fe_2U_g"))

self.fe_J_a = float(config.get(
"hamiltonian_model_section", "fe_J_a"))

self.fe_J_b = float(config.get(
"hamiltonian_model_section", "fe_J_b"))

self.fe_J_c = float(config.get(
"hamiltonian_model_section", "fe_J_c"))

self.fe_J_d = float(config.get(
"hamiltonian_model_section", "fe_J_d"))

self.fe_J_e = float(config.get(
"hamiltonian_model_section", "fe_J_e"))

self.fe_J_f = float(config.get(
"hamiltonian_model_section", "fe_J_f"))

self.fe_J_g = float(config.get(
"hamiltonian_model_section", "fe_J_g"))

self.te_2U_a = float(config.get(
"hamiltonian_model_section", "te_2U_a"))

self.te_2U_b = float(config.get(
"hamiltonian_model_section", "te_2U_b"))

self.te_J_a = float(config.get(
"hamiltonian_model_section", "te_J_a"))

self.te_J_b = float(config.get(
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"hamiltonian_model_section", "te_J_b"))
self.e_fe = float(config.get(

"hamiltonian_model_section", "e_fe"))
self.e_te = float(config.get(

"hamiltonian_model_section", "e_te"))
self.Fe_U_antiparallel = [[self.fe_2U_a , self.fe_2U_b ,

self.fe_2U_b , self.
fe_2U_c , self.fe_2U_d],
[self.fe_2U_b , self.
fe_2U_a , self.fe_2U_e ,
self.fe_2U_f , self.
fe_2U_g], [self.fe_2U_b ,
self.fe_2U_e , self.

fe_2U_a , self.fe_2U_f ,
self.fe_2U_g], [self.
fe_2U_c , self.fe_2U_f ,
self.fe_2U_f , self.
fe_2U_a , self.fe_2U_d],
[self.fe_2U_d , self.
fe_2U_g , self.fe_2U_g ,
self.fe_2U_d , self.
fe_2U_a]]

self.Fe_J = [[self.fe_J_a , self.fe_J_b , self.fe_J_b ,
self.fe_J_c , self.fe_J_d
], [self.fe_J_b , self.
fe_J_a , self.fe_J_e ,
self.fe_J_f , self.fe_J_g
], [self.fe_J_b , self.
fe_J_e , self.fe_J_a ,
self.fe_J_f , self.fe_J_g
], [self.fe_J_c , self.
fe_J_f , self.fe_J_f ,
self.fe_J_a , self.fe_J_d
], [self.fe_J_d , self.
fe_J_g , self.fe_J_g ,
self.fe_J_d , self.fe_J_a
]]

self.Te_U_antiparallel = [[self.te_2U_a , self.te_2U_b ,
self.te_2U_b], [self.
te_2U_b , self.te_2U_a ,
self.te_2U_b], [self.
te_2U_b , self.te_2U_b ,
self.te_2U_a]]

self.Te_J = [[self.te_2U_a , self.te_2U_b , self.te_2U_b],
[self.te_2U_b , self.

te_2U_a , self.te_2U_b],
[self.te_2U_b , self.
te_2U_b , self.te_2U_a]]

with open("overlap_matrix_allFe_with0.txt", "r") as f:
searchlines = f.readlines ()

if (self.number_of_Te == 1):
pass

elif (self.number_of_Te == 2):
for i, line in enumerate(searchlines):

if "Te-atom below" in line:
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self.overlap_integrals[0][:3] = literal_eval
(searchlines
[i+2])

self.overlap_integrals[1][:3] = literal_eval
(searchlines
[i+3])

self.overlap_integrals[2][:3] = literal_eval
(searchlines
[i+4])

self.overlap_integrals[0][3:6] =
literal_eval
(searchlines
[i+6])

self.overlap_integrals[1][3:6] =
literal_eval
(searchlines
[i+7])

self.overlap_integrals[2][3:6] =
literal_eval
(searchlines
[i+8])

self.overlap_integrals[0][6:9] =
literal_eval
(searchlines
[i+10])

self.overlap_integrals[1][6:9] =
literal_eval
(searchlines
[i+11])

self.overlap_integrals[2][6:9] =
literal_eval
(searchlines
[i+12])

self.overlap_integrals[0][9:12] =
literal_eval
(searchlines
[i+14])

self.overlap_integrals[1][9:12] =
literal_eval
(searchlines
[i+15])

self.overlap_integrals[2][9:12] =
literal_eval
(searchlines
[i+16])

elif "Te-atom above" in line:
self.overlap_integrals[3][:3] = literal_eval

(searchlines
[i+2])

self.overlap_integrals[4][:3] = literal_eval
(searchlines
[i+3])

self.overlap_integrals[5][:3] = literal_eval
(searchlines
[i+4])
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self.overlap_integrals[3][3:6] =
literal_eval
(searchlines
[i+6])

self.overlap_integrals[4][3:6] =
literal_eval
(searchlines
[i+7])

self.overlap_integrals[5][3:6] =
literal_eval
(searchlines
[i+8])

self.overlap_integrals[3][6:9] =
literal_eval
(searchlines
[i+10])

self.overlap_integrals[4][6:9] =
literal_eval
(searchlines
[i+11])

self.overlap_integrals[5][6:9] =
literal_eval
(searchlines
[i+12])

self.overlap_integrals[3][9:12] =
literal_eval
(searchlines
[i+14])

self.overlap_integrals[4][9:12] =
literal_eval
(searchlines
[i+15])

self.overlap_integrals[5][9:12] =
literal_eval
(searchlines
[i+16])

print(self.overlap_integrals)

def generateStateSpace(self):
if (self.number_of_Te == 1):

for i in self.initial_Fe_states[:]:
for j in self.initial_Fe_states[:]:

element = [*i,1,1,1,1,1,1,*j]
self.zeroth_order_state_space.append(element

)
for i in range(len(self.zeroth_order_state_space)):

vector = self.zeroth_order_state_space[i][:]
for j in range(6):

rem = j % 2
electron_annihilated = vector.copy()
electron_annihilated[j + 6] = 0
# if the remainder is equal to zero then

# this is considering hopping of up spin
electrons

if (rem == 0):
for k in [0, 2, 4, 12, 14 , 16]:

# if the state is unoccupied then
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# add an electron to it
if (electron_annihilated[k] == 0):

parser =
electron_annihilated.copy()

parser[k] = 1
electron_created = parser.copy()
self.first_order_state_space.

append(electron_created)
else:

pass
# if the remainder is equal to 1 then this

# is considering hopping of down spin
electrons

else:
for k in [1, 3, 5, 13, 15 , 17]:

# if the state is unoccupied then
# add an electron to it

if (vector[k] == 0):
parser =

electron_annihilated.copy()
parser[k] = 1
electron_created = parser.copy()
self.first_order_state_space.

append(electron_created)
else:

pass
self.first_order_state_space =

self.zeroth_order_state_space +
self.first_order_state_space

print("size of first hop set: ",
len(self.first_order_state_space))

for i in range(len(self.first_order_state_space)):
vector = self.first_order_state_space[i][:]
for j in range(12):

rem = j % 2
electron_annihilated = vector.copy()
# check whether the state is in the first or

second Fe
if j in range(0, 6):

if (electron_annihilated[j] == 1):
electron_annihilated[j] = 0
if (rem == 0):

for k in [6, 8, 10]:
if (electron_annihilated[k]

== 0):
parser =

electron_annihilated
.copy()

parser[k] = 1
electron_created =

parser.copy()
self.

second_
order_
state_
space.

append(
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electron_created)
else:

pass
else:

for k in [7, 9, 11]:
if (electron_annihilated[k]

== 0):
parser =

electron_annihilated
.copy()

parser[k] = 1
electron_created =

parser.copy()
self.

second_
order_
state_
space.
append(
electron_created)

else:
pass

else:
pass

elif j in range(6, 12):
if (electron_annihilated[j + 6] == 1):

electron_annihilated[j + 6] = 0
if (rem == 0):

for k in [6, 8, 10]:
if (electron_annihilated[k]
== 0):

parser =
electron_annihilated
.copy()

parser[k] = 1
electron_created =

parser.copy()
self.

second_
order_
state_
space.
append(
electron_created)

else:
pass

else:
for k in [7, 9, 11]:

if (electron_annihilated[k]
== 0):

parser =
electron_annihilated
.copy()

parser[k] = 1
electron_created =

parser.copy()
self.
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second_
order_
state_
space.
append(
electron_created)

else:
pass

else:
pass

for i in range(len(self.first_order_state_space)):
vector = self.first_order_state_space[i][:]
for j in range(6):

rem = j % 2
electron_annihilated = vector.copy()
if (electron_annihilated[j + 6] == 1):

electron_annihilated[j + 6] = 0
# if the state is unoccupied then

# add an electron to it
if (rem == 0):

for k in [0, 2, 4, 12, 14 , 16]:
# if the state is unoccupied

# then add an electron to it
if (electron_annihilated[k]

== 0):
parser =

electron_annihilated
.copy()

parser[k] = 1
electron_created =

parser.copy()
self.

second_order_state_space
.

append(electron_created)
else:

pass
# if the remainder is equal to 1 then

this
# is considering hopping of down

# spin electrons
else:

for k in [1, 3, 5, 13, 15 , 17]:
# if the state is unoccupied

# then add an electron to it
if (vector[k] == 0):

parser =
electron_annihilated

.copy()
parser[k] = 1
electron_created =

parser.copy()
self.

second_
order_
state_
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space.
append(

electron_created)
else:

pass
else:

pass
self.second_order_state_space =
self.first_order_state_space +
self.second_order_state_space
print("size of second set with non -uniques: ",
len(self.
second_order_state_space))
self.second_order_state_space =
[list(item) for item in set(tuple(row)
for row in self.second_order_state_space)]
print("size of second set only with uniqueness: ",
len(self.
second_order_state_space))

elif (self.number_of_Te == 2):
for i in self.initial_Fe_states[:]:

print(self.initial_Fe_states[:])
print(i)
element = [*i[0],1,1,1,1,1,1,1,1,1,1,1,1,*i[

1]]
print("element: ", element)
self.zeroth_order_state_space.append(element

)
for i in range(len(self.zeroth_order_state_space)):

vector = self.zeroth_order_state_space[i][:]
for j in range(6):

rem = j % 2
electron_annihilated = vector.copy()
electron_annihilated[j + 6] = 0
# if the remainder is equal to zero

# then this is considering hopping of up
spin

electrons

if (rem == 0):
for k in [0, 2, 4, 18, 20 , 22]:

# if the state is unoccupied
# then add an electron to it

if (electron_annihilated[k]
== 0):

parser = electron_annihilated
.copy()
parser[k] = 1
electron_created = parser.copy()
self.first_order_state_space.
append(electron_created)

else:
pass

# if the remainder is equal to 1 then
# this is considering hopping of

# down spin electrons
else:
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for k in [1, 3, 5, 19, 21 , 23]:
# if the state is unoccupied

# then add an electron to it
if (vector[k] == 0):

parser = electron_annihilated
.copy()

parser[k] = 1
electron_created =

parser.copy()
self.first_order_state_space.
append(electron_created)

else:
pass

self.first_order_state_space = self.
zeroth_order_state_space +

self.first_order_state_space
print("size of first hop set: ",

len(self.first_order_state_space))
for i in range(len(self.first_order_state_space)):

vector = self.first_order_state_space[i][:]
for j in range(12):

rem = j % 2
electron_annihilated = vector.copy()
# check whether the state is in the first or

second Fe
if j in range(0, 6):

if (electron_annihilated[j] == 1):
electron_annihilated[j] = 0
if (rem == 0):

for k in [6, 8, 10, 12, 14 , 16]:
if (electron_annihilated[k]
== 0):

parser =
electron_annihilated
.copy()
parser[k] = 1
electron_created =
parser.copy()
self.
second_order_state_space
.append(
electron_created)

else:
pass

else:
for k in [7, 9, 11, 13, 15 , 17]:

if (electron_annihilated[k]
== 0):

parser =
electron_annihilated
.copy()
parser[k] = 1
electron_created =
parser.copy()
self.
second_order_state_space
.append(
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electron_created)
else:

pass
else:

pass
elif j in range(6, 12):

if (electron_annihilated[j + 12] == 1):
electron_annihilated[j + 12] = 0
if (rem == 0):

for k in [6, 8, 10, 12, 14 , 16]:
if (electron_annihilated[k]
== 0):

parser =
electron_annihilated
.copy()
parser[k] = 1
electron_created =
parser.copy()
self.
second_order_state_space
.append(
electron_created)

else:
pass

else:
for k in [7, 9, 11, 13, 15 , 17]:

if (electron_annihilated[k]
== 0):

parser =
electron_annihilated
.copy()
parser[k] = 1
electron_created =
parser.copy()
self.
second_order_state_space
.append(
electron_created)

else:
pass

else:
pass

for i in range(len(self.first_order_state_space)):
vector = self.first_order_state_space[i][:]
for j in range(12):

rem = j % 2
electron_annihilated = vector.copy()
if (electron_annihilated[j + 6] == 1):

electron_annihilated[j + 6] = 0
# if the state is unoccupied then add an

electron
to it

if (rem == 0):
for k in [0, 2, 4, 18, 20 , 22]:

# if the state is unoccupied
# then add an
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# electron to it
if (electron_annihilated[k]
== 0):

parser =
electron_annihilated
.copy()
parser[k] = 1
electron_created =
parser.copy()
self.
second_order_state_space.
append(
electron_created)

else:
pass

# if the remainder is equal to 1
# then this is considering hopping

# of down spin electrons
else:

for k in [1, 3, 5, 19, 21 , 23]:
# if the state is unoccupied

# then add an
#electron to it

if (vector[k] == 0):
parser =
electron_annihilated
.copy()
parser[k] = 1
electron_created =
parser.copy()
self.
second_order_state_space
.append(
electron_created)

else:
pass

else:
pass

self.second_order_state_space =
self.first_order_state_space +
self.second_order_state_space

print("size of second set with non -uniques: ",
len(self.second_order_state_space))

self.second_order_state_space =
[list(item) for item in set(tuple(row)

for row in self.second_order_state_space)]
print("size of second set only with uniqueness: ",

len(self.second_order_state_space))
else:

raise Exception("There should be either one
or two neighboring Te atoms included in the

model")

def calculateZerothOrderEnergy(self , state):
energy = 0
number_of_Te = 2
if (number_of_Te == 1):
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pass
elif (number_of_Te == 2):

"""
energy += (np.sum(state [:6]) + np.sum(state[18:])) *

self.epsilon
energy += (np.sum(state[2:6]) + np.sum(state[20:]))

* self.delta_one
energy += (np.sum(state[4:6]) + np.sum(state[22:]))

* self.delta_two
"""
energy += 2 * self.d_xy
energy += (np.sum(state[4:6]) + np.sum(state[22:24])

) * self.d_Xz
energy += (np.sum(state[2:4]) + np.sum(state[20:22])

) * self.d_Yz
energy += (np.sum(state[0:2]) + np.sum(state[18:20])

) * self.d_x2y2
energy += 2 * self.d_z2
energy += 8 * self.e_fe
energy += (np.sum(state[0:6]) + np.sum(state[18:24])

) * self.e_fe
energy += np.sum(state[6:18]) * self.e_te
total_state = [1, 1, 1, 1, *state[:-6], 1, 1, 1, 1,

*state[-6:]]
for i in range(10):

for j in range(10):
if (i != j):

if (i % 2 == 0) & (j % 2 == 0):
energy +=
total_state[i] *
total_state[j] *
0.5 * (self.Fe_U_antiparallel[i // 2

][j
// 2
] -

self.Fe_J[i // 2][j // 2])
elif (i % 2 == 1) & (j % 2 == 1):

energy +=
total_state[i] *
total_state[j] *
0.5 * (self.Fe_U_antiparallel[i // 2

][j
// 2
] -

self.Fe_J[i // 2][j // 2])
else:

energy +=
total_state[i] *
total_state[j] *
0.5 * self.Fe_U_antiparallel[i // 2]

[j
// 2
]

for i in range(22 , 32):
for j in range(22 , 32):

if (i != j):
if (i % 2 == 0) & (j % 2 == 0):
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energy +=
total_state[i] *
total_state[j] *
0.5 * (self.Fe_U_antiparallel[(i -

22)
// 2
][(j
-

22)
// 2
] -

self.Fe_J[(i - 22) // 2][(j - 22) //
2])

elif (i % 2 == 1) & (j % 2 == 1):
energy +=
total_state[i] *
total_state[j] *
0.5 * (self.Fe_U_antiparallel[(i -

22)
// 2
][(j
-

22)
// 2
] -

self.Fe_J[(i - 22) // 2][(j - 22) //
2])

else:
energy +=
total_state[i] *
total_state[j] *
0.5 * self.Fe_U_antiparallel[(i - 22

) //
2][

(j -
22)
//

2]
for i in range(10 , 16):

for j in range(10 , 16):
if (i != j):

if (i % 2 == 0) & (j % 2 == 0):
energy +=
total_state[i] *
total_state[j] *
0.5 * (self.Te_U_antiparallel[(i -

10)
// 2
][(j
-

10)
// 2
] -

self.Te_J[(i - 10) // 2][(j - 10) //
2])

elif (i % 2 == 1) & (j % 2 == 1):
energy +=
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total_state[i] * total_state[j] *
0.5 * (self.Te_U_antiparallel[(i -

10)
// 2
][(j
-

10)
// 2
] -

self.Te_J[(i - 10) // 2][(j - 10) //
2])

else:
energy +=
total_state[i] *
total_state[j] *
0.5 * self.Te_U_antiparallel[(i - 10

) //
2][

(j -
10)
//

2]
for i in range(16 , 22):

for j in range(16 , 22):
if (i != j):

if (i % 2 == 0) & (j % 2 == 0):
energy +=
total_state[i] *
total_state[j] *
0.5 * (self.Te_U_antiparallel[(i -

16)
// 2
][(j
-

16)
// 2
] -

self.Te_J[(i - 16) // 2][(j - 16) //
2])

elif (i % 2 == 1) & (j % 2 == 1):
energy +=
total_state[i] *
total_state[j] *
0.5 * (self.Te_U_antiparallel[(i -

16)
// 2
][(j
-

16)
// 2
] -

self.Te_J[(i - 16) // 2][(j - 16) //
2])

else:
energy +=
total_state[i] *
total_state[j] *
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0.5 * self.Te_U_antiparallel[(i - 16
) //
2][

(j -
16)
//

2]
else:

pass
return energy

def generateOrderingSign(self , start , end):
diff = np.array(start) - np.array(end)
for i in range(len(diff.tolist ())):

if (diff[i] == 1):
num_to_left = i

else:
pass

sign = (-1) ** np.sum(np.array(start[:num_to_left]))
temp = []
for i in range(len(start)):

if (diff[i] != 1):
temp.append(start[i])

else:
temp.append(0)

diff = np.array(temp) - np.array(end)
for i in range(len(diff.tolist ())):

if (diff[i] == -1):
num_to_left = i

else:
pass

sign = sign * (-1) ** np.sum(np.array(temp[:num_to_left]
))

return sign

def canElectronHop(self , start , end):
if (self.number_of_Te == 1):

diff = np.array(start) - np.array(end)
diff_Fe_one = list(filter(lambda num: num != 0, diff

[:6].tolist ()))
diff_Te = list(filter(lambda num: num != 0, diff[6:

12].tolist ()))
diff_Fe_two = list(filter(lambda num: num != 0, diff

[12:18].tolist ()))
list_changes = [len(diff_Fe_one), len(diff_Te), len(

diff_Fe_two)]
list_changes_sorted = sorted(list_changes)
if (sorted(list_changes) != [0, 1, 1]):

return 0
else:

if (sorted([*diff_Fe_one , *diff_Te , *diff_Fe_two
]) == [-1, 1]) &
(list_changes[1

] != 0):
return 1

else:
return 0
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elif (self.number_of_Te == 2):
diff = np.array(start) - np.array(end)
diff_Fe_one = list(filter(lambda num: num != 0, diff

[:6].tolist ()))
diff_Te = list(filter(lambda num: num != 0, diff[6:

18].tolist ()))
diff_Fe_two = list(filter(lambda num: num != 0, diff

[18:24].tolist ()))
list_changes = [len(diff_Fe_one), len(diff_Te), len(

diff_Fe_two)]
list_changes_sorted = sorted(list_changes)
change_total_spin_projection = sum(diff[::2]) - sum(

diff[1::2])
if (change_total_spin_projection != 0):

return 0
else:

if (sorted(list_changes) != [0, 1, 1]):
return 0

else:
if (sorted([*diff_Fe_one , *diff_Te , *

diff_Fe_two]
) == [-1, 1]
) & (
list_changes
[1] != 0):

return 1
else:

return 0

def getOverlapIntegral(self , start , end):
if (self.number_of_Te == 1):

pass
elif (self.number_of_Te == 2):

if (self.canElectronHop(start , end) == 1):
diff = np.array(start) - np.array(end)
starting_orbital = diff.tolist ().index(-1)
ending_orbital = diff.tolist ().index(1)
if (starting_orbital in [0, 1]):

col = 1
elif (starting_orbital in [2, 3]):

col = 2
elif (starting_orbital in [4, 5]):

col = 3
elif (starting_orbital in [6, 7]):

row = 1
elif (starting_orbital in [8, 9]):

row = 2
elif (starting_orbital in [10 , 11]):

row = 3
elif (starting_orbital in [12 , 13]):

row = 4
elif (starting_orbital in [14 , 15]):

row = 5
elif (starting_orbital in [16 , 17]):

row = 6
elif (starting_orbital in [18 , 19]):

col = 4
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elif (starting_orbital in [20 , 21]):
col = 5

elif (starting_orbital in [22 , 23]):
col = 6

if (ending_orbital in [0, 1]):
col = 1

elif (ending_orbital in [2, 3]):
col = 2

elif (ending_orbital in [4, 5]):
col = 3

elif (ending_orbital in [6, 7]):
row = 1

elif (ending_orbital in [8, 9]):
row = 2

elif (ending_orbital in [10, 11]):
row = 3

elif (ending_orbital in [12, 13]):
row = 4

elif (ending_orbital in [14, 15]):
row = 5

elif (ending_orbital in [16, 17]):
row = 6

elif (ending_orbital in [18, 19]):
col = 4

elif (ending_orbital in [20, 21]):
col = 5

elif (ending_orbital in [22, 23]):
col = 6

if col in [1, 2, 3]:
col = 3 * (self.fe_1 - 1) + col

elif col in [4, 5, 6]:
col = 3 * (self.fe_2 - 1) + col - 3

return self.overlap_integrals[row-1][col-1]
else:

return 0

def calculateEnergyDifference(self , start , end):
if (self.number_of_Te == 1):

pass
if (self.number_of_Te == 2):

ENERGY_DIFF = self.calculateZerothOrderEnergy(start)
-

self.calculateZerothOrderEnergy(end)
else:

pass
return ENERGY_DIFF

def calculateUnconstrainedTransitionMatrix(self):
dim = len(self.second_order_state_space)
for power in range(1):

dim = len(self.second_order_state_space)
transition_matrix = np.zeros((dim , dim))
for i in range(dim):

for j in range(dim):
if (i != j):

numerator = self.
generateOrderingSign(
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self.second_order_state_space[j],
self.second_order_state_space[i]) *
self.canElectronHop(self.
second_order_state_space[j],
self.second_order_state_space[i]) *
self.getOverlapIntegral(
self.second_order_state_space[j],
self.second_order_state_space[i])
denominator = 1.
if (denominator != 0):

prefactor = numerator /
(denominator ** power)
transition_matrix[i][j] = prefactor
if (transition_matrix[i][j] != 0):

pass
else:

pass
else:

pass
if (power == 0):

self.zeroth_order_transition_matrix =
transition_matrix

elif (power == 1):
self.first_order_transition_matrix =
transition_matrix

elif (power == 2):
self.second_order_transition_matrix =
transition_matrix

def calculateZerothOrderHamiltonian(self):
print("---------0th --------------------------")
self.zerothOrderHamiltonian =
np.zeros ((int(len(self.zeroth_order_state_space) / 2),
int(len(self.zeroth_order_state_space) / 2)))
for i in range(int(len(self.zeroth_order_state_space) /

2)):
for j in range(int(len(self.zeroth_order_state_space

) / 2),
len(self.zeroth_order_state_space)):

if (self.zeroth_order_state_space[i] == self.
zeroth_order_state_space[j]):

self.zerothOrderHamiltonian[i][j-int(len(
self.

zeroth_order_state_space) / 2)] =
self.calculateZerothOrderEnergy(
self.zeroth_order_state_space[i])

else:
self.zerothOrderHamiltonian[i][j-int(len(
self.zeroth_order_state_space) / 2)] = 0.0

print(i, j, j-int(len(self.
zeroth_order_state_space) / 2),
self.zerothOrderHamiltonian[i][j-int(len(self.
zeroth_order_state_space) / 2)],
self.zeroth_order_state_space[i],
self.zeroth_order_state_space[j])

def calculateSecondOrderHamiltonian(self):
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self.secondOrderHamiltonian = np.zeros((int(len(self.
zeroth_order_state_space
) / 2), int(len(self.
zeroth_order_state_space
) / 2)))

print("---------2nd --------------------------")
for i in range(int(len(self.zeroth_order_state_space) /

2)):
for j in range(int(len(self.zeroth_order_state_space

) / 2),
len(self.zeroth_order_state_space)):
# check whether the spin is conserved
spin_init = np.sum(self.zeroth_order_state_space

[j][::2]) -
np.sum(self.zeroth_order_state_space[j][1::2])
spin_final = np.sum(self.
zeroth_order_state_space[i][::2]) -
np.sum(self.zeroth_order_state_space[i][1::2])
spin_diff = spin_init - spin_final
if (spin_diff == 0):

initial_state_column_vec = np.zeros((len(
self.second_order_state_space), 1))
initial_state_column_vec[self.
second_order_state_space.index(self.
zeroth_order_state_space[j])] = 1
denominator = []
for num in range(len(

self.second_order_state_space)):
energy_difference = self.
calculateEnergyDifference(self.
zeroth_order_state_space[j], self.
second_order_state_space[num])
if (energy_difference != 0.0):

value = [1. / energy_difference]
denominator.append(value)

else:
denominator.append([0.0])

final_state = np.matmul(np.multiply(
denominator ,

self.zeroth_order_transition_matrix),
initial_state_column_vec)
second_order_vector = np.matmul(self.
zeroth_order_transition_matrix , final_state)
self.secondOrderHamiltonian[i][j-int(len(
self.zeroth_order_state_space) / 2)] +=
0.5 * second_order_vector[self.
second_order_state_space.index(self.
zeroth_order_state_space[i])]
denominator = []
for num in range(len(self.

second_order_state_space)):
energy_difference =
self.calculateEnergyDifference(self.
zeroth_order_state_space[i],
self.second_order_state_space[num])
if (energy_difference != 0.0):

value = [1. / energy_difference]
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denominator.append(value)
else:

denominator.append([0.0])
final_state = np.matmul(np.multiply(

denominator ,
self.zeroth_order_transition_matrix),
initial_state_column_vec)
second_order_vector = np.matmul(self.
zeroth_order_transition_matrix ,
final_state)
self.secondOrderHamiltonian[i][j-int(len(
self.zeroth_order_state_space) / 2)] +=
0.5 * second_order_vector[self.
second_order_state_space.index(self.
zeroth_order_state_space[i])]

self.zeroth_order_state_space[j])
else:

pass
print(i, j, j-int(len(self.
zeroth_order_state_space) / 2),
self.secondOrderHamiltonian[i][j-int(len(
self.zeroth_order_state_space) / 2)],
self.zeroth_order_state_space[i],
self.zeroth_order_state_space[j])

def calculateFourthOrderHamiltonian(self):
self.fourthOrderHamiltonian = np.zeros((int(len(
self.zeroth_order_state_space) / 2),
int(len(self.zeroth_order_state_space) / 2)))
for i in range(int(len(self.

zeroth_order_state_space) / 2)):
for j in range(int(len(self.

zeroth_order_state_space) / 2),
len(self.zeroth_order_state_space)):

# check whether the spin is conserved
spin_init = np.sum(self.
zeroth_order_state_space[j][::2]) -
np.sum(self.zeroth_order_state_space[j][1::2])
spin_final = np.sum(self.
zeroth_order_state_space[i][::2]) -
np.sum(self.
zeroth_order_state_space[i][1::2])
spin_diff = spin_init - spin_final
if (spin_diff == 0):

# start with the terms with the initial
state
included in
the
denominator

print("------4th -----------")
denominator = []
denominator_squared = []
for num in range(len(self.

second_order_state_space)):
energy_difference =
self.calculateEnergyDifference(self.
zeroth_order_state_space[j],



B.5. Program for the Rayleigh-Schrödinger perturbative model 227

self.second_order_state_space[num])
if (energy_difference != 0.0):

value = [1. / energy_difference]
value_squared = [1. /
(energy_difference ** 2)]
denominator.append(value)
denominator_squared.append(value)

else:
denominator.append([0.0])
denominator_squared.append([0.0])

initial_state_column_vec = np.zeros((len(
self.second_order_state_space), 1))
initial_state_column_vec[self.
second_order_state_space.index(self.
zeroth_order_state_space[j])] = 1
first_intermediary_column_vec =
np.matmul(np.multiply(denominator ,
self.zeroth_order_transition_matrix),
initial_state_column_vec)
second_intermediary_column_vec =
np.matmul(np.multiply(denominator ,
self.zeroth_order_transition_matrix),
first_intermediary_column_vec)
third_intermediary_column_vec =
np.matmul(np.multiply(denominator ,
self.zeroth_order_transition_matrix),
second_intermediary_column_vec)
final_state_column_vec =
np.matmul(self.
zeroth_order_transition_matrix ,
third_intermediary_column_vec)
self.fourthOrderHamiltonian[i][j-int(len(
self.zeroth_order_state_space) / 2)] +=
0.5 * final_state_column_vec[self.
second_order_state_space.index(
self.zeroth_order_state_space[i])]
second_intermediary_column_vec_back_to_init

=
np.matmul(self.
zeroth_order_transition_matrix ,
first_intermediary_column_vec)
second_intermediary_column_vec_reinitialize

=
np.zeros ((len(self.second_order_state_space)

, 1))
second_intermediary_column_vec_reinitialize[

self.
second_order_state_space.index(self.
zeroth_order_state_space[j])] =
second_intermediary_column_vec_back_to_init[

self.
second_order_state_space.index(self.
zeroth_order_state_space[j])]
third_intermediary_column_vec =
np.matmul(np.multiply(denominator_squared ,
self.zeroth_order_transition_matrix),
second_intermediary_column_vec_reinitialize)
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final_state_column_vec =
np.matmul(self.
zeroth_order_transition_matrix ,
third_intermediary_column_vec)
self.fourthOrderHamiltonian[i][j-int(len(
self.zeroth_order_state_space) / 2)] += - 0.

5 *
final_state_column_vec[self.
second_order_state_space.index(self.
zeroth_order_state_space[i])]
# now with the terms with the final state

included in
the
denominator

denominator = []
denominator_squared = []
for num in range(len(self.

second_order_state_space)):
energy_difference =
self.calculateEnergyDifference(self.
zeroth_order_state_space[i],
self.second_order_state_space[num])
if (energy_difference != 0.0):

value = [1. / energy_difference]
value_squared = [1. /
(energy_difference ** 2)]
denominator.append(value)
denominator_squared.append(value)

else:
denominator.append([0.0])
denominator_squared.append([0.0])

initial_state_column_vec =
np.zeros ((len(self.second_order_state_space)

, 1))
initial_state_column_vec[self.
second_order_state_space.index(self.
zeroth_order_state_space[j])] = 1
first_intermediary_column_vec =
np.matmul(np.multiply(denominator ,
self.zeroth_order_transition_matrix),
initial_state_column_vec)
second_intermediary_column_vec =
np.matmul(np.multiply(denominator ,
self.zeroth_order_transition_matrix),
first_intermediary_column_vec)
third_intermediary_column_vec =
np.matmul(np.multiply(denominator ,
self.zeroth_order_transition_matrix),
second_intermediary_column_vec)
final_state_column_vec =
np.matmul(self.
zeroth_order_transition_matrix ,
third_intermediary_column_vec)
self.fourthOrderHamiltonian[i][j-int(len(
self.zeroth_order_state_space) / 2)] += 0.5

*
final_state_column_vec[self.
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second_order_state_space.index(self.
zeroth_order_state_space[i])]
second_intermediary_column_vec_back_to_init

=
np.matmul(self.
zeroth_order_transition_matrix ,
first_intermediary_column_vec)
second_intermediary_column_vec_reinitialize

=
np.zeros ((len(self.second_order_state_space)

, 1))
second_intermediary_column_vec[self.
second_order_state_space.index(self.
zeroth_order_state_space[j])] =
second_intermediary_column_vec_back_to_init[

self.
second_order_state_space.index(self.
zeroth_order_state_space[j])]
third_intermediary_column_vec =
np.matmul(np.multiply(denominator_squared ,
self.zeroth_order_transition_matrix),
second_intermediary_column_vec_reinitialize)
final_state_column_vec =
np.matmul(self.
zeroth_order_transition_matrix ,
third_intermediary_column_vec)
self.fourthOrderHamiltonian[i][j-int(len(

self.
zeroth_order_state_space) / 2)] += - 0.5 *
final_state_column_vec[self.
second_order_state_space.index(self.
zeroth_order_state_space[i])]
print(self.fourthOrderHamiltonian[i][j-int(

len(
self.zeroth_order_state_space) / 2)],
self.zeroth_order_state_space[i],
self.zeroth_order_state_space[j])

else:
print("spin not conserved: ", spin_diff)
pass

def getZerothOrderHamiltonian(self):
return self.zerothOrdereHamiltonian

def getSecondOrderHamiltonian(self):
return self.secondOrderHamiltonian

def getFourthOrderHamiltonian(self):
return self.fourthOrderHamiltonian

class SubHamiltonian:

def __init__(self , spin_block):
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self.states = [[1, 0, 0, 1, 0, 0], [1, 0, 0, 0, 0, 1], [
0, 1, 1, 0, 0, 0], [0, 1
, 0, 0, 1, 0], [0, 1, 0,
1, 0, 0], [0, 1, 0, 0,

0, 1], [1, 0, 1, 0, 0, 0
], [1, 0, 0, 0, 1, 0]]

self.spin_block = spin_block
self.total_states = []
for i in range(len(self.states)):

for j in range(len(self.states)):
self.total_states.append([self.states[i], self.

states[j]])
self.FeTe = FeTeHamiltonian([self.total_states[self.

spin_block[0]], self.
total_states[self.
spin_block[1]], self.
total_states[self.
spin_block[2]], self.
total_states[self.
spin_block[3]], self.
total_states[self.
spin_block[4]], self.
total_states[self.
spin_block[5]], self.
total_states[self.
spin_block[6]], self.
total_states[self.
spin_block[7]]], 2, "./
params.ini")

def initialiseFeTe(self):
self.FeTe.getParameters ()
progressfile = "check_progress -" + str(self.spin_block[0

]) + "-" + str(self.
spin_block[1]) + "-" +
str(self.spin_block[2])
+ "-" + str(self.
spin_block[3]) + "-" +
str(self.spin_block[4])
+ "-" + str(self.
spin_block[5]) + "-" +
str(self.spin_block[6])
+ "-" + str(self.
spin_block[7]) + ".txt"

f = open(progressfile ,"ab")
self.FeTe.generateStateSpace ()
for row in self.FeTe.zeroth_order_state_space:

np.savetxt(f, row)
self.FeTe.calculateZerothOrderHamiltonian ()
f.close()
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outputfile1 = "zero -order -calculation -herm -" + str(self.
spin_block[0]) + "-" +
str(self.spin_block[1])
+ "-" + str(self.
spin_block[2]) + "-" +
str(self.spin_block[3])
+ "-" + str(self.
spin_block[4]) + "-" +
str(self.spin_block[5])
+ "-" + str(self.
spin_block[6]) + "-" +
str(self.spin_block[7])
+ ".txt"

g = open(outputfile1 , "ab")
for row in self.FeTe.zerothOrderHamiltonian:

np.savetxt(g, row)
g.close()

self.FeTe.calculateUnconstrainedTransitionMatrix ()

self.FeTe.calculateSecondOrderHamiltonian ()
print(self.FeTe.secondOrderHamiltonian)

outputfile2 = "second -order -calculation -herm -" + str(
self.spin_block[0]) + "-
" + str(self.spin_block[
1]) + "-" + str(self.
spin_block[2]) + "-" +
str(self.spin_block[3])
+ "-" + str(self.
spin_block[4]) + "-" +
str(self.spin_block[5])
+ "-" + str(self.
spin_block[6]) + "-" +
str(self.spin_block[7])
+ ".txt"

g = open(outputfile2 , "ab")
for row in self.FeTe.secondOrderHamiltonian:

np.savetxt(g, row)
g.close()

self.FeTe.calculateFourthOrderHamiltonian ()
print(self.FeTe.fourthOrderHamiltonian)

outputfile3 = "fourth -order -calculation -herm -" + str(
self.spin_block[0]) + "-
" + str(self.spin_block[
1]) + "-" + str(self.
spin_block[2]) + "-" +
str(self.spin_block[3])
+ "-" + str(self.
spin_block[4]) + "-" +
str(self.spin_block[5])
+ "-" + str(self.
spin_block[6]) + "-" +
str(self.spin_block[7])
+ ".txt"
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g = open(outputfile3 , "ab")
for row in self.FeTe.fourthOrderHamiltonian:

np.savetxt(g, row)
g.close()

sub = SubHamiltonian([int(sys.argv[1]), int(sys.argv[2]), int(
sys.argv[3]), int(sys.argv[4]),
int(sys.argv[5]), int(sys.argv[6
]), int(sys.argv[7]), int(sys.
argv[8])])

sub.initialiseFeTe ()

FeTe = FeTeHamiltonian([[1,0,0,1,0,0], [0,1,1,0,0,0]], 2, "./
params.ini")

FeTe.getParameters ()
progressfile = "check_progress.txt"
f = open(progressfile ,"ab")
FeTe.generateStateSpace ()
for row in FeTe.zeroth_order_state_space:

np.savetxt(f, row)
FeTe.calculateUnconstrainedTransitionMatrix ()
FeTe.calculateZerothOrderHamiltonian ()
FeTe.calculateSecondOrderHamiltonian ()
FeTe.calculateFourthOrderHamiltonian ()
f.close()

outputfile1 = "zero -order -calculation.txt"
g = open(outputfile1 , "ab")
for row in FeTe.zerothOrderHamiltonian:

np.savetxt(g, row)
g.close()
outputfile2 = "second -order -calculation.txt"
g = open(outputfile2 , "ab")
for row in FeTe.secondOrderHamiltonian:

np.savetxt(g, row)
g.close()
outputfile3 = "fourth -order -calculation.txt"
g = open(outputfile3 , "ab")
for row in FeTe.fourthOrderHamiltonian:

np.savetxt(g, row)
g.close()

B.6 Script for collating all sub-matrices to con-
struct the 36×36 effective Hamiltonian ma-
trix

The effective Hamiltonian matrix is not immediately outputted by the previous
script, but is constructed by the following scripts that collate the elements from
the 4×4 sub-matrices and input them into the full effective Hamiltonian matrix.
It is the nature of the program that the 1

2
(|↑↓〉 + |↓, ↑〉) single-ion states are

treated as two individual single-ion states |↑↓〉 and |↓↑〉 with the superposition
carried out ex post facto of the Rayleigh-Schrödinger perturbative calculations.
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This means that the initial set of single-ion states contains 8 quantum states and
produces an effective 64×64 Hamiltonian matrix, which needs to be transformed
into the desired 36×36 matrix by superposition of elements of the former matrix.
Hence, the following script collates those elements outputted by the previous
script and produces the 64×64 matrix:
import numpy as np

S_matrix_zeroth = np.zeros(shape=(64, 64))
S_matrix_second = np.zeros(shape=(64, 64))
S_matrix_fourth = np.zeros(shape=(64, 64))

for row in range(16):
for col in range(16):

i, j, k, l = row * 4, row * 4 + 1, row * 4 + 2, row * 4
+ 3

m, n, o, p = col * 4, col * 4 + 1, col * 4 + 2, col * 4
+ 3

print(i, j, k, l, m, n, o, p)
try:

filename = "zero -order -calculation -herm -" + str(i) +
"-" + str(j) + "-"

+ str(k) + "-" + str
(l) + "-" + str(m) +
"-" + str(n) + "-"

+ str(o) + "-" + str
(p) + ".txt"

print(filename , "file does exist")
f = open(filename)
content = f.readlines ()
for iter in range(len(content)):

content[iter] = float(content[iter][:-2])
content = np.array(content)
arr = content.reshape ((int(len(content) / 4), int(

len(content) / 4)))
print(arr)
S_matrix_zeroth[i, m] = arr[0, 0]
S_matrix_zeroth[i, n] = arr[0, 1]
S_matrix_zeroth[i, o] = arr[0, 2]
S_matrix_zeroth[i, p] = arr[0, 3]
S_matrix_zeroth[j, m] = arr[1, 0]
S_matrix_zeroth[j, n] = arr[1, 1]
S_matrix_zeroth[j, o] = arr[1, 2]
S_matrix_zeroth[j, p] = arr[1, 3]
S_matrix_zeroth[k, m] = arr[2, 0]
S_matrix_zeroth[k, n] = arr[2, 1]
S_matrix_zeroth[k, o] = arr[2, 2]
S_matrix_zeroth[k, p] = arr[2, 3]
S_matrix_zeroth[l, m] = arr[3, 0]
S_matrix_zeroth[l, n] = arr[3, 1]
S_matrix_zeroth[l, o] = arr[3, 2]
S_matrix_zeroth[l, p] = arr[3, 3]

except Exception as e:
print(e)

try:
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filename = "second -order -calculation -herm -" + str(i)
+ "-" + str(j) + "-

" + str(k) + "-" +
str(l) + "-" + str(m
) + "-" + str(n) + "
-" + str(o) + "-" +
str(p) + ".txt"

print(filename , "file does exist")
f = open(filename)
content = f.readlines ()
for iter in range(len(content)):

content[iter] = float(content[iter][:-2])
content = np.array(content)
arr = content.reshape ((int(len(content) / 4), int(

len(content) / 4)))
print(arr)
S_matrix_second[i, m] = arr[0, 0]
S_matrix_second[i, n] = arr[0, 1]
S_matrix_second[i, o] = arr[0, 2]
S_matrix_second[i, p] = arr[0, 3]
S_matrix_second[j, m] = arr[1, 0]
S_matrix_second[j, n] = arr[1, 1]
S_matrix_second[j, o] = arr[1, 2]
S_matrix_second[j, p] = arr[1, 3]
S_matrix_second[k, m] = arr[2, 0]
S_matrix_second[k, n] = arr[2, 1]
S_matrix_second[k, o] = arr[2, 2]
S_matrix_second[k, p] = arr[2, 3]
S_matrix_second[l, m] = arr[3, 0]
S_matrix_second[l, n] = arr[3, 1]
S_matrix_second[l, o] = arr[3, 2]
S_matrix_second[l, p] = arr[3, 3]

except:
print("file does not exist")

try:
filename = "fourth -order -calculation -herm -" + str(i)

+ "-" + str(j) + "-
" + str(k) + "-" +
str(l) + "-" + str(m
) + "-" + str(n) + "
-" + str(o) + "-" +
str(p) + ".txt"

print(filename , "file does exist")
f = open(filename)
content = f.readlines ()
for iter in range(len(content)):

content[iter] = float(content[iter][:-2])
content = np.array(content)
arr = content.reshape ((int(len(content) / 4), int(

len(content) / 4)))
print(arr)
S_matrix_fourth[i, m] = arr[0, 0]
S_matrix_fourth[i, n] = arr[0, 1]
S_matrix_fourth[i, o] = arr[0, 2]
S_matrix_fourth[i, p] = arr[0, 3]
S_matrix_fourth[j, m] = arr[1, 0]
S_matrix_fourth[j, n] = arr[1, 1]
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S_matrix_fourth[j, o] = arr[1, 2]
S_matrix_fourth[j, p] = arr[1, 3]
S_matrix_fourth[k, m] = arr[2, 0]
S_matrix_fourth[k, n] = arr[2, 1]
S_matrix_fourth[k, o] = arr[2, 2]
S_matrix_fourth[k, p] = arr[2, 3]
S_matrix_fourth[l, m] = arr[3, 0]
S_matrix_fourth[l, n] = arr[3, 1]
S_matrix_fourth[l, o] = arr[3, 2]
S_matrix_fourth[l, p] = arr[3, 3]

except:
print("file does not exist")

np.savetxt("S_matrix_zeroth.txt", S_matrix_zeroth)
np.savetxt("S_matrix_second.txt", S_matrix_second)
np.savetxt("S_matrix_fourth.txt", S_matrix_fourth)

S_matrix = S_matrix_zeroth + S_matrix_second + S_matrix_fourth

np.savetxt("S_matrix.txt", S_matrix)

The script for converting the 64×64 matrix into the 36×36 effective Hamil-
tonian matrix is also shown below:
import numpy as np
import pandas as pd

S_matrix_zeroth_64 = np.loadtxt("S_matrix_zeroth.txt")
S_matrix_second_64 = np.loadtxt("S_matrix_second.txt")
S_matrix_fourth_64 = np.loadtxt("S_matrix_fourth.txt")
S_matrix_64 = np.loadtxt("S_matrix.txt")

print(S_matrix_zeroth_64.shape)

S_matrix_zeroth_36 = np.zeros(shape=(36, 36))
S_matrix_second_36 = np.zeros(shape=(36, 36))
S_matrix_fourth_36 = np.zeros(shape=(36, 36))
S_matrix_36 = np.zeros(shape=(36 , 36))

def conversion(x):
if (x == 0):

y = [6]
elif (x == 1):

y = [4]
elif (x == 2):

y = [7]
elif (x == 3):

y = [5]
elif (x == 4):

y = [0, 2]
elif (x == 5):

y = [1, 3]
return y

for i in range(36):
for j in range(36):

print("i and j: ", i, j)
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Fe1_row_36 = i // 6
Fe2_row_36 = i % 6
Fe1_col_36 = j // 6
Fe2_col_36 = j % 6
Fe1_row_64 = conversion(Fe1_row_36)
Fe2_row_64 = conversion(Fe2_row_36)
Fe1_col_64 = conversion(Fe1_col_36)
Fe2_col_64 = conversion(Fe2_col_36)
i_64 = []
j_64 = []
for m in range(len(Fe1_row_64)):

for n in range(len(Fe2_row_64)):
i_64.append(Fe1_row_64[m] * 8 + Fe2_row_64[n])

for o in range(len(Fe1_col_64)):
for p in range(len(Fe2_col_64)):

j_64.append(Fe1_col_64[o] * 8 + Fe2_col_64[p])
print("i_64 and j_64: ", i_64 , j_64)
value_zeroth = 0
value_second = 0
value_fourth = 0
value_total = 0
for q in range(len(i_64)):

for r in range(len(j_64)):
print("q and r: ", q, r)
print("S_matrix_zeroth_64[i_64[q], j_64[r]]: ",
S_matrix_zeroth_64[i_64[q], j_64[r]])
value_zeroth += ((1 / (np.sqrt(len(i_64) * len(
j_64)))) * S_matrix_zeroth_64[i_64[q], j_64[r]])
value_second += ((1 / (np.sqrt(len(i_64) * len(
j_64)))) * S_matrix_second_64[i_64[q], j_64[r]])
value_fourth += ((1 / (np.sqrt(len(i_64) * len(
j_64)))) * S_matrix_fourth_64[i_64[q], j_64[r]])
value_total += ((1 / (np.sqrt(len(i_64) * len(
j_64)))) * S_matrix_64[i_64[q], j_64[r]])
print("value_zeroth: ", value_zeroth)
print("value_second: ", value_second)
print("value_fourth: ", value_fourth)
print("value_total: ", value_total)

S_matrix_zeroth_36[i, j] = value_zeroth
S_matrix_second_36[i, j] = value_second
S_matrix_fourth_36[i, j] = value_fourth
S_matrix_36[i, j] = value_total
print("S_matrix_zeroth_36[i, j]: ", S_matrix_zeroth_36[i

, j])

df_zeroth_36 = pd.DataFrame(S_matrix_zeroth_36)
df_second_36 = pd.DataFrame(S_matrix_second_36)
df_fourth_36 = pd.DataFrame(S_matrix_fourth_36)
df_36 = pd.DataFrame(S_matrix_36)

df_zeroth_36.to_csv("S_matrix_zeroth_36.txt", sep=" ", index=
True , header=True)

df_second_36.to_csv("S_matrix_second_36.txt", sep=" ", index=
True , header=True)

df_fourth_36.to_csv("S_matrix_fourth_36.txt", sep=" ", index=
True , header=True)
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df_36.to_csv("S_matrix_36.txt", sep=" ", index=False , header=
False)

The effective 36×36 Hamiltonian matrix must have the correct order of
orthogonal basis states in order for the decomposition according to Sec. 4.4
to work. The following script transforms the Hamiltonian so that it has the
requisite form:
import numpy as np
import pandas as pd

original_matrix = pd.read_csv("S_matrix_36.txt", header=None ,
index_col=False , sep=" ").values

print(original_matrix.shape)

def old_ordering ():
old_basis_states = []
single_ion_states = [[1, -0.5], [-1, -0.5], [1, 0.5], [-1, 0

.5], [0, -0.5], [0, 0.5]]
combined_states = []
for i in range(6):

for j in range(6):
basis_state = single_ion_states[i] +

single_ion_states[j]
combined_states.append(basis_state)

return combined_states

def new_ordering ():
new_basis_states = []
def spin(x):

if x in [0]:
y = 1

elif x in [1]:
y = 0

elif x in [2]:
y = -1

else:
raise Exception("input must be between 0 and 5")

return y
def pseudospin(x):

if (x==0):
y = 0.5

elif (x==1):
y = -0.5

else:
raise Exception("input must be between 0 and 1")

return y
for i in range(3):

for j in range(2):
for k in range(3):

for l in range(2):
print(i, j, k, l)
new_basis_state = [spin(i), pseudospin(j),

spin(k),
pseudospin(l
)]
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new_basis_states.append(new_basis_state)
return new_basis_states

old_order = old_ordering ()
new_order = new_ordering ()

print(old_order)
print(new_order)

new_indices = [x for x in range(36)]
old_indices = []

for i in range(len(new_indices)):
new_basis_state = new_order[i]
old_index = old_order.index(new_basis_state)
old_indices.append(old_index)

print(new_indices)
print(old_indices)

permutation_matrix = np.zeros([36, 36])
print(permutation_matrix)

for i in range(36):
permutation_matrix[i, old_indices[i]] = 1

print(permutation_matrix[0, :])

transformed_matrix = np.matmul(permutation_matrix , np.matmul(
original_matrix , np.linalg.inv(
permutation_matrix)))

print(transformed_matrix)

df = pd.DataFrame(transformed_matrix)

df.to_csv("transformed_matrix.txt", sep=" ", index=False , header
=False)

B.7 Script for decomposing the effective Hamil-
tonian into a sum of Kronecker products

The effective 36×36 Hamiltonian matrix is decomposed into a sum of Kronecker
products of 9 spin and 4 orbital pseudo-spin operators that each individually
act on either of the two coupled Fe atoms partaking in the bond. The weights
for each of the resultant 1296 weights are computed using a script that follows
the procedure outlined in Sec.4.4.
import numpy as np
import pandas as pd

hamiltonian = pd.read_csv("transformed_matrix.txt", header=None ,
index_col=False , sep=" ").

values
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S_0 = np.array([[1, 0, 0], [0, 1, 0], [0, 0, 1]])
S_1 = np.array([[1, 0, 0], [0, 0, 0], [0, 0, -1]])
S_2 = np.array([[0, np.sqrt(2), 0], [0, 0, np.sqrt(2)], [0, 0, 0

]])
S_3 = np.array([[0, 0, 0], [np.sqrt(2), 0, 0], [0, np.sqrt(2), 0

]])
S_4 = np.array([[1, 0, 0], [0, -2, 0], [0, 0, 1]])
S_5 = np.matmul(S_2 , S_2)
S_6 = np.matmul(S_3 , S_3)
S_7 = np.matmul(S_1 , S_2) - np.matmul(S_2 , S_1)
S_8 = np.matmul(S_1 , S_3) - np.matmul(S_3 , S_1)

T_0 = np.array([[1, 0], [0, 1]])
T_1 = np.array([[1, 0], [0, -1]])
T_2 = np.array([[0, 1], [0, 0]])
T_3 = np.array([[0, 0], [1, 0]])

def decomposition(a, b, c, d):
def spin(num):

if (num==0):
return S_0

elif (num==1):
return S_1

elif (num==2):
return S_2

elif (num==3):
return S_3

elif (num==4):
return S_4

elif (num==5):
return S_5

elif (num==6):
return S_6

elif (num==7):
return S_7

elif (num==8):
return S_8

else:
pass

def pseudospin(num):
if (num==0):

return T_0
elif (num==1):

return T_1
elif (num==2):

return T_2
elif (num==3):

return T_3
Q_matrix = np.kron(spin(a), np.kron(pseudospin(b), np.kron(

spin(c), pseudospin(d))))
coefficient = (1 / np.trace(np.matmul(Q_matrix.transpose (),

Q_matrix))) * np.trace(np.
matmul(Q_matrix.transpose (),
hamiltonian))

return coefficient
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for i in range(9):
for j in range(4):

for k in range(9):
for l in range(4):

string = "A_{ " + str(i) + ", " + str(j) + ", "
+ str(k) + ", "
+ str(l) + "}: "
+ str(

decomposition(i,
j, k, l))

print(string)
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